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Some proof systems

We are interested in systems for refuting an unsatisfiable CNF Γ.

They should be sound and complete, and proofs/refutations should
be polynomial time recognizable.

• treelike resolution

• resolution (Res)

• extended resolution (ER)

• DRAT, DSR, . . .

Definition

System P simulates system Q, written Q ≤ P, if from a
Q-refutation of Γ we can construct in polynomial time a
P-refutation of Γ.

treelike Res < Res < ER ≡ DRAT ≡ DSR
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Proof logging

A run of DPLL on an unsatisfiable CNF yields a treelike Res
refutation, as a certificate of unsatisfiability.

Similarly for CDCL and Res . . .

. . . and for many extensions of CDCL, and DRAT.

Question
Can we always find DRAT certificates for algorithms that extend
CDCL by (lex-leader) symmetry-breaking, or related techniques?
Or do we need a new proof system?

Such a system is developed in [Bogaerts, Gocht, McCreesh,
Nordström 23]. By construction it is as strong as ER/DRAT.

We ask: is it strictly stronger?
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Main results

• Breaking a single symmetry can be done in ER

• The dominance system is plausibly strictly stronger than ER

Specifically we show the system in [BGMN23] simulates a known
system G1 which is expected to be strictly stronger than ER.

(analogous to showing a decision problem is NP hard)
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Strong systems

ER is a very strong system, with no known lower bounds.
How do we make systems that are plausibly stronger?
That is, that have shorter refutations of a CNF Γ?

• Implicit proofs
Allow ER proofs written in a compressed/succinct form

• Wildly stronger theories
Allow a proof in ZFC of the sentence “Γ is unsatisfiable”

• More expressive proof-lines
Use standard sequential proofs, but allow the lines to be more
expressive than clauses or even CNFs; e.g. allow QBFs.
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Reasoning with QBFs - the system G

A QBF is a quantified Boolean formula, that is, a CNF preceded
by Boolean quantifiers.

G uses the sequent calculus. Lines in a G -proof are sequents

A1, . . . ,Ak −→ B1, . . . ,Bℓ

where Ai and Bj are QBFs. Semantically this is
∧

i Ai →
∨

j Bj .

The axioms are sequents of the form A −→ A. We use standard
rules for manipulating Boolean connectives and quantifiers.

The last line in a refutation of Γ is the sequent Γ −→ ⊥.
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Reasoning with QBFs - the hierarchy Gi

G is the full system, but we can split it into a hierarchy
G0 ≤ G1 ≤ G2 ≤ . . . of proof systems, analogous to the
polynomial hierarchy [KP90].

Gi is defined by restricting the allowed formulas in sequents to
QBFs of complexity Σq

i , Πq
i or below. That is, with at most i

quantifier blocks.

Treelike G1 is equivalent to ER. We expect ER < G1 < G2 < . . .

(We are only refuting CNFs, not QBFs, so there is no direct
connection to work on QBF solving.)
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A view of the extension rule

Definition

∆ is a set of extension axioms defining y⃗ from x⃗ if it defines
each yi as a conjunction of two literals over x⃗ , y1, . . . , yi−1.

Proposition 1

Let Γ be a CNF in variables x⃗ .
Let ∆ be a set of extension axioms defining y⃗ from x⃗ .

Then Γ and Γ ∧∆ are equisatisfiable.

Proof: easy.
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Substitutions

Definition

A substitution ω is a map on propositional literals and constants,
which respects negations and is the identity on 0, 1.

We take standard definitions of C↾ω and Γ↾ω.

For variables, x⃗↾ω means: replace each xi with ω(xi ).
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A view of the dominance rule

Proposition 2

Let Γ, C be a CNF and a clause, in variables x⃗ .
Let ∆ be a set of extension axioms defining y⃗ from x⃗ .
Let ω be a substitution mapping x⃗ literals to y⃗ literals such that

Γ ∧ ¬C ∧∆ ⊨ Γ↾ω ∧ [x⃗↾ω <lex x⃗ ].

Then Γ and Γ ∧ C are equisatisfiable.

Proof. Let α be the minimum assignment to x⃗ with α ⊨ Γ.
If α ⊨ C , we are done.

Otherwise, extend α to α ∪ β such that α ∪ β ⊨ Γ ∧ ¬C ∧∆.

By the entailment, α ∪ β ⊨ Γ↾ω ∧ [x⃗↾ω <lex x⃗ ].

Let α′ be the assignment to x⃗ given by β ◦ ω. Then we have
α′ ⊨ Γ and α′ <lex α, contradicting the minimality of α.
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The system D

D (called ER-PLS in the paper) is a system for refuting CNFs.

It consists of ER augmented with the following dominance rule.

The dominance rule

Let Γ, C be a CNF and a clause, in variables x⃗ .
Let ∆ be a set of extension axioms defining y⃗ from x⃗ .
Let ω be a substitution mapping x⃗ literals to y⃗ literals.
Let π be an ER proof

π : Γ ∧ ¬C ∧∆ ⊢ Γ↾ω ∧ [x⃗↾ω <lex x⃗ ].

Given all these, we may derive Γ ∧ C from Γ.
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The system in [BGMN23]

D is a simplification of the “dominance” system of [BGMN23].

The full system of [BGMN23] has

• machinery for optimization as well as satisfiability

• reasoning with linear inequalities rather than CNFs

• potentially a more general ordering than <lex.

It is straightforward to show D ≤ [BGMN23] on CNFs.

We show D ≡ G1 (just G1 ≤ D in this talk).

In fact D and G1 are equivalent to [BGMN23] with a limitation on
orderings (“linear dominance”).
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Key intuition 1

To understand the strength of a proof system P, it is enough to
understand how much logic is needed to prove that P is sound.

In the next few slides we will

• Look again at why the rules underlying ER and D are sound

• Cheat (for this talk) by considering the computational
complexity of soundness, rather than the proof complexity.
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Complexity of soundness - extension rule

Proposition 1 again (interesting direction)

Let Γ be a CNF in variables x⃗ .
Let ∆ be a set of extension axioms defining y⃗ from x⃗ .

Then if Γ is satisfiable, so is Γ ∧∆.

Complexity question
Given: Γ,∆ and an assignment α ⊨ Γ
Find: an assignment α′ ⊨ Γ ∧∆

Answer
This is in polynomial time.
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Complexity of soundness - dominance rule

Proposition 2 again (interesting direction)

Let Γ, C be a CNF and a clause, in variables x⃗ .
Let ∆ be a set of extension axioms defining y⃗ from x⃗ .
Let ω be a substitution mapping x⃗ literals to y⃗ literals such that

Γ ∧ ¬C ∧∆ ⊨ Γ↾ω ∧ [x⃗↾ω <lex x⃗ ].

Then if Γ is satisfiable, so is Γ ∧ C .

Complexity question
Given: Γ,C ,∆, ω and an assignment α ⊨ Γ
Find: an assignment α′ ⊨ Γ ∧ C
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What was the proof again?

Proposition 2 again (interesting direction)

Let Γ, C be a CNF and a clause, in variables x⃗ .
Let ∆ be a set of extension axioms defining y⃗ from x⃗ .
Let ω be a substitution mapping x⃗ literals to y⃗ literals such that

Γ ∧ ¬C ∧∆ ⊨ Γ↾ω ∧ [x⃗↾ω <lex x⃗ ].

Then if Γ is satisfiable, so is Γ ∧ C .

Proof. Let α be the minimum assignment to x⃗ with α ⊨ Γ.
If α ⊨ C , we are done.

Otherwise, extend α to α ∪ β such that α ∪ β ⊨ Γ ∧ ¬C ∧∆.

By the entailment, α ∪ β ⊨ Γ↾ω ∧ [x⃗↾ω <lex x⃗ ].

Let α′ be the assignment to x⃗ given by β ◦ ω. Then we have
α′ ⊨ Γ and α′ <lex α, contradicting the minimality of α.
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PLS / polynomial local search / local minimum

PLS is the following computational problem.

Given:

• (a circuit for) a set S of strings (possibly very large)

• a string a ∈ S

• (a circuit for) a “smaller neighbour” function N

Find a′ ∈ S such that either:

• N(a′) /∈ S , or

• N(a′) ≥ a′.

Such an a′ always exists.

PLS is a well-studied search problem in TFNP.
It is not expected to be solvable in polynomial time.
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PLS and the soundness of dominance

To solve the soundness problem for the dominance rule, we do not
need to find a global minimum.

A local minimum, in the sense of PLS, is enough.

Proposition 2 again (interesting direction)

Let Γ, C be a CNF and a clause, in variables x⃗ .
Let ∆ be a set of extension axioms defining y⃗ from x⃗ .
Let ω be a substitution mapping x⃗ literals to y⃗ literals such that

Γ ∧ ¬C ∧∆ ⊨ Γ↾ω ∧ [x⃗↾ω <lex x⃗ ].

Then if Γ is satisfiable, so is Γ ∧ C .

This is a PLS instance, where S is the set {α : α ⊨ Γ}.

The “smaller neighbour” function N, for α ⊨ Γ, is N : α 7→ β ◦ ω
where β is such that α ∪ β ⊨ Γ ∪∆. This has a small circuit.
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where β is such that α ∪ β ⊨ Γ ∪∆. This has a small circuit.
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Key intuition 2

The converse direction also holds

Lemma

We can solve any instance of PLS by solving an instance of
soundness of dominance, with polynomial time overhead.

We now have some evidence that D is more complex than ER.

soundness of ER ←→ polynomial time
soundness of D ←→ PLS
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An argument through bounded arithmetic

Express the soundness of G1 as a first-order sentence σ, in a
language where we quantify over strings and can write polynomial
time functions and relations.

By combining some well-known results from bounded arithmetic
[Buss90, KP90, BK94], σ has a proof in a theory whose main
axiom is “every PLS problem has a solution”.

By translating this proof into a family of propositional derivations
in ER [Cook75] we obtain machinery to convert G1 refutations into
refutations which use ER rules and the dominance rule.

Thus G1 ≤ D.

25 / 26



An argument through bounded arithmetic

Express the soundness of G1 as a first-order sentence σ, in a
language where we quantify over strings and can write polynomial
time functions and relations.

By combining some well-known results from bounded arithmetic
[Buss90, KP90, BK94], σ has a proof in a theory whose main
axiom is “every PLS problem has a solution”.

By translating this proof into a family of propositional derivations
in ER [Cook75] we obtain machinery to convert G1 refutations into
refutations which use ER rules and the dominance rule.

Thus G1 ≤ D.

25 / 26



An argument through bounded arithmetic

Express the soundness of G1 as a first-order sentence σ, in a
language where we quantify over strings and can write polynomial
time functions and relations.

By combining some well-known results from bounded arithmetic
[Buss90, KP90, BK94], σ has a proof in a theory whose main
axiom is “every PLS problem has a solution”.

By translating this proof into a family of propositional derivations
in ER [Cook75] we obtain machinery to convert G1 refutations into
refutations which use ER rules and the dominance rule.

Thus G1 ≤ D.

25 / 26



An argument through bounded arithmetic

Express the soundness of G1 as a first-order sentence σ, in a
language where we quantify over strings and can write polynomial
time functions and relations.

By combining some well-known results from bounded arithmetic
[Buss90, KP90, BK94], σ has a proof in a theory whose main
axiom is “every PLS problem has a solution”.

By translating this proof into a family of propositional derivations
in ER [Cook75] we obtain machinery to convert G1 refutations into
refutations which use ER rules and the dominance rule.

Thus G1 ≤ D.

25 / 26



An open problem

Proposition 3

Let Γ be a CNF with symmetries σ and τ .
Let ∆σ,∆τ be the lex-leader symmetry-breaking CNFs for σ, τ .

Then if Γ is satisfiable, so is Γ ∧∆σ ∧∆τ .

Can we do a similar analysis of this proposition?
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