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Abstract6

It has become standard that, when a SAT solver decides that a CNF Γ is unsatisfiable, it produces7

a certificate of unsatisfiability in the form of a refutation of Γ in some proof system. The system8

typically used is DRAT, which is equivalent to extended resolution (ER) – for example, until this9

year DRAT refutations were required in the annual SAT competition. Recently [Bogaerts et al. 2023]10

introduced a new proof system, associated with the tool VeriPB, which is at least as strong as DRAT11

and is further able to handle certain symmetry-breaking techniques. We show that this system12

simulates the proof system G1, which allows limited reasoning with QBFs and forms the first level13

above ER in a natural hierarchy of proof systems. This hierarchy is not known to be strict, but14

nevertheless this is evidence that the system of [Bogaerts et al. 2023] is plausibly strictly stronger15

than ER and DRAT. In the other direction, we show that symmetry-breaking for a single symmetry16

can be handled inside ER.17
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1 Introduction23

We write Lit for the set of propositional literals and 0, 1 for the propositional constants. A24

clause is a disjunction which may contain 0, 1 or a literal together with its negation; in the25

last two cases we call it tautologous. A conjunctive normal form formula, or CNF, is a set of26

clauses, understood as a conjunction. We write ⊥ for the empty clause and > for the empty27

CNF. For a clause C = x1 ∨ · · · ∨ xk we write ¬C for the CNF ¬x1 ∧ · · · ∧ ¬xk.28

A substitution is a map ω : Lit ∪ {0, 1} → Lit ∪ {0, 1} which respects negations and is29

the identity on {0, 1}. We view a partial assignment as a kind of substitution. For literals30

p1, . . . , pk we write ~p�ω for the tuple ω(p1), . . . , ω(pk). For a clause C, we write C�ω for the31

clause {ω(p) : p ∈ C}. For a CNF Γ, we write Γ�ω for {C�ω : C ∈ Γ}. We write ω � Γ to32

mean that Γ�ω is tautologous, that is, every clause is tautologous. If ω is a partial assignment33

this is the same as the usual meaning of �. The composition of substitutions τ, ω is defined34

by τ ◦ ω(p) = τ(ω(p)). Note that Γ�τ◦ω = (Γ�ω)�τ and thus τ � Γ�ω if and only if τ ◦ ω � Γ.35

I Definition 1. A symmetry of a CNF Γ is a substitution ω such that Γ�ω = Γ.36

Hard combinatorial formulas often have many symmetries. A successful heuristic to make37

such formulas easier for SAT solvers is symmetry-breaking, usually in the form of introducing38

a lex-leader constraint [13]. We illustrate this in the following proposition. Suppose Γ is39

a CNF in variables z1, . . . , zn and suppose we have a formula [x1, . . . , xn ≤lex y1, . . . , yn]40

expressing the lexicographic order on assignments to ~x and ~y. For now we suppress technical41

issues of how exactly we express this, and tacitly treat [~x ≤lex ~y] as though it is a CNF.42

I Proposition 2. If ω is a symmetry of Γ, then Γ and Γ ∪ [~z ≤lex ~z�ω] are equisatisfiable.43
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Proof. Suppose Γ is satisfiable. Let α be lexicographically minimal such that α � Γ. Then44

by symmetry α � Γ�ω and thus α◦ω � Γ. By minimality we have α ≤lex α◦ω which, working45

through the definitions, gives us that α � [~z ≤lex ~z�ω] as required. J46

The new formula Γ ∪ [~z ≤lex ~z�ω] is potentially much easier to solve than the original Γ,47

because the extra constraint can substantially shrink the space of partial assignments that48

the solver has to search through. Note that the proof still works if we simultaneously add49

lex-leader constraints for several different symmetries.50

It is now common for SAT solvers to have a proof-logging component which, when it51

decides that a formula Γ is unsatisfiable, will generate a certificate of unsatisfiability – in52

other words, a refutation of Γ. For this to be useful, it must be in a well-known proof system53

for which trusted software exists to verify that the refutation is correct. The standard system54

used for this is DRAT [30]. However, it is open to what extent DRAT can (feasibly) handle55

reasoning that uses symmetry-breaking, especially for more than one symmetry [17].56

This issue is addressed in [4] which introduces a new proof-logging system with tools to57

handle quite general symmetry-breaking, extending DRAT. It builds on the system VeriPB [15]58

and as such uses reasoning using linear inequalities, rather than clauses; furthermore it is59

equipped to solve optimization problems, rather than just satisfiability.60

We study the proof complexity of this system (as a refutation system for CNFs). We61

show that it is equivalent to G1, a system based on limited reasoning with QBFs which is one62

level above extended resolution (ER) in a natural hierarchy of proof systems [24]. This is in63

contrast to the redundancy-based systems which have been studied recently, such as DRAT,64

propagation redundancy and substitution redundancy, which are in their full generality all65

equivalent to ER [22, 18, 5]. This may represent another step in the strength of reasoning66

used in SAT algorithms, like from DPLL and treelike resolution, to CDCL and resolution,67

to the just-mentioned systems and ER [14, 26, 1]. In particular, it is unlikely that the new68

system in [4] can be simulated by DRAT.69

The main tool used in [4] for symmetry-breaking is called the dominance-based strength-70

ening rule. It is based on the following principle, which we express here in the language of71

CNFs and call “informal” because we are sweeping under the carpet the exact nature of the72

formulas ∆ and [~x <lex ~y] (intended to express strict lexicographic order).73

I Proposition 3 (informal). Let Γ,∆ be formulas, where Γ is in variables ~z and has the74

property that any assignment satisfying Γ can be extended to satisfy ∆. Suppose we have a75

clause C and a substitution ω such that76

Γ ∧∆ ∧ ¬C � Γ�ω ∧ [~z�ω <lex ~z]. (1)77

Then Γ and Γ ∧ C are equisatisfiable.78

Proof (sketch). Suppose Γ is satisfiable. Let α be lexicographically minimal such that α � Γ.79

Extend α to α ∪ β satisfying Γ ∧∆. If α ∪ β � C then we are done. Otherwise, from the80

entailment (1) we know α ∪ β � Γ�ω ∧ [~z�ω <lex ~z]. Letting α′ = (α ∪ β) ◦ ω, we conclude81

that α′ � Γ and α′ <lex α, contradicting the minimality of α. J82

The rule says roughly: if we have derived Γ, and have available a suitable ∆, ω and a83

proof of entailment (1), then we can derive Γ∧C. (In fact, the full rule in [4] is more general,84

since it is not restricted to the lexicographic ordering.)85

Machinery exists to study the strength of rules of this kind by studying how easy it is to86

prove their soundness in the first-order setting of bounded arithmetic. Specifically, to carry87

out the proof of Proposition 3 it is sufficient to know that a nonempty polynomial-time set88
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(in this case the set of α such that α � Γ) always has a lexicographically least element. This89

puts the system inside the theory T 1
2 , which is associated with G1 (see below for definitions).90

The harder direction, lower-bounding the strength of the rule, uses similar machinery.91

Consider the transformation α 7→ α′ in the proof above. We claim that, given an arbitrary92

polynomial time function f , we can construct an instance of the rule where this transformation93

is given by f . We do this by defining ∆ to compute f and store the resulting values in β,94

and defining ω to pull these values from β back to the ~z variables, as α′. Observe that95

in the proof, it is not actually necessary for α to be lexicographically minimal; the “local96

minimality” property that α ≤lex f(α) is sufficient. We show that a converse holds: that97

using the rule, we can find a local minimum of this kind, or to say it more precisely, we can98

efficiently derive a contradiction from the statement that there is no local minimum.99

The problem of finding such a local minimum is known as polynomial local search, or100

PLS [21]. It is known that if we are only interested in sentences of low quantifier complexity,101

such as “CNFs in this family are unsatisfiable”, then every logical consequence of “every102

polynomial-time set has a least element”, that is, of T 1
2 , is already a consequence of the103

apparently weaker statement “every PLS problem has a solution”. Using this we can show104

that, roughly speaking, every CNF which can be proved unsatisfiable in T 1
2 has a short105

refutation in the system, where the refutation uses an instance of the rule constructed from106

a PLS problem as described above. It follows that the system simulates G1.107

The rest of the paper fills in the details of these arguments. In Section 2 we recall the108

definitions of some proof systems we will need. These are G1 itself; cutting planes, which109

is the foundation for the system in [4]; and ER, where we will need to work extensively110

with derivations as well as refutations. In Section 3 we define our version of the system111

in [4], where we have removed the machinery for handling optimization problems. We call112

this the dominance proof system but we will work more with a restriction of it, the linear113

dominance proof system, in which the rule is limited to essentially the lexicographic ordering.114

We also define a simpler auxiliary proof system ER-PLS, which uses clauses rather than115

inequalities and captures the properties of the system that are important for us (illustrated116

in Proposition 3). It will follow from our results that, as a system for refuting CNFs, it is117

equivalent to the linear dominance system. In Section 4 we describe some results we need118

from bounded arithmetic and give a formal definition of PLS. We then show our main result,119

I Theorem 4. The linear dominance system is equivalent to G1.120

The proof is in three parts. Section 5 contains the main technical work of the paper,121

showing, in Theorem 16, that ER-PLS simulates G1, as sketched above. Section 6 shows that122

the linear dominance system in turn simulates ER-PLS. For the remaining direction, that G1123

simulates linear dominance, it is enough to show that linear dominance is sound, provably124

in T 1
2 . This contains no surprises and for reasons of space has been moved to Appendix A.125

We also study what we can prove in ER about fragments of these systems. We show126

essentially that, in Proposition 3 above, if the mysterious formula ∆ is not present then we127

do not need to use minimality, or even PLS, in the proof. This is because without the step128

where we extend α to satisfy ∆, the move from α to α′ does not involve any computation, but129

amounts to shuffling the components of α around using the substitution ω, and for simple130

graph-theoretical reasons we can compute the ith iteration ωi in polynomial time without131

invoking any stronger principles. In Appendix B.1 we use this observation to show a technical132

result, that a natural weakening of the linear dominance system is already simulated by ER.133
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In Appendix B.2 we use a similar construction to show1:134

I Theorem 5. Define the system Q1 as ER plus the power to add a lex-leader constraint for135

a single symmetry. Then Q1 is simulated by ER (and thus by DRAT).136

Appendix C contains some technical material postponed from other sections.137

We finish this section by addressing the natural question: what is this hierarchy of proof138

systems above ER, and why should we expect it to be strict? After all, ER is already a139

very strong system with many tools for proving combinatorial and algebraic statements, and140

seems to lie well beyond current methods for proving lower bounds [28].141

ER was shown in [11] to correspond to the theory PV, which models reasoning with142

polynomial-time concepts (see Section 4 for definitions). In [24] the systems G0, G1, G2, . . .143

of quantified Boolean reasoning were introduced, to correspond in the same way to a144

hierarchy T 0
2 , T

1
2 , T

2
2 , . . . of bounded arithmetic theories extending PV (which we can identify145

with T 0
2 [20]), where T 1

2 can reason with PNP concepts, T 2
2 with PΣp

2 , and so on. In particular,146

if we ignore issues of uniformity, the unsatisfiable CNFs with short refutations in Gi capture147

precisely the universal sentences2 provable in T i2. It is a classical result that that the148

fragments IΣ0, IΣ1, . . . of Peano arithmetic are separated by universal sentences. Specifically,149

the consistency statement for IΣk has this form and is provable in IΣk+1 but not in IΣk (see150

e.g. [16, Chapter I.4(c)]). It is expected, essentially by analogy, that the analogous theories151

T 0
2 , T

1
2 , . . . are also separated at the universal level by some kind of consistency statement,152

although it is known that classical consistency will not work [31].153

In the case we are interested in here, of PV and T 1
2 , there is some evidence of separation154

at the ∀Σb1 level (one step above universal) since it is a logical version of the question: is the155

TFNP class PLS different from FP? Here we at least have a relativized separation between156

PLS and FP [8], although this implies nothing directly about the unrelativized theories.157

2 Traditional proof systems158

We require that proof systems are sound and that refutations in a given system are recognizable159

in polynomial time. When comparing two systems P and Q we are usually interested in160

their behaviour when refuting CNFs, and we use the following basic definition.161

I Definition 6. We say that Q simulates P if there is a polynomial-time function which,162

given a P -refutation of a CNF Γ, outputs a Q-refutation of Γ. Q and P are equivalent if163

they simulate each other.164

Often it will make sense to discuss not only refutations of formulas, but also derivations165

of one formula from another. We will use the notation e.g. “a derivation Γ ` ∆” instead of166

“a derivation of ∆ from Γ” and will write π : Γ ` ∆ to express that π is such a derivation.167

2.1 Quantified Boolean formulas and G1168

G1 is a fragment of G, a proof system used for reasoning with quantified Boolean formulas.169

We give only a brief description of G – for more details see [23, Chapter 4]. We will only170

1 We believe this is more general than the result about single symmetries in [17], since we handle an
arbitrary symmetry, not just an involution; see the discussion in [4].

2 That is, sentences consisting of a sequence of unbounded universal quantifiers followed by a polynomial
time predicate. We could also write ∀Πb

1.
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consider fragments of G as systems for refuting CNFs; for comparisons of G with some other171

systems in the context of proving quantified boolean formulas, see e.g. [3, 9].172

A quantified Boolean formula, or QBF, is built from propositional variables and con-173

nectives in the usual way, and also allows quantification over Boolean variables. That is,174

if F (x) is a QBF containing a variable x, then so are ∃xF (x) and ∀xF (x), and these175

semantically have the expected meanings F (0) ∨ F (1) and F (0) ∧ F (1). We stratify QBFs176

into classes called Σq1, Πq
1,Σ

q
2,Π

q
2 etc. in the usual way, by counting quantifier alternations.177

In particular, Σq1 is the closure of the class of (quantifier-free) Boolean formulas under ∨,∧178

and ∃. The strength of proof systems working with QBFs is that they allow us to represent179

an “exponential-size concept” such as
∨
~a∈{0,1}n F (~a) with a polynomial-size piece of formal180

notation ∃x1 . . . xnF (~x).181

The proof system G is an extension of the propositional sequent calculus. In this context182

a sequent is an expression of the form183

A1, . . . , Ak −→ B1, . . . , B`184

where A1, . . . , Ak and B1, . . . , B` are QBFs, and the sequent is understood semantically to185

mean the same as
∧
iAi →

∨
j Bj . A derivation in G is a sequence of sequents, each of which186

is either an axiom of the form A −→ A, or follows from one or two earlier sequents by one of187

the rules. These rules are sound and complete and we will not list them, as the details are188

not so important for us (see Section 4 for our justification of this). For k ∈ N the system Gk189

is the restriction of G which only allows formulas from Σqk ∪Πq
k to appear in derivations.190

We are interested in proof systems as ways of refuting CNFs. To turn G1 into such a191

system we have the following definition, where for definiteness we think of Γ as a single QBF192

(rather than, say, as the cedent given by its clauses) and where ⊥ is the empty cedent.193

I Definition 7. A G1 refutation of a CNF Γ is a G1 sequent calculus derivation of the194

sequent Γ −→ ⊥.195

2.2 Pseudo-Boolean constraints and cutting planes196

Following [4], we use the term pseudo-Boolean constraint, or PB constraint, for a linear197

inequality with integer coefficients over 0/1-valued variables. We will sometimes call a198

set of such constraints a PB formula. PB constraints generalize clauses, since a clause199

C = x1∨ . . .∨xn∨¬y1∨ . . .∨¬ym can be expressed by a constraint of the form x1 + · · ·+xn +200

(1− y1) + · · ·+ (1− ym) ≥ 1. We call this constraint C∗ and will also write Γ∗ for the PB201

formula obtained by taking C∗ for each clause C in a CNF Γ.202

If C is a PB constraint A~x ≥ b we write ¬C for the PB constraint A~x ≤ b − 1. Note203

that this is different from the meaning of the notation ¬C when C is a clause. Given204

a substitution ω, we write C�ω for the PB constraint obtained by simply replacing each205

variable x in C with ω(x), and we use a similar notation for PB formulas.206

We use cutting planes [12], or CP, as a derivational system for deriving one PB formula207

G from another PB formula F . A CP derivation is a sequence of PB constraints, including208

every constraint from G, such that each constraint is either from F , or is a Boolean axiom209

of the form xi ≥ 0 or xi ≤ 1, or follows from earlier constraints by one of the rules. These210

are addition – we can derive a new constraint by summing integral multiples of two old211

constraints; and rounding – from a constraint dA~x ≥ b, where d > 0 is an integral scalar212

and A is an integral matrix of coefficients, we can derive A~x ≥ db/de. We use the notation213

F C̀P G for CP derivations. In a formal CP derivation, coefficients are written in binary.214
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2.3 Extended resolution as a derivational system215

For CNFs Γ and ∆, a resolution derivation Γ ` ∆ is a sequence of clauses, beginning with216

the clauses of Γ and containing every clause from ∆, such that each clause in the sequence is217

either in the initial copy of Γ or is derived from earlier clauses by the resolution or weakening218

rule. Here the resolution rule derives C ∨D from C ∨ x and D ∨ ¬x, for any variable x, and219

the weakening rule derives D from C for any D ⊇ C (although see below for a restriction on220

weakening in the context of extended resolution derivations). Because we allow propositional221

literals 0 and 1 to occur in clauses, we need to be able to remove them, so we also allow222

derivation of C from C ∨ 0 (this can be thought of as resolution with a notional axiom “1”).223

A resolution refutation of Γ is a derivation of Γ ` ⊥.224

An extension axiom has the form of three clauses ¬u ∨ ¬v ∨ y, ¬y ∨ u and ¬y ∨ v which225

together express that y is equivalent to u∧ v. The intended use is that u, v are literals and y226

is a newly-introduced variable. For good behaviour under restrictions we also allow extension227

axioms of the form ¬u ∨ y, ¬y ∨ u expressing that y is equivalent to a single existing literal,228

and of the form y or ¬y expressing that y is equivalent to a constant.229

I Definition 8. For CNFs Γ and ∆, an extended resolution (ER) derivation Γ ` ∆ is a230

sequence of clauses, beginning with Γ and including every clause in ∆. Each clause in the231

sequence either appears in the initial copy of Γ, or is derived from earlier clauses by resolution232

or weakening (where weakening is not allowed to introduce a variable that has not appeared233

earlier in the sequence3) or by the extension rule, which allows us to introduce an extension234

axiom defining a variable that has not appeared earlier in the sequence from variables that235

have appeared earlier.236

Such a derivation is sound in the following sense: any assignment to all variables in Γ237

which satisfies Γ can be extended to an assignment to all variables in ∆ which satisfies ∆.238

The extension axioms in the derivation tell us explicitly how to extend the assignment.239

We will often need to handle many extension axioms at once:240

I Definition 9. Let ~x, ~y be disjoint tuples of variables. We say that ∆ is a set of extension241

axioms over ~x; ~y if it can be written as a sequence of extension axioms defining variables242

y1, . . . , yr in order, where each yi is defined in terms of variables from among ~x, y1, . . . , yi−1.243

Equivalently, such a ∆ can be thought of as describing a Boolean circuit and asserting244

that, on input ~x, the values computed at the internal nodes are ~y. We also introduce notation245

for writing sets of extension axioms in this way:246

I Definition 10. Suppose ~x, ~y are tuples of variables and C is a circuit with gates of fan-in 2.247

We write [~y = C(~x)] for the set of extension axioms over ~x; ~y expressing that the non-input248

nodes of the circuit have values ~y on inputs ~x (we assume ~x, ~y have suitable arities). If the249

circuit has a distinguished output node we label the corresponding variable in ~y as yout.250

The condition that the extension rule must introduce new variables has some counter-251

intuitive consequences, and we must take extra care when we use ER as a derivational system.252

For example, there are ER derivations > ` x and > ` ¬x, (where > is the empty CNF) but253

there is no derivation ¬x ` x, even though ¬x extends >, and no derivation > ` x ∧ ¬x. In254

many ways the new variables behave like existentially quantified bound variables.255

3 This restriction on weakening is probably not strictly necessary. We include it because it has the helpful
consequence that each new variable comes with an explicit definition in terms of the old variables.
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Under some reasonable conditions on how extension variables are used, we can avoid256

problems related to such issues. We formally prove some lemmas of this kind in Appendix C.1,257

which we will refer to as needed. We could avoid the issue by working with some other258

system equivalent to ER, such as extended Frege, circuit Frege [19] or even treelike G1, but259

it would then be harder to show that the resulting system is simulated by linear dominance.260

3 The dominance rule261

We define three refutational proof systems using versions of the dominance-based strength-262

ening rule of [4]. The dominance proof system is intended to be the same as the system263

described in [4] except that we have removed the machinery for talking about optimization,264

that is, everything related to the objective function f . The linear dominance proof system265

restricts this by only allowing a particular kind of ordering to be used in the dominance266

rule; the practical work in [4] in fact only needs this weaker system. Lastly we introduce our267

auxiliary system ER-PLS.268

In these systems, often we can only apply a rule on the condition that some other269

derivation Γ ` ∆ or C C̀P D exists, in ER or CP, possibly involving formulas that do270

not appear in the proof we are working on; or that some other polynomial-time-checkable271

object exists, such as a substitution ω. To ensure that correctness of a proof is checkable in272

polynomial time we implicitly require that, in a formal proof, each application of the rule is273

labelled with an example of the object in question.274

3.1 The dominance proof system275

This is a system for refuting PB formulas. As in [4], we will call steps in a refutation276

configurations, rather than lines. A configuration is a triple (C ,D ,O�, ~z) where277

C is a set of PB constraints called core constraints278

D is a set of PB constraints called derived constraints279

~z is a tuple of variables280

O�(~x, ~y) is a PB formula where ~x and ~y both have the same arity as ~z.281

The variables ~x, ~y in O�(~x, ~y) should be thought of as dummy variables that are not related282

to the rest of the proof. In a valid proof, in every configuration the formula O�(~x, ~y) defines283

a preorder and we use this with ~z to define a preorder � on assignments, writing α � β if284

O�(~x, ~y) is satisfied under the assignment that takes ~x to α(~z) and ~y to β(~z).285

Semantically a configuration can be thought of as asserting that C is satisfiable, and286

that if we order assignments by O� on ~z as described above, then for any assignment α287

satisfying C , some assignment β with β � α satisfies C ∪D (see Definition 17 below).288

A refutation of a PB formula F is then a sequence of configurations, beginning with289

(F, ∅,>, ∅), where > is the empty PB formula, and ending with a configuration in which C290

or D contains the contradiction ⊥, that is, 0 ≥ 1. Each configuration is derived from the291

previous configuration (C ,D ,O�, ~z) by one of the following rules:292

Implicational derivation rule. Derive (C ,D∪{C},O�, ~z), if there is a derivation4 C ∪D C̀P C.293

(Objective bound update rule – this appears in [4], but we omit it from our systems as it294

only affects the objective function f , which we do not use.)295

4 In [4], the derivation is allowed to use some additional inferences beyond those of CP. However, even if
they do make the implicational derivation rule slightly stronger, they do not increase the strength of
the entire dominance system in terms of Definition 6, so we omit them for simplicity.
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Redundance-based strengthening rule. Derive (C ,D ∪ {C},O�, ~z) if there is a substitu-296

tion ω and a derivation C ∪D ∪ {¬C} C̀P (C ∪D ∪ {C})�ω ∪ O�(~z�ω, ~z).297

Deletion rule. Derive (C ′,D ′,O�, ~z) if298

1. D ′ ⊆ D and299

2. C ′ = C or C ′ = C \ {C} for some constraint C derivable by the redundance rule above300

from (C ′, ∅,O�, ~z).301

Transfer rule. Derive (C ′,D ,O�, ~z) if C ⊆ C ′ ⊆ C ∪ D . In other words, we can copy302

constraints from D to C .303

Dominance-based strengthening rule. We first give a slightly informal definition: derive304

(C ,D ∪ {C},O�, ~z) if there is a substitution ω and, informally, a derivation305

C ∪D ∪ {¬C} C̀P C�ω ∪ (~z�ω ≺ ~z)306

where ~z�ω ≺ ~z expresses that ~z�ω is strictly smaller than ~z in the ordering O�. However it307

may be that any PB formula expressing the strict inequality (~z�ω ≺ ~z) is very large. So308

formally the rule is: derive (C ,D∪{C},O�, ~z) if there is a substitution ω and two derivations309

C ∪D ∪ {¬C} C̀P C�ω ∪ O�(~z�ω, ~z)310

C ∪D ∪ {¬C} ∪ O�(~z, ~z�ω) C̀P ⊥.311
312

Order change rule. From (C , ∅,O�, ~z) derive (C , ∅,O ′�, ~z′) if O ′� is CP-provably a preorder.313

That is, if there are derivations ∅ C̀P O�(~u, ~u) and O�(~u,~v) ∪ O�(~v, ~w) C̀P O�(~u, ~w).314

3.2 The linear dominance proof system315

This restricts the dominance proof system to only use orderings O� arising from a multilinear316

objective function. Formally, we require that O�(~x, ~y) is always of the form f(~x) ≤ f(~y),317

where f is a multilinear function ~x 7→
∑
i bixi for some constants bi. These constants can318

be changed using the order change rule. We are no longer required to explicitly prove that319

O�(~x, ~y) is an ordering, as CP can always prove this for this restricted form.320

The most important ordering of this form is the lexicographic ordering, which we get by321

setting f(~x) 7→
∑
i 2ixi (for a suitable ordering of the variables in ~x).322

3.3 The system ER-PLS323

This system uses the clausal version of the dominance rule sketched in Proposition 3 in the324

introduction. The name is intended to suggest that it has a similar connection to polynomial325

local search “computations” as ER has to polynomial time.326

We fix a polynomial-time constructible family of CNFs defining lexicographic ordering.327

That is, for each k we have a CNF [x1, . . . , xk ≤lex y1, . . . , yk], which may also use some328

auxiliary variables ~z, such that for all α, β ∈ {0, 1}k there is an assignment to ~z satisfying329

[α ≤lex β] if and only if α ≤ β lexicographically. It is not too important which CNF we use330

for [~x ≤lex ~y], but we specify a convenient one in Section C.2 below.331

An ER-PLS refutation of a CNF Γ is formally a sequence of CNFs, beginning with Γ and332

ending with a CNF containing the empty clause ⊥. At each step we apply one of the two333

rules below to derive the next CNF in the sequence.334

ER rule. From Γ derive Γ∧∆ if there is an ER derivation Γ ` ∆, in the sense of Definition 8.335
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Dominance rule. Let ~x list all variables of Γ in some order and let C be a clause in these336

variables. From Γ derive Γ ∧ C, provided we have337

1. a set ∆ of extension axioms over ~x; ~y338

2. a substitution ω mapping variables ~x to variables among ~x ∪ ~y339

3. two ER derivations340

a. Γ ∧∆ ∧ ¬C ` Γ�ω341

b. Γ ∧∆ ∧ ¬C ∧ [~x ≤lex ~x�ω] ` ⊥342

with the technical condition that the auxiliary variables ~z used in [~x ≤lex ~x�ω] may not343

appear in Γ, ∆, or C.344

Informally, condition 3 can be thought of as asking for a single ER derivation Γ ∧ ¬C `345

Γ�ω ∧ [~x�ω<lex~x], as in Proposition 3. Note that we do not have any deletion rule, that is,346

we can only grow working set of clauses Γ, and never shrink it. This is because Γ is modelled347

on the core constraints C in the dominance system, which can only be deleted in very specific348

situations. For simplicity we do not allow deletion at all, as we will not need it.349

I Lemma 11. If Γ′ is derived from Γ by a rule of ER-PLS, then Γ′ and Γ are equisatisfiable.350

Proof. The only nontrivial case is the forward direction of the dominance rule. This is351

proved in the same way as Proposition 3 in the introduction, with the cosmetic change that352

we now have [~x ≤lex ~x�ω] on the left of the entailment rather than [~x�ω<lex~x] on the right.353

We must also deal now with the auxiliary variables in [~x ≤lex ~x�ω], but since these are not in354

the domain of the ordering this presents no problem. J355

4 Bounded arithmetic356

We will carry out some arguments in theories of bounded arithmetic, which we will turn into357

propositional proofs using variants of well-known translations. Here we give a brief overview358

– for more see e.g. [23, Chapters 9 and 12]. When we write that a formula with free variables359

is provable in a first-order theory, we mean that its universal closure is provable.360

4.1 Theories361

PV is the canonical theory for polynomial-time reasoning [11]. Its language contains a362

function symbol, called a PV function, for every polynomial-time algorithm on N. Its363

axioms are defining equations for all PV functions, based on Cobham’s characterization of364

polynomial-time functions. See e.g. [23, Chapter 12.1] for a precise definition (there the365

theory is called PV1). Importantly, PV proves the principle of mathematical induction for366

any property defined by a PV formula – that is, by a quantifier-free formula in the language367

of PV. Such formulas define precisely the polynomial-time properties.368

More powerful theories can be obtained by extending PV with stronger induction axioms.369

A formula in the language of PV is Σb
1 if it has the form ∃x≤ t ϕ, where t is a term not370

containing x and ϕ is a PV formula; unsurprisingly, Σb1 formulas define exactly properties in371

NP. A formula is Σb2 if it has the form ∃x≤ t1 ∀y≤ t2 ϕ for ϕ a PV formula. The classes Πb
1372

and Πb
2 are defined dually.373

The theory T1
2 (a more accurate name would be T 1

2 (PV)) extends PV by induction374

axioms for all Σb1 formulas. T 1
2 is the weakest theory that suffices to prove the least number375

principle for Σb1 formulas, that is, that every nonempty NP set has a least element; actually,376

even the least number principle for PV formulas already implies T 1
2 over PV [6].377
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The theory S1
2 , intermediate in strength between PV and T 1

2 , extends PV by the length378

induction axioms for Σb1 formulas, that is, universal closures of statements of the form379

ψ(0) ∧ ∀x (ψ(x)→ ψ(x+ 1))→ ∀xψ(|x|)),380

where ψ is Σb1 and | · | stands for the length function that takes a number x to its length in381

binary notation. The theory S2
2 is a strengthening of T 1

2 that additionally contains length382

induction for Σb
2 formulas. It should be noted that S1

2 proves length induction also for Πb
1383

formulas, T 1
2 proves induction also for Πb

1 formulas, and so on.384

Ordered by strength, we have PV ⊆ S1
2 ⊆ T 1

2 ⊆ S2
2 ⊆ . . . . There is also partial385

conservativity between some adjacent theories. In particular, S1
2 is ∀Σb

1-conservative over386

PV and S2
2 is ∀Σb2-conservative over T 1

2 [7]. This means that if ψ(x) is a Σb1 formula and S1
2387

proves ∀xψ(x), then PV proves it as well; analogously for Σb2 formulas, S2
2 and T 1

2 .388

There is a well-known connection between propositional proof systems and arithmetic389

theories, linking ER to PV (and S1
2) and G1 to T 1

2 (and S2
2). The following theorem, which390

shows that a theory proves the soundness of the corresponding proof system, can be viewed391

as an upper bound: it says that, for example, G1 is in some sense no stronger than T 1
2 . We392

use this for our main result in Section 5.393

I Theorem 12 ([11, 24]). S1
2 – and by conservativity, PV – proves the CNF-reflection394

principle for ER: “any CNF refutable in ER is unsatisfiable”. Similarly, S2
2 – and by395

conservativity, T 1
2 – proves the CNF-reflection principle for G1: “any CNF refutable in G1396

is unsatisfiable”.397

Proof sketch. We first consider G1. The statement “sequent s, containing only formulas398

from Σq1 ∪Πq
1, is satisfied by assignment α to its free variables” can be naturally written as399

a Πb
2 formula σ(s, α). Using this we formalize the usual proof of the soundness of G1 as a400

length induction on a Πb
2 formula, roughly as follows: given a G1 derivation π, we show by401

induction down π that ∀ασ(s, α) holds for every line s of π. If the last line has the form402

Γ ` ⊥ for a CNF Γ, this means that Γ cannot be satisfiable.403

The part about ER is proved by a similar argument, but with the length induction404

hypothesis being “every line in the ER refutation π up to the current one is satisfiable”.405

This can be stated in a Σb
1 way, holds at the beginning of π if the CNF Γ being refuted is406

satisfiable, but no longer holds once π reaches the empty clause ⊥. J407

In the other direction, it is possible to translate proofs in an arithmetic theory into408

uniform families of propositional proofs. We will use this translation for PV and ER, and we409

give a slight refinement of it in Section 4.2. Such translations can also be used to give a kind410

of converse to Theorem 12, with a proof similar to our approach in Section 5 below:411

I Theorem 13 ([11, 24]). If PV (equivalently S1
2) proves the CNF-reflection principle for a412

propositional proof system Q, then ER simulates Q. Similarly, if T 1
2 (equivalently S2

2) proves413

the CNF-reflection principle for Q, then G1 simulates Q.414

Theorems 12 and 13 together give us a close association between T 1
2 and short G1 proofs,415

and in fact we prove our results about G1 indirectly using these theorems, rather than by416

reasoning about G1 itself. This is largely the reason that we did not include a complete417

description of G1 in Section 2.1.418

Another important property of T 1
2 – and, by conservativity, of S2

2 – is that its ∀Σb
1419

consequences can be witnessed by polynomial local search. We formally define a PLS problem420
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as a triple (tw, θw, Nw), where t,N are respectively a unary and a binary PV function, θ is a421

binary PV formula, and the distinguished argument w written in the subscript is an instance422

of the problem. The formula θ defines the domain of the problem on instance w (tacitly,423

any element of the domain is required to be at most polynomially larger than w); tw is an424

initial value that should be in the domain; and Nw is a one-place neighbourhood function,425

which attempts to map any value in the domain to a strictly smaller value in the domain.426

Since the domain has a least element as long as it is nonempty, Nw will sometimes fail, and427

a solution to the problem on instance w is either tw, if ¬θw(tw), or a value y such that θw(y)428

but either ¬θw(Nw(y)) or Nw(y) ≥ y.429

The PLS witnessing theorem for T 1
2 , originally proved in [8], says that if T 1

2 proves430

∀w ∃y≤ t ϕ, where ϕ is a PV formula, then the task of finding y given w can be reduced431

to a PLS problem. Written in a modern form, which also includes an upper bound on the432

strength of the theory needed to prove correctness of the reduction, we have:433

I Theorem 14 ([2, Theorem 2.5]). Assume that T 1
2 ` ∀w ∃y≤ t ϕ(w, y), where ϕ is a PV434

formula. Then there is a PLS problem Qw = (tw, θw, Nw) and a PV function f such that435

the following are provable in PV:436

1. ¬θw(tw)→ ϕ(w, f(w))437

2. θw(z) ∧ ¬θw(Nw(z)) → ϕ(w, f(z))438

3. θw(z) ∧Nw(z) ≥ z → ϕ(w, f(z)).439

4.2 Propositional translations440

We use a version of the translation from PV proofs to polynomial-time constructible families441

of ER proofs, due to Cook [11].5 We first describe how to translate formulas. Consider a442

PV formula θ(~x). Let ~k represent a choice of binary bit-lengths for the variables ~x (we will443

not be very formal about ~k; we can think of this notation as assigning a length to every free444

first-order variable in the universe). Supposing ~x = x1, . . . , x`, we will code each xi using a445

ki-tuple of new propositional variables x1
i , . . . , x

ki
i , which tuple we write just as ~xi.446

By definition, θ is a quantifier-free formula built from PV functions. So we can construct,447

in some canonical way based on the structure of θ, in time polynomial in the bit-lengths448

k1, . . . , k`, a Boolean circuit C(~x1, . . . , ~x`) evaluating θ on binary inputs of these lengths.449

Following Definition 10, we introduce a tuple of new variables ~z, one for each node in C,450

and define the propositional translation [[θ(~x)]]~k to be the CNF [~z = C(~x1, . . . , ~x`)] ∧ zout.451

Unless stated otherwise, we assume that the translations of any two explicitly listed formulas452

have disjoint auxiliary variables ~z. For example, in Proposition 15, we assume that the453

translations of ϕ1, . . . , ϕr, θ all have disjoint auxiliary variables, even if some formula appears454

twice in this list.455

We now state how we translate proofs. For the proof see Appendix C.3.456

I Proposition 15. Suppose PV proves a sentence ∀~x, ϕ1(~x) ∧ · · · ∧ ϕr(~x) → θ(~x), where457

ϕ1, . . . , ϕr, θ are quantifier-free. Then for any assignment ~k of bit-lengths to the variables ~x,458

we can construct in time polynomial in ~k an ER derivation459

[[ϕ1(~x)]]~k ∧ · · · ∧ [[ϕr(~x)]]~k ` [[θ(~x)]]~k.460

5 We emphasize that we are using the Cook translation, rather than the Paris-Wilkie translation of
e.g. [27]. The Paris-Wilkie translation is usually used to translate first-order proofs involving an oracle
symbol into families of small proofs in relatively weak propositional systems. For example, it translates
(a relativized version of) T 1

2 into polylogarithmic-width resolution.
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5 ER-PLS simulates G1461

This section contains the main technical work of the paper. We begin by constructing some462

PV proofs. We will use propositional translations of these in our simulation.463

Let Sat(a, x) be a natural PV formula expressing that CNF a is satisfied by assignment x.464

Let Ref(a, b) be a natural PV formula expressing that b is a G1 refutation of a. We may465

take ∀a, b, x ¬Sat(a, x) ∨ ¬Ref(a, b) as the CNF-reflection principle for G1, stating that any466

CNF refutable in G1 is unsatisfiable. By Theorem 12 this is provable in T 1
2 .467

CNF-reflection is a ∀Πb
1 formula, so in particular it is ∀Σb1. Thus by Theorem 14, there is468

a PLS problem Qw = (tw, θw, Nw), where to save space we think of a, b, x as combined into a469

single parameter w which we write as a subscript, such that the existence of a solution to Qw470

implies ¬Sat(a, x) ∨ ¬Ref(a, b), provably in PV. Precisely, PV proves the following three471

formulas, in free variables a, b, x, y (note that since the CNF-reflection principle does not472

contain an existential quantifier, we do not need the function f that appears in Theorem 14):473

1. ¬θw(tw) → (¬Sat(a, x) ∨ ¬Ref(a, b))474

2. θw(y) ∧ ¬θw(Nw(y)) → (¬Sat(a, x) ∨ ¬Ref(a, b))475

3. θw(y) ∧Nw(y) ≥ y → (¬Sat(a, x) ∨ ¬Ref(a, b)).476

By standard properties of PLS, we may assume in order to simplify some things below that477

the bit-length of tw depends only on the components a, b of w and not on the assignment x,478

and that Nw is hard-wired to never give output bigger than tw.479

Making some small rearrangements and introducing a new variable u for the neighbour480

of y, we get that PV proves481

F1. Sat(a, x) ∧ Ref(a, b) ∧ y = tw → θw(y)482

F2. Sat(a, x) ∧ Ref(a, b) ∧ θw(y) ∧ u = Nw(y) → θw(u)483

F3. Sat(a, x) ∧ Ref(a, b) ∧ θw(y) ∧ u = Nw(y) ∧ y ≤ u → ⊥.484
485

With these proofs in hand we can describe the simulation.486

I Theorem 16. ER-PLS simulates G1.487

Proof. We are given a CNF A and a G1 refutation B of A. We want to construct, in488

polynomial time, an ER-PLS refutation of A. We will build the refutation using propositional489

translations of the proofs F1-F3 above. We begin by calculating the bit-length of the variables490

a, b, x, y, u which we will use in the translation.491

Let n be the number of variables in A and let m and ` be the bit-length of the strings492

coding A and B respectively. We may assume n ≤ m. We will use m, `, n as the respective493

bounds on the bit lengths of a, b, x. By our simplifying assumption on the problem Qw we494

can find a bound r, polynomial in m and `, on the bit-length of tw for parameters w of the495

lengths we are considering. We may also use r as the bit-length for both y and u, since496

Nw needs at most r bits to encode its output. Thus we use these bounds m, `, n, r, r as the497

bit-length parameter ~k in all our propositional translations below. As a result, all the CNFs498

we obtain from the translation will have size polynomial in m+ `. For simplicity of notation,499

we will omit actually writing the subscript ~k.500

Applying Proposition 15 to F1, F2 and F3, we obtain, in time polynomial in m+ `, the501

following ER derivations:502

P1 : [[Sat(a, x)]] ∧ [[Ref(a, b)]] ∧ [[y = tw]] ` [[θw(y)]]503

P2 : [[Sat(a, x)]] ∧ [[Ref(a, b)]] ∧ [[θw(y)]] ∧ [[u = Nw(y)]] ` [[θw(u)]]504

P3 : [[Sat(a, x)]] ∧ [[Ref(a, b)]] ∧ [[θw(y)]] ∧ [[u = Nw(y)]] ∧ [[y ≤ u]] ` ⊥.505
506
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These formulas and derivations are in propositional variables ~a,~b, ~x, ~y, ~u that arise from507

a, b, x, y, u in the translation, using the bit-lengths described above (plus the requisite508

auxiliary and extension variables).509

Now let τ be the substitution (in fact a partial assignment) that first replaces the510

propositional variables ~a and ~b with the actual bits of A and B. Then, recalling that the511

CNFs [[Sat(a, x)]] and [[Ref(a, b)]] are defined in terms of Boolean circuits taking ~a,~b, ~x as512

input, we compute the values of all nodes in these circuits that do not depend on ~x (for513

[[Ref(a, b)]] this means all nodes) and let τ assign those values to the corresponding auxiliary514

variables in the CNFs.515

Applying τ to the derivations above, each of P1�τ , P2�τ , P3�τ is still a valid ER refutation.516

However we may delete [[Ref(a, b)]]�τ from the assumptions, since by construction τ satisfies517

every clause in [[Ref(a, b)]], because B is in fact a refutation of A. Furthermore we make the518

following claims, where all the circuits and derivations asserted to exist are constructible in519

polynomial time from A and B. For the notation [~z = C(~e)] see Definition 10.520

1. Write A(~x) for the CNF A with the variables renamed to x1, . . . , xn. Then there is an521

ER derivation A(~x) ` [[Sat(a, x)]]�τ .522

2. There is a circuit Dθ and auxiliary variables ~zy and ~zu such that523

a. [[θw(y)]]�τ has the form [~zy = Dθ(~x, ~y)] ∧ zout
y524

b. [[θw(u)]]�τ has the form [~zu = Dθ(~x, ~u)] ∧ zout
u .525

Abusing notation, we may write these as [θ̂(~x, ~y)] and [θ̂(~x, ~u)].526

3. There is a circuit t̂ and auxiliary variables ~zt such that there is an ER derivation527

[(~y, ~zt) = t̂(~x)] ` [[y = tw]]�τ .528

4. There is a circuit N̂ and auxiliary variables ~zN such that there is an ER derivation529

[(~u, ~zN ) = N̂(~x, ~y)] ` [[u = Nw(y)]]�τ .530

5. There is an ER derivation [~y ≤lex ~u] ` [[y ≤ u]]�τ .531

Here claim 2 is true by construction, and for claim 5 note that the CNF [[y ≤ u]] is532

not changed after restricting by τ . Otherwise we appeal to the well-known strength and533

robustness of ER and the fact that we are able to choose how to express Sat, and even y ≤ x,534

in PV. We give more details of claim 1 in Appendix C.4.535

Combining the derivations provided by the claims with P1�τ , P2�τ , P3�τ and appealing to536

Lemma 22 in Appendix C.1 we get that the following three ER derivations can be constructed537

in polynomial time from A and B.538

R1 : A(~x) ∧ [(~y, ~zt) = t̂(~x)] ` [θ̂(~x, ~y)]539

R2 : A(~x) ∧ [θ̂(~x, ~y)] ∧ [(~u, ~zN ) = N̂(~x, ~y)] ` [θ̂(~x, ~u)]540

R3 : A(~x) ∧ [θ̂(~x, ~y)] ∧ [(~u, ~zN ) = N̂(~x, ~y)] ∧ [~y ≤lex ~u] ` ⊥.541
542

For example, for R2 we first combine the derivation in claim 1, the first identity in claim 2,543

and the derivation in claim 4 to derive the LHS of P2�τ from the LHS of R2 (we may need544

to rename some variables introduced by the extension rule to avoid clashes when we combine545

derivations, as in the proof of Lemma 22). By Lemma 22 we can then use P2�τ to derive546

[[θw(u)]]�τ , which is precisely the RHS of R2 by the second identity in claim 2.547

The reader should note that R1–R3 still capture the same idea that we began this section548

with, but now in a nonuniform version: they constitute a proof in ER that if ~y is a solution549

of a PLS problem related to Qw, where w is the instance (A,B, ~x), then A(~x) is false.550

We can now describe an ER-PLS refutation of A(~x), and thus one of A. It will use551

one application of the ER rule and one of the dominance rule. We begin with A(~x).552
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We then introduce the clauses [θ̂(~x, ~y)] by the ER rule. This is allowed, because we can553

obtain them from A(~x) by the following ER derivation: first write down the extension554

axioms [(~y, ~zt) = t̂(~x)], then use R1.555

To finish the refutation we use the dominance rule to derive the empty clause. That is,556

in the rule we take the new clause C to be empty. The other ingredients are as follows.557

1. We set Γ := A(~x) ∧ [θ̂(~x, ~y)], so Γ consists of all the clauses we have so far.558

2. We let ~v := ~y, ~zy, ~x list all variables that occur in Γ. Here we deliberately put ~y first so559

that it is most significant in determining the lexicographic order of assignments to ~v.560

3. We set ∆ := [(~u, ~zN ) = N̂(~x, ~y)] ∧ [~zu = Dθ(~x, ~u)]. This is a set of extension axioms over561

~v; ~u, ~zu, ~zN .562

4. We set ω to be the substitution which maps each variable in ~y, ~zy to the corresponding563

variable in ~u, ~zu and is the identity everywhere else.564

The substitution ω is chosen so that Γ�ω = A(~x)∧ [θ̂(~x, ~u)]. Also ∆ and ω are chosen so that565

the range of ω is a subset of the variables appearing in ∆, as required by the rule.566

The reader should have in mind the following informal process, as sketched in the567

introduction. Suppose we have an assignment α to ~v satisfying Γ = A(~x) ∧ [θ̂(~x, ~y)]. By R2,568

we can use the circuits described in ∆ to extend it to an assignment α ∪ β to ~v, ~u, ~zu, ~zN569

satisfying Γ�ω = A(~x) ∧ [θ̂(~x, ~u)], and by R3 the ~u-part of β must be strictly smaller than570

the ~y-part of α. By the construction of ω, if we let α′ := (α ∪ β) ◦ ω then α′ again satisfies571

A(~x)∧ [θ̂(~x, ~y)], with the ~y-part of α′ the same as the ~u-part of β. In this way ∆ and ω work572

together to simulate one step in the exponential-time algorithm to solve PLS by producing573

smaller and smaller “feasible solutions” ~y such that [θ̂(~x, ~y)]. Specifically, ∆ computes the574

next solution and writes it on its new variables ~u, then ω copies the values of ~u back to the575

old variables, overwriting ~y.576

Formally, to complete the proof we need to construct two ER derivations577

(a) Γ ∧∆ ` Γ�ω578

(b) Γ ∧∆ ∧ [~v ≤lex ~v�ω] ` ⊥.579

Strictly speaking we should also include ¬C in both sets of assumptions, but since C is the580

empty clause omitting this makes no difference.581

Writing out (a) in more detail, what we need to show is582

A(~x) ∧ [θ̂(~x, ~y)] ∧ [(~u, ~zN )=N̂(~x, ~y)] ∧ [~zu=Dθ(~x, ~u)] ` A(~x) ∧ [θ̂(~x, ~u)].583

If the clauses [~zu = Dθ(~x, ~u)] were not present on the left then R2 would already be a584

derivation of this. However these clauses are part of [θ̂(~x, ~u)], so we can use R2 with an585

appeal to Lemma 23 in Appendix C.1.586

For (b), we observe that [~v ≤lex ~v�ω] means precisely [(~y, ~zy, ~x) ≤lex (~u, ~zu, ~x)], from which587

formula we can easily derive in ER that [~y ≤lex ~u]. Hence we can use R3 and Lemma 22. J588

6 Linear dominance simulates ER-PLS589

Recall from Section 2.2 the notation C∗ and Γ∗ for converting clauses and CNFs into590

equivalent PB constraints and formulas. We will show that, given a derivation of ∆ from Γ in591

ER-PLS, we can construct in polynomial time a derivation of (∆∗, ∅,>, ∅) from (Γ∗, ∅,>, ∅)592

in the linear dominance system, which implies the simulation. So we must show how to593

handle the two rules of ER-PLS: the ER rule and the dominance rule.594

ER rule. This follows straightforwardly by the well-known simulation of resolution by595

cutting planes [12] and, for extension steps, using the redundance-based strengthening rule596
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(of the linear dominance system) and standard arguments about how to add extension axioms597

as redundant clauses, see e.g. [25]. We include a detailed proof in Appendix C.5.598

Dominance rule. Suppose we have a CNF Γ and a clause C, both in variables x1, . . . , xn,599

plus a set ∆ of extension axioms over ~x; ~y, a substitution ω mapping variables ~x to variables600

~x ∪ ~y, and two ER derivations601

(a) Γ ∧∆ ∧ ¬C ` Γ�ω602

(b) Γ ∧∆ ∧ ¬C ∧ [~x ≤lex ~x�ω] ` ⊥.603

We will describe a derivation from (Γ∗, ∅,>, ∅) of (Γ∗ ∪ {C∗}, ∅,>, ∅).604

We can combine the derivations for (a) and (b) above to construct an ER derivation605

π : Γ ∧∆ ∧ ¬C ` Γ�ω ∧ [~x�ω <lex ~x].606

where [~x <lex ~y] represents strict lexicographic ordering – see Proposition 25 in Appendix C.2.607

Furthermore we may assume that π is actually a resolution derivation, that is, that it does608

not include any applications of the extension rule. This is because we can move all extension609

axioms introduced by that rule from the body of the derivation to ∆, preserving the order610

in which they appeared in the derivation. That process turns ∆ into a set of extension611

axioms over ~x; ~y, ~z, where ~z now includes all extension variables that were introduced in the612

original π, and in particular all auxiliary variables in [~x�ω <lex ~x].613

To build the derivation in the linear dominance system, we first change the ordering from614

the trivial order > to the lexicographic order on x1, . . . , xn, with the most significant bits615

first. This can be done using the order change rule; see Section 3.2. So we are now in the616

configuration (Γ∗, ∅,O�, ~x), where O� is the lexicographic order.617

We then derive (Γ∗,∆∗,O�, ~x), where we add each extension axiom in ∆ in turn using618

the redundance-based strengthening rule, in the same way that we handle extension axioms619

in the the ER rule. We must check that we satisfy the order condition for this rule, but this620

is easy, since the substitutions used do not affect ~x variables, which are the only variables621

relevant to the ordering. Again we have moved the details to Appendix C.5.622

Now we use dominance-based strengthening to derive (Γ∗,∆∗ ∪ {C∗},O�, ~x). We apply623

the normal translation from resolution into CP to π to get624

Γ∗ ∪∆∗ ∪ {(¬C)∗} C̀P (Γ�ω)∗ ∪ [~x�ω <lex ~x]∗.625

It is easy to construct a short derivation ¬(C∗) C̀P (¬C)∗. We can also construct a derivation626

[~x�ω <lex ~x]∗ C̀P O≺(~x�ω, ~x) in polynomial time by Lemma 24 in Appendix C.2, where O≺ is627

strict lexicographic ordering written in the natural way using the same multilinear function628

f as O�; this is the same as L< from Lemma 24, except that L< is reverse-lexicographic.629

Moreover, (Γ�ω)∗ is the same as (Γ∗)�ω. Thus we have630

Γ∗ ∪∆∗ ∪ {¬(C∗)} C̀P (Γ∗)�ω ∪ O≺(~x�ω, ~x). (2)631

Finally, from (2) we can trivially construct a derivation632

Γ∗ ∪∆∗ ∪ {¬(C∗)} ∪ O�(~x, ~x�ω) C̀P ⊥. (3)633

The derivations (2) and (3) are what we need to apply the dominance-based strengthening634

rule to derive C∗ (after weakening O≺ in (2) to O�). This completes the proof.635
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A G1 simulates linear dominance706

For this result we will use Theorem 13, which states that for a propositional proof system Q,707

if S2
2 proves the CNF-reflection principle for Q, then G1 simulates Q. We take Q to be the708

linear dominance system, considered as a system for refuting CNFs. That is, a Q-refutation709

of a CNF Γ is a linear dominance refutation of Γ∗. Thus for the simulation it is enough to710

prove in S2
2 that the existence of such a refutation of Γ∗ implies that Γ is unsatisfiable.711

We do this by formalizing as much as possible in S2
2 the proof of soundness of the712

dominance system from [4]. We run into a problem at the important step of showing there713

exists a least assignment with respect to the ordering O�. As far as we know, this is not714

provable in S2
2 for a general ordering, and it is known to be unprovable for an ordering given715

by an oracle [29]. It is provable for the lexicographic ordering (since S2
2 extends T 1

2 ) and this716

is our reason for working with the linear dominance system instead.717

We use a definition from [4].718

I Definition 17. A configuration (C ,D ,O�, ~z) is called valid if719

1. C is satisfiable720

2. For every total assignment α � C , there is a total assignment β with β � α and β � C ∪D .721

Notice that validity is a Πb
2 condition, and in particular S2

2 is strong enough to do all722

the basic reasoning we need about sums and inequalities. Working in S2
2 , suppose for a723

contradiction we are given a satisfiable CNF Γ and a linear dominance refutation π of Γ∗. We724

will use Πb
2 length induction, taking as our inductive hypothesis that the ith configuration725

in π is valid. The base case is the initial configuration (Γ∗, ∅,>, ∅), which is valid by726

assumption (since any assignment satisfying Γ already satisfies Γ∗). On the other hand727

the final configuration in π is not valid, since in that configuration C ∪D is not satisfiable.728

Therefore to derive a contradiction it is enough to show that every rule preserves validity.729

Since the soundness of CP is trivially provable in PV, this is easy for the implicational730

derivation, transfer and order change rules. For the remaining rules, namely redundance-731

based strengthening, deletion and dominance-based strengthening, suppose we are at a valid732

configuration (C ,D ,O�, ~z).733

Redundance-based strengthening rule. We have a substitution ω and we know734

C ∪D ∪ {¬C} � (C ∪D ∪ {C})�ω ∪ O�(~z�ω, ~z).735
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Let α � C . By the inductive hypothesis there is β � α such that β � C ∪D , and we want736

to find β′ � α such that β′ � C ∪D ∪ {C}. If β � C then we set β′ = β. Otherwise we set737

β′ = β ◦ ω, and the properties of β′ follow from the assumption.738

Deletion rule. The interesting case is that we derive (C ′,D ′,O�, ~z) with D ′ ⊆ D and739

C ′ = C \ {C} for some C derivable by the redundance rule from (C ′, ∅,O�, ~z). Let α � C ′.740

If α � C then there is nothing to show. Otherwise, using the notation of the redundance741

rule, we let α′ = α ◦ ω and know that α′ � α and α′ � C . The inductive hypothesis then742

gives us β′ � α′ with β′ � C ∪D , so in particular β′ � α and β′ � C ′ ∪D ′.743

For all rules so far, the proof that validity is preserved goes through even in PV. For744

the last rule we will need to minimize the value of a PV function on a polynomial-time745

computable set, which can be done in S2
2 , since it extends T 1

2 (see Section 4.1).746

Dominance-based strengthening rule. We derive (C ,D ∪ {C},O�, ~z), and for a given747

substitution ω we know748

C ∪D ∪ {¬C} � C�ω ∪ f(~z�ω) ≤ f(~z)749

C ∪D ∪ {¬C} ∪ {f(~z) ≤ f(~z�ω)} � ⊥750
751

where f is the linear function defining O�. Let α � C . We want to find β′ � α such that752

β′ � C ∪D ∪ {C}. Let S be the set of total assignments �-below α satisfying C . Let β be a753

member of S for which f(β) is minimal (where f(β) stands for f applied to the ~z variables754

of β). Using the least number principle for Σb1 formulas available in S2
2 , we can find such a β.755

By the inductive hypothesis (that is, the validity of (C ,D ,O�, ~z)) we may assume that756

β � C ∪D . If β � C then we set β′ = β. Otherwise let β′ = β ◦ ω. By the first entailment in757

the rule, β′ � C and f(β′) ≤ f(β), so β′ ∈ S. Therefore by the minimality of f(β) we have758

f(β) ≤ f(β′). But this contradicts the second entailment.759

This completes the proof that S2
2 proves the soundness of the linear dominance system,760

which is thus simulated by G1.761

B Simulations of fragments by ER762

B.1 Weak linear dominance763

Consider the version of the linear dominance system in which we limit the dominance-based764

strengthening rule by only allowing it to be applied when the set D of derived clauses is765

empty. That is, we replace it with the rule: from (C , ∅,O�, ~z) derive (C ∪ {C}, ∅,O�, ~z) if766

there is a substitution ω and derivations767

C ∪ {¬C} C̀P C�ω ∪ f(~z�ω) ≤ f(~z)768

C ∪ {¬C} ∪ {f(~z) ≤ f(~z�ω)} C̀P ⊥.769
770

where f is the linear function defining O�. We shall refer to this system as the weak linear771

dominance system.772

I Proposition 18. The weak linear dominance system is simulated by ER.773

To prove the simulation, we use a lemma saying that PV knows that there is a polynomial774

time function that lets us iterate a substitution m times, when m is given in binary.775
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I Lemma 19. There is a polynomial time function g(ω,m) which takes as input a substitu-776

tion ω on variables z1, . . . , zn and a number m (coded in binary) and outputs the substitu-777

tion ωm. Furthermore this works provably in PV, that is, PV ` g(ω,m+ 1) = g(ω,m) ◦ ω.778

Proof. Fix a variable zi and consider the sequence zi, ω(zi), . . . , ω2n+2(zi) as a walk through779

the space Lit ∪ {0, 1}. The sequence can be produced by a PV function on input 〈ω, i〉. By780

the pigeonhole principle, which is available in PV here since n is small (polynomial in the781

length of the input), this sequence must touch some point twice. That is, it consists of a walk782

of length ki to some u ∈ Lit∪{0, 1}, followed by a loop of some size `i, where 0 ≤ ki ≤ 2n+ 1783

and 1 ≤ `i ≤ 2n. Again, the numbers ki, `i can be computed by a PV function on input 〈ω, i〉784

Thus to compute ωm(vi) for m > 2n+ 2 it is enough to calculate the remainder of m− k785

divided by `: namely, ωm(zi) = ωki+((m−ki) mod `i)(zi). J786

Proof of Proposition 18. By Theorem 13, it is enough to show that the soundness of the787

weak linear dominance system is provable in S1
2 . So, working in S1

2 , suppose that a CNF Γ788

is satisfiable but that Γ∗ has a refutation π in the system. We will derive a contradiction.789

We will use length induction, but with a weaker inductive hypothesis than was used in790

Appendix A for the soundness of full linear dominance. Namely, we will show that for each791

configuration (C ,D ,O�, ~z) in turn in π, C ∪D is satisfiable. Satisfiability is a Σb1 property,792

so this is a form of length induction we can carry out in S1
2 . It yields a contradiction when793

we get to the last configuration in π.794

The first configuration is satisfiable, by the assumption on Γ. It is easy to see that every795

rule, other than dominance-based strengthening, preserves satisfiability; in the case of the796

redundance-based strengthening rule, this is by the standard argument about composing the797

current assignment once with ω, if necessary.798

So suppose we are dealing with the weak dominance-based strengthening rule. We have799

an assignment α which satisfies the current configuration (C , ∅,O�, ~z), and we want to satisfy800

(C ∪ {C}, ∅,O�, ~z). We have a substitution ω and derivations801

C ∪ {¬C} C̀P C�ω ∪ f(~z�ω) ≤ f(~z)802

C ∪ {¬C} ∪ {f(~z) ≤ f(~z�ω)} C̀P ⊥.803
804

for a linear f . Suppose for a contradiction that C ∪ {¬C} is unsatisfiable. Then, since CP805

derivations are provably sound (even in PV) we know that for any assignment β, if β � C ,806

then β ◦ ω � C and f(β ◦ ω) < f(β).807

We may assume without loss of generality that f only takes values between 0 and some808

upper bound m. Writing αi for α ◦ ωi, we use induction (rather than length induction) on i809

to show that for all i we have810

αi � C and f(αi) ≤ m− i.811

By Lemma 19, this is a PV formula, so this induction can be carried out in S1
2 (if the formula812

were Σb
1, we would only be able to use length induction). The base case i = 0 is true by813

the assumptions about α and f , and the inductive step follows from the discussion in the814

previous paragraphs. We conclude that f(αm+1) ≤ −1, which is impossible. J815

B.2 Symmetry breaking in ER816

Let us define a proof system Q, which we could call ER plus static symmetry breaking.817

A refutation of a CNF Γ in Q consists of an initial step, in which we list a sequence of818

symmetries ω1, . . . , ωk of Γ and write down the corresponding lex-leader constraints (where819
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for each constraint we use fresh auxiliary variables). This is followed by an ER refutation of820

Γ augmented by these constraints, that is, of Γ′ := Γ ∧
∧
i[~z ≤lex ~z�ωi

].821

For k ∈ N we define Qk to be Q limited to only adding axioms for k symmetries.822

I Proposition 20. The full system Q is sound, and is simulated by G1.823

Proof. We repeat the proof of Proposition 2, except this time we fill in some details. To824

prove soundness, it is enough to show that, supposing Γ is satisfiable, Γ′ is satisfiable as825

well. Let α be a lexicographically minimal assignment to the ~z-variables satisfying Γ. We826

claim that an extension of α satisfies Γ′. To see this, let ωi be any symmetry from our list.827

Then α � Γ implies α � Γ�ωi , and thus α ◦ ωi � Γ. By minimality of α we have α ≤lex α ◦ ωi,828

and thus, extending α to β which satisfies the extension axioms in the definition of ≤lex,829

we have that β satisfies the symmetry-breaking axiom [~z ≤lex ~z�ωi ]. In this way we can830

simultaneously satisfy every ωi, by the assumption that auxiliary variables are disjoint.831

For the simulation by G1, it is enough to observe that this argument can be cast as a832

proof of the CNF-reflection principle for Q and carried out in T 1
2 . Then we can appeal to833

Theorem 13. J834

The converse direction is presumably false:835

I Proposition 21. G1 is not simulated by Q, assuming G1 is not simulated by ER.836

Proof. Let Γn be a family of CNFs which have polynomial-sized refutations in G1 but require837

superpolynomial size in ER. Then it is easy to construct a polynomial-sized CNF An such838

that Γn∪An has no symmetries; assuming Γn has variables x1, . . . , xm, a convenient example839

consists of clauses xi ∨ y1 ∨ · · · ∨ yi for each i, where y1, . . . , ym are new variables. Then G1840

refutations of Γn still work for Γn ∪An (we may need to add one more weakening step). On841

the other hand, if π is any Q refutation of Γn ∪An, then it must be just an ER refutation,842

and we can turn it into an ER refutation of Γn by applying the restriction which sets every843

yi variable to 1. Thus π must have superpolynomial size. J844

We can now prove Theorem 5 from the introduction, that Q1 is simulated by ER.845

Proof of Theorem 5. We will show that the soundness of Q1 is provable in S1
2 . The result846

then follows by Theorem 13. Let Γ be a CNF and let ω be a symmetry of Γ. Let Γ′ :=847

Γ∧ [~z ≤lex ~z�ω] and suppose we are given an ER refutation of Γ′. We will show, with a proof848

formalizable in S1
2 , that if Γ is satisfiable then so is Γ′. We can then derive a contradiction,849

since S1
2 proves the soundness of ER (see Theorem 12).850

Working in S1
2 , suppose α � Γ. As in the proof of Proposition 18 we write αi for α ◦ ωi,851

and use the fact that by Lemma 19 this can be computed in polynomial time. Suppose for852

a contradiction that Γ ∧ [~z ≤lex ~z�ω] is unsatisfiable. It follows that for any assignment β,853

if β � Γ then β ◦ ω <lex β. On the other hand, if β � Γ then we already know β ◦ ω � Γ,854

since Γ�ω = Γ. Assuming that there are n many z-variables we have α ≤lex 2n − 1, where855

we identify 2n − 1 with a string of 1s of length n. Thus we can reach a contradiction by a856

similar induction as in the proof of Proposition 18, showing inductively that for each i we857

have αi � Γ and αi ≤lex 2n − i. J858

This proof breaks down immediately even for Q2, since we do not have any equivalent of859

Lemma 19 for arbitrary compositions of two substitutions.860

We briefly discuss how one could directly construct an ER refutation from a Q1 refutation,861

without going through bounded arithmetic and Theorem 5. The main task is to construct a862

circuit C which, when given an assignment α such that α � Γ, outputs an assignment β such863
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that β � Γ ∧ [~z ≤lex ~z�ω]. Furthermore this property of C must be provable in ER, in the864

sense that we have an ER derivation Γ(~x) ∧ [~z = C(~x)] ` Γ(~z) ∧ [~z ≤lex ~z�ω] (where we are865

suppressing auxiliary variables in C and ≤lex). We will just describe C.866

We use a subcircuit which takes input ~z, i and computes αi := ~z�ωi using the algorithm867

for g in Lemma 19. The circuit C finds i such that the two conditions αi � Γ and αi ≤lex 2n−i868

hold for i, but one of them fails for i+ 1, and outputs αi. Such an i can be found by binary869

search, since both conditions hold for i = 0 and the second one must fail for i = 2n + 1.870

Since αi � Γ and αi+1 = αi ◦ ω, we have that αi+1 � Γ since ω by symmetry. We conclude871

that the second condition fails and αi+1 >lex 2n − i− 1. Thus αi+1 ≥lex αi, meaning that872

αi ≤lex αi ◦ ω as required.873

C Postponed technical material874

C.1 Extended resolution derivations (from Section 2.3)875

We use a convention that, in the context of ER derivations, when we write an expression of876

the form Γ(~x) ` ∆ with some variables ~x displayed on the left, we mean that every variable877

in ~x is treated as an “old” variable in this derivation and as such is not used as an extension878

variable in any instance of the extension rule, even if it does not actually appear in the879

CNF Γ(~x).880

I Lemma 22. Let Γ(~x), A(~x, ~y), B(~x, ~z),∆(~x, ~w) by CNFs, where we assume ~x, ~y, ~z, ~w are881

disjoint and no other variables appear. Suppose we have ER derivations882

π1 : Γ(~x) ∧A(~x, ~y) ` B(~x, ~z) and π2 : Γ(~x) ∧B(~x, ~z) ` ∆(~x, ~z, ~w).883

Then we can construct an ER derivation Γ(~x) ∧A(~x, ~y) ` ∆(~x, ~z, ~w) in polynomial time.884

Proof. We first copy π1. Then we copy π2, except that every extension variable in π2 which885

is not in ~w is given a new name, to avoid clashes with variables ~y and other extension886

variables that appeared in π1. J887

I Lemma 23. Given an ER derivation π1 : Γ(~x) ` ∆ ∧ A, where ∆ is a set of extension888

axioms over ~x; ~y, we can construct in polynomial time an ER derivation π2 : Γ(~x)∧∆ ` ∆∧A.889

Proof. Let ∆′ and A′ be the same as ∆ and A except that we have replaced every variable yi890

with a new variable zi. From Γ ∧∆, we can derive ∆′ ∧ A′ by a copy of π1 with ∆ added891

to the initial clauses and with each yi changed to zi everywhere outside of ∆. Then we892

can work through ~y and derive, from the relevant extension axioms in ∆ and ∆′, using the893

normal rules of resolution, that yi ↔ zi; formally, this is the two clauses ¬yi ∨ zi and ¬zi ∨ yi.894

Finally we resolve these clauses with the clauses of A′ to derive A. J895

C.2 How to formalize ordering (from Section 3.3)896

We define CNFs [~x <lex ~y] and [~x ≤lex ~y] expressing the lexicographic ordering. We will need897

these to be compatible with how we reason about orderings in the pseudo-Boolean setting.898

Let r be the arity of ~x and ~y. For our proof system we will want to compare ~x and ~y with899

the most significant bits first, but just in this section we prefer to define a CNF for reverse900

lexicographic order, since it gives more readable notation when we spell out the details.901

We work with variables x1, . . . , xr, y1, . . . , yr, z1, . . . , zr+1 and c2, . . . , cr+1, representing902

numbers x, y < 2r, a number z < 2r+1 and a string of “carry” bits c. We first write a CNF903
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∆ expressing “x+ z = y + 2r”. This is the conjunction of, for each i = 1, . . . , r + 1, a CNF904

expressing905

xi + zi + ci = yi + 2ci+1 (4)906

where at the “boundaries” we replace xr+1, c1 and cr+2 with the constant 0 and replace yr+1907

with the constant 1; this last step corresponds to adding 2r to the number y. Each expression908

of the form (4) can be written as a CNF. Moreover, since the number z is uniquely defined,909

we can introduce extension variables needed for intermediate steps in the verification of (4)910

in such a way that the whole formula ∆ becomes a set of extension axioms defining ~z, ~c and911

the intermediate extension variables from ~x and ~y.912

We write a CNF P< expressing that ~x < ~y by saying that “x+ z = y + 2r with z > 2r”,913

that is, ∆ ∧ zr+1 ∧
∨r
i=1 zi.914

Now let L< be the natural way to expressing the strict lexicographic ordering by a single915

PB constraint. That is, L< is the constraint
∑r
i=1 2i−1xi <

∑r
i=1 2i−1yi. The definition of916

P< was chosen to give a simple proof of the following lemma.917

I Lemma 24. There is a polynomial-time procedure that on input 1r produces CP derivations918

P<(~x, ~y)∗ C̀P L<(~x, ~y).919

Proof. We will write Xj , Yj , Zj for the sums
∑j
i=1 2i−1xi etc. We will inductively construct920

derivations ∆∗ C̀P Xj + Zj = Yj + 2jcj+1, for j = 1, . . . , r, where ∆ is the CNF defined921

above. Here and below the equality = is shorthand for the pair of inequalities ≤ and ≥.922

For each such j, the CNF ∆ contains clauses together expressing xi + zi + ci = yi + 2ci+1,923

after the substitution c1 → 0. Thus, by the implicational completeness of cutting planes [10],924

we can produce constant-size derivations of this equality (as a pair of PB constraints)925

from ∆∗. For i = 1 this immediately gives the base case of the induction. Now, in the926

inductive step, suppose 1 ≤ j < r and we have Xj + Zj = Yj + 2jcj+1. Then we add927

xj+1 + zj+1 = yj+1 + 2cj+2− cj+1 multiplied by 2j to obtain Xj+1 +Zj+1 = Yj+1 + 2j+1cj+2.928

When the inductive construction is completed, we have derived Xr + Zr = Yr + 2rcr+1.929

The final constraints in ∆∗ can be used to produce a constant-size derivation of the equality930

zr+1 + cr+1 = 1. So we can add 2rzr+1 = 2r − 2rcr+1 to get Xr +Zr+1 = Yr + 2r. From the931

assumptions zr+1 = 1 and
∨r
i=1 zr in P< we can derive Zr+1 > 2r, and together these give932

us L<. J933

We define P≤(~x, ~y) as the negation of P<(~y, ~x). Precisely, if P<(~y, ~x) has the form934

∆ ∧ zr+1 ∧
∨r
i=1 zi we take P≤(~x, ~y) to be the CNF ∆ ∧ [w ↔ (zr+1 ∧

∨r
i=1 zi)] ∧ ¬w, where935

the expression [w ↔ . . . ] is shorthand for a series of extension axioms defining a new936

variable w. Finally we set the formula [~x ≤lex ~y] to be P≤(xr, . . . , x1, yr, . . . , y1) and set937

[~x <lex ~y] to be P<(xr, . . . , x1, yr, . . . , y1). The next proposition is proved in a similar way938

to the proof of Proposition 15 below.939

I Proposition 25. Given an ER derivation Γ∧ [~x ≤lex ~y] ` ⊥ we can construct in polynomial940

time an ER derivation Γ ` [~y <lex ~x].941

C.3 Propositional translations (from Section 4.2)942

We give the proof of Proposition 15. That is, suppose PV proves a sentence943

∀~x, ϕ1(~x) ∧ · · · ∧ ϕr(~x)→ θ(~x), (5)944
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where ϕ1, . . . , ϕr, θ are quantifier-free. Then for any assignment ~k of bit-lengths to the945

variables ~x, we can construct in time polynomial in ~k an ER derivation946

[[ϕ1(~x)]]~k ∧ · · · ∧ [[ϕr(~x)]]~k ` [[θ(~x)]]~k.947

Proof of Proposition 15. By the usual form of the translation from PV into ER, as presented948

for example in [23, Theorem 12.4.2], it follows from the provability of (5) that in time949

polynomial in ~k we can build an ER refutation950

π : [[ϕ1(~x)]]~k ∧ · · · ∧ [[ϕr(~x)]]~k ∧ [[¬θ(~x)]]~k ` ⊥.951

The details of how to transform π into an ER derivation π′ : Γ ` [[θ(~x)]]~k, where we write Γ952

for [[ϕ1(~x)]]~k ∧ · · · ∧ [[ϕr(~x)]]~k, are routine but messy. The translation [[θ(~x)]]~k has the form953

∆ ∧ zout where ∆ is a set of extension axioms over ~x1, . . . , ~x`;~z for some variables ~z (which954

include zout). Modulo trivial modifications, [[¬θ(~x)]]~k can be taken to be ∆ ∧ ¬zout. Note955

that by our conventions on variables, the variables ~z do not appear in Γ. Thus we can begin956

π′ by deriving all of ∆ from Γ using the extension rule, and all that remains is to derive zout.957

To so this, we work through the refutation π : Γ ∧∆ ∧ ¬zout ` ⊥ and, for each clause958

C in π except for the initial clause ¬zout, we derive C ∨ zout. If C is a clause of Γ or ∆,959

we derive C ∨ zout from C by weakening (notice that zout is at this point an “old” variable,960

since it appears in ∆); if C is derived in π by resolution on a variable other than zout or961

by weakening, we derive C ∨ zout by the same inference; if C is derived in π from B ∨ zout
962

and A ∨ ¬zout by resolution on zout, we instead derive C ∨ zout by weakening from B ∨ zout
963

(again, this does not introduce any new variables). If C is part of an extension rule in π, we964

introduce the same extension axioms and then derive C ∨ zout by weakening, noting that the965

same variables are new at this point in π and in π′. Thus we finally derive zout, where in π966

we derived ⊥. J967

C.4 How to formalize satisfiability (from Section 5)968

I Proposition 26. There is a polytime procedure that, given a CNF A in n variables, produces969

an ER derivation A(~x) ` [[Sat(a, x)]]�τ , where the bit-lengths of ~a, ~x in [[Sat(a, x)]] are the970

size of A and n, respectively, τ substitutes the bits of A for ~a, and A(~x) is A with variables971

renamed to ~x.972

Proof. We may assume that A is already in the variables ~x = x1, . . . , xn. The details of973

the procedure will depend on how exactly Sat(a, x) is formalized by a PV formula, but any974

two reasonable formalizations will be provably equivalent in PV, so we may focus on one975

convenient formalization and then invoke Proposition 15 and Lemma 22.976

Suppose, for example, that Sat(a, x) is given as a straightforward procedure that considers977

each clause of a in succession and checks for each literal whether it belongs to the clause and978

whether it is satisfied under x; afterwards, it checks if at least one literal was satisfied in979

each clause. Let m be the number of clauses in A. Then we may assume that [[Sat(a, x)]]�τ980

contains the following auxiliary variables: for each j = 1, . . . ,m and each i = 1, . . . , 2n (this981

being the number of literals in n variables), a variable zji with the intuitive meaning that982

one of the first i literals appears in the j-th clause and happens to be satisfied; and for each983

j = 1, . . . ,m, a variable wj with the intuitive meaning that each of the first j clauses contains984

a satisfied literal. We may also assume that [[Sat(a, x)]]�τ consists of the following conjuncts:985

for j = 1, . . . ,m and i = 1, . . . , 2n, a constant-size set of clauses logically equivalent to986

either zji ↔ zji−1, if the i-th literal does not appear in the j-th clause, or zji ↔ zji−1∨(¬)xk,987
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if the i-th literal appears in the j-th clause and happens to be (¬)xk (here zj0 is the988

constant 0),989

for j = 1, . . . ,m, a constant-size set of clauses logically equivalent to with wj ↔ wj−1∧zj2n990

(here w0 is the constant 1),991

wm.992

The derivation of this from A is the obvious one: first, for each j = 1, . . . ,m, introduce each993

zji ↔ zji−1 resp. zji ↔ zji−1 ∨ (¬)xk as extension axioms and perform a series of resolutions994

with the j-th clause of A, eventually obtaining zj2n. Then, again for each j = 1, . . . ,m,995

introduce wj ← wj−1 ∧ zj2n as an extension axiom and resolve wj ← wj−1 ∧ zj2n with zj2n and996

wj−1 to obtain wj . J997

C.5 Simulating ER-PLS by linear dominance (from Section 6)998

We give some details omitted from Section 6. We first show how to simulate the ER rule999

of ER-PLS in the linear dominance system, and then we fill a gap in how we handled the1000

dominance rule.1001

ER rule. Suppose Γ ∧∆ is derived from Γ by the ER rule. Then there is an ER derivation1002

π which begins with Γ and includes every clause in ∆. It is enough to show that from1003

(Γ∗, ∅,>, ∅) we can derive (Γ∗, π∗,>, ∅), where we write π∗ for the set of translations of clauses1004

appearing in π. This is because we can then copy all of ∆∗ from the derived constraints1005

π∗ into the core constraints Γ∗ using the transfer rule of the dominance system, to get1006

((Γ ∧∆)∗, π∗,>, ∅). and finally reset the derived constraints to ∅ using the deletion rule, to1007

get ((Γ ∧∆)∗, ∅,>, ∅) as required.1008

Treating each clause in π in turn, either it is an initial clause from Γ; or it was derived1009

from earlier clauses by resolution or weakening; or it is a clause introduced by the extension1010

rule. The first two cases are easily dealt with by the implicational derivation rule (of the1011

dominance system), plus the well-known simulation of resolution by CP [12]. The remaining1012

case is the extension rule. We use the standard arguments for showing that we can simulate1013

this rule in a system based on adding certain redundant clauses, see e.g. [25].1014

An extension axiom in π has the form of three clauses ¬u ∨ ¬v ∨ y, ¬y ∨ u and ¬y ∨ v,1015

which we translate into three PB constraints:1016

A : (1− u) + (1− v) + y ≥ 11017

B : (1− y) + u ≥ 11018

C : (1− y) + v ≥ 1.1019
1020

We show that these can be derived from any set E of PB constraints which do not mention the1021

variable y, by three applications of the redundance-based strengthening rule of the dominance1022

system (we may ignore the part of the rule having to do with the ordering, as we are using the1023

trivial ordering >). That is, we must find substitutions σ, τ, ω and derivations E ∪ {¬A} C̀P1024

(E ∪ {A})�σ, E ∪ {A,¬B} C̀P (E ∪ {A,B})�τ and E ∪ {A,B,¬C} C̀P (E ∪ {A,B,C})�ω.1025

Let σ map y 7→ u and do nothing else. Then E�σ = E and A�σ is 2− v ≥ 1, which is the1026

Boolean axiom v ≤ 1. Thus we have the first CP derivation. For the second CP derivation1027

we can set τ = σ again, since B�σ is just 1 ≥ 1.1028

Now let ω map y 7→ 0 and do nothing else. Then E�ω = E and we have1029

A�ω is (1− u) + (1− v) ≥ 1 C�ω is v ≥ 01030

B�ω is u ≥ 0 ¬C is 1− y + v ≤ 01031
1032
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Thus B�ω and C�ω are trivially derivable. For A�ω, we can rearrange it as u+ v ≤ 1, which1033

we can derive by starting with ¬C and adding axioms y ≤ 1 and u ≤ 1. Thus we have the1034

third CP derivation.1035

We also allow extension axioms expressing y ↔ u or y ↔ 0 or y ↔ 1. We can derive the1036

∗ translations of these in a similar way to the first two derivations above, by simply setting y1037

to be u or the desired value.1038

Dominance rule. We fill in a step that was omitted in Section 6. Suppose we are in a config-1039

uration (Γ∗, ∅,O�, ~x), where O� is the lexicographic order. We must derive (Γ∗,∆∗,O�, ~x),1040

where ∆ is a set of extension axioms over ~x; ~y.1041

We do this by adding each extension axiom in ∆ in turn using the redundance-based1042

strengthening rule, in the same way that we handled introducing extension axioms in the case1043

of the ER rule above. However this time we must check that we satisfy the order condition1044

for this rule – this did not matter before, as there we had the trivial order.1045

For example (using the same notation E , A, σ as above), in the derivation needed to1046

introduce A, the formal requirement is to show1047

E ∪ {¬A} C̀P (E ∪ {A})�σ ∪ O�(~x�σ, ~x).1048

However this is trivial as σ does not affect the variables ~x, which are explicitly the only1049

variables compared in the ordering O�. The same goes for the other substitutions used1050

above.1051


	1 Introduction
	2 Traditional proof systems
	2.1 Quantified Boolean formulas and G1
	2.2 Pseudo-Boolean constraints and cutting planes
	2.3 Extended resolution as a derivational system

	3 The dominance rule
	3.1 The dominance proof system
	3.2 The linear dominance proof system
	3.3 The system ER-PLS

	4 Bounded arithmetic
	4.1 Theories
	4.2 Propositional translations

	5 ER-PLS simulates G1
	6 Linear dominance simulates ER-PLS
	A G1 simulates linear dominance
	B Simulations of fragments by ER
	B.1 Weak linear dominance
	B.2 Symmetry breaking in ER

	C Postponed technical material
	C.1 Extended resolution derivations (from Section 2.3)
	C.2 How to formalize ordering (from Section 3.3)
	C.3 Propositional translations (from Section 4.2)
	C.4 How to formalize satisfiability (from Section 5)
	C.5 Simulating ER-PLS by linear dominance (from Section 6)


