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The Weak Pigeonhole Principle inModels of Bounded ArithmeticNeil Thapen, Merton College, OxfordSubmitted for the degree of Doctor of PhilosophyTrinity Term 2002AbstractWe develop the theory S12+8aPHPaa2(PV), where the surjective weak pigeon-hole principle PHPaa2(PV) says that there is no polynomial time computablesurjection from a onto a2. We show that the 8�b1 consequences of this theorycan be witnessed in probabilistic polynomial time, but that the converse isunlikely to hold. Furthermore, if the cryptosystem RSA is secure then thistheory does not prove the injective weak pigeonhole principle for polynomialtime functions. We use this observation to show that if RSA is secure thenthe theory PV + (sharply bounded collection for PV formulas) lies strictlybetween PV and S12 in strength. We also give some unconditional indepen-dence results for the relativized version of S12+8aPHPaa2(PV). In particular,it does not prove the injective weak pigeonhole principle for an unde�nedfunction symbol.We de�ne a hierarchy of theories of arithmetic with a top, and use themto study the structure of a model M of bounded arithmetic by studyingthe relationships between its initial segments. We show that if the weakpigeonhole principle fails then for suitable b > aN the initial segment M � bis de�nable inside M �a and hence is the unique end-extension of M �a to amodel of arithmetic with a top (of this form). Conversely if any model K ofarithmetic with a top is de�nable insideM then eitherK is isomorphic to aninitial segment of M or vice versa, and the weak pigeonhole principle impliesthat the �rst of these holds. We also use some tools from general modeltheory to show that if the weak pigeonhole principle holds in a model of aweak theory of arithmetic with a top, then initial segments have more thanone end-extension; in a model of a strong theory of arithmetic with a top,we can construct uncountable end-extensions of countable initial segments.





AcknowledgementsI would like to thank my supervisor Alex Wilkie for his infectious enthusiasmfor mathematics, and Jan Kraj���cek for many stimulating conversations andfor guiding me through the subject. I would also like to thank Jan Kraj���cekand the Mathematical Institute in Prague for their hospitality on my visitsto the Czech Republic.I have enjoyed my years as a graduate and am grateful to James McEvoy,Russell Barker, Cecily Crampin, Nicholas Peat�eld and Henry Braun for giv-ing them 
avour, and to Ruanne Barnabas for giving them purpose. FinallyI would like to thank my parents for their support and the British taxpayerfor EPSRC grant 98001658, which made this work possible.





Contents1 Introduction 22 Bounded Arithmetic 72.1 The theories Si2 and PV . . . . . . . . . . . . . . . . . . . . . 72.2 A witnessing theorem implies a complete language . . . . . . . 152.3 Arithmetic with a top . . . . . . . . . . . . . . . . . . . . . . 192.4 Bootstrapping S10 . . . . . . . . . . . . . . . . . . . . . . . . . 223 The Weak Pigeonhole Principle 293.1 Upper and lower bounds . . . . . . . . . . . . . . . . . . . . . 303.2 Ampli�cation . . . . . . . . . . . . . . . . . . . . . . . . . . . 323.3 The complexity of witnessing WPHP . . . . . . . . . . . . . . 374 Models of PV 424.1 More about sharply bounded collection . . . . . . . . . . . . . 424.2 WPHP in models of PV . . . . . . . . . . . . . . . . . . . . . 445 Witnessing and independence 485.1 Unprovability in S22(�) . . . . . . . . . . . . . . . . . . . . . . 485.2 Unprovability in S12(�) + 8aPHPaa2(PV(�)) . . . . . . . . . . . 506 Constructing unique end-extensions 576.1 Categoricity, de�nability and coding . . . . . . . . . . . . . . . 576.2 The construction . . . . . . . . . . . . . . . . . . . . . . . . . 597 De�nable structures 657.1 Constructing an isomorphism . . . . . . . . . . . . . . . . . . 657.2 Corollaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 698 Generalizing WPHP 738.1 Categoricity . . . . . . . . . . . . . . . . . . . . . . . . . . . . 738.2 Cardinality . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76





1 IntroductionThis chapter contains a small amount of background material and a briefaccount of my research and the conclusions I have drawn from it. Technicaldetails follow in the body of the thesis.This work is motivated by the question, in which subtheories of I�0+
1can the weak pigeonhole principle be proved? I�0 + 
1 was �rst consideredby Wilkie and Paris [29] as part of a programme of research into the powerof arithmetic without exponentiation. They began by studying I�0, butthis can de�ne no function that grows faster than a polynomial and hencelacks some attractive properties of arithmetic. It cannot, for example, provethat you can uniformly substitute a term for a variable in a formula. Thisoperation has a growth rate of something like x 7! xlog2 x, which is preciselywhat the axiom 
1 provides.There are many mathematical principles that can be stated in the lan-guage of I�0 (and many more in the language of I�0+
1, which can expressanything in the polynomial hierarchy) but whose normal proofs involve theexistence of much larger objects than these theories allow. Two examplesare the unboundedness of the primes, normally proved using a factorial, andthe pigeonhole principle, normally proved using counting, where the codefor the counting function will be exponential in the size of the set counted.Paris, Wilkie and Woods in [21] showed that I�0+
1 proves a weak version(WPHP) of the pigeonhole principle, of the form \there is no injection fromn2 into n" and that I�0 together with this principle proves that the set ofprimes is unbounded.It is open whether I�0+
1 is any stronger than I�0, in terms of which �1sentences it can prove. WPHP is a candidate for a �1 sentence unprovablein I�0. We say something about this in the later chapters of this thesis, butto keep things in order we will �rst look at a di�erent approach to boundedarithmetic.This is as a source for logical characterizations of complexity theoreticproblems. Buss in [3] de�ned a hierarchy �bi of bounded formulas and ahierarchy Si2 of theories, whose union is I�0+
1, such that the functions �bide�nable in Si2 are precisely those at the ith level of the polynomial hierarchy.2



The axiom 
1 corresponds to the polynomial relationship between the lengthof the input to a machine and the length of its computation. It is openwhether the Si2 hierarchy collapses to a �nite level and an answer eitherway would have consequences in complexity theory. If it collapses, then sodoes the polynomial hierarchy; if it does not, then we have a reasonablywell-behaved model of arithmetic in which P 6= NP.In chapter 2 we give these de�nitions and also de�ne a theory PV whichdirectly axiomatizes the important properties of polynomial time functions.We prove the witnessing theorem for S12 (theorem 2.17) by �rst proving aneasy witnessing theorem for PV (theorem 2.10) and then showing that S12 isconservative over PV for a certain class 89PV of formulas (corollary 2.16).We make use here of a collection principle BB(PV) (de�nition 2.12), provablein S12 , that has the consequence that �b1 formulas are equivalent to boundedexistential PV formulas. The second section of this chapter contains a generalresult about witnessing theorems, that if a theory and a complexity classcorrespond (in the way that S12 and P do) then that complexity class has acomplete language. The last two sections set out some de�nitions of theoriesof arithmetic with a top that we will use later.In this situation it is natural to consider WPHP for �b1 functions or poly-nomial time functions (or functions given by oracles) and to ask at whatlevel of the Si2 hierarchy (or the relativized hierarchy) these are provable. Wealso have to distinguish between the injective WPHP, saying that there is noinjection in a given class from n2 into n, and the surjective WPHP, sayingthat there is no surjection in a given class from n onto n2 (these are easilyseen to be equivalent for �0 functions in I�0).In chapter 3 we de�ne four versions of the weak pigeonhole principle andprove them (for unde�ned or �b1 de�nable functions) in S32 (corollary 3.3).This is followed by a result that we will use throughout this thesis, that, givena and b > a2, any injection a2 ,!a (surjection a�a2) can be ampli�ed to aninjection b ,! a (surjection a� b) of the same complexity (lemmas 3.6 and3.7). We then look in some detail at the theory S12 + 8aPHPaa2(PV), that is,S12 together with the surjective WPHP for PV formulas. We show that the8�b1 consequences of this theory can be witnessed in probabilistic polynomialtime (theorem 3.11) but that it is unlikely that the �b1 de�nable sets in this3



theory capture everything in the complexity class ZPP (theorem 3.13). Onthe other hand, we show that if we can easily witness the injective WPHPfor PV formulas, then we can crack RSA (lemma 3.15). We conclude that ifRSA is secure then surjective WPHP does not prove injective WPHP in thiscase. See also chapter 5 where we prove a similar result unconditionally, inthe relativized case.In chapter 4 we return to the principle BB(PV). In the �rst section weshow that if PV+BB(PV) is as strong as S12 then the Si2 hierarchy collapses.In the second section we show that if the surjectiveWPHP holds in a suitablemodel of PV, then initial segments of that model have more than one end-extension to models of PV (lemma 4.4). On the other hand we show that ifPV proves BB(PV) then such end-extensions are unique in models of PV inwhich the injective WPHP fails (the proof of theorem 4.5). Together withthe results of chapter 3 this means that if RSA is secure then PV+BB(PV)lies strictly between PV and S12 in strength.In chapter 5 we prove some independence results for relativized theories.They are of the form: theory T cannot prove that a certain property holds ofa structure de�ned by our new symbols on an interval [0; a). We prove themby relating them to a problem in complexity theory: what can a polynomialtimeTuring machine discover about a �nite structure that is given by oracles?In the �rst section we give an old general criterion for unprovability fromthe relativized version of S22 (theorem 5.3) in the second section we showthat the injective WPHP for a new function symbol is not provable fromthe relativized version of S12 + 8aPHPaa2(PV) (corollary 5.6) and look for ageneral criterion for unprovability from this theory.In the remaining half of the thesis we turn from looking at problemsexplicitly involving complexity theory and polynomial time to looking indetail at the modelsM of fragments of I�0+
1. Our method is to considerM as the union of its chain of initial segments (by which we mean the initialsegments of the form M � a, that is, with domain fx 2 M : x < ag, fora 2 M). These will be models of some kind of theory of arithmetic with atop element. Rather than studyM or its theory directly, we study models ofarithmetic with a top and ways of �tting such models together. We do notlose anything important by doing this because in general we are interested4



in bounded sentences, and any bounded sentence true in M will be true insome initial segment of M (although we have to be careful what we mean by\bounded").Models of arithmetic with a top (by which we mean various related the-ories) have three main advantages here over models of fragments of I�0.Firstly, it is very clear how much quanti�cation is being used by a formula.Secondly, there is no need to distinguish between bounded and unboundedformulas, since every quanti�er is bounded by the top element. This allowsus to manipulate such structures using tools from model theory that wouldnot work otherwise; for example initial segments of models of I�0 have de-�nable Skolem functions. Thirdly, models of arithmetic with a top existon bounded domains inside models of arithmetic (with or without a top)and so can be manipulated using bounded formulas, allowing us to do someformalized model theory; see chapter 7.We could summarize the results of the second half of this thesis as follows:WPHP holds in a model of arithmetic if and only if larger initial segmentsof the model are \more complex than" or \contain more information than"small initial segments.In chapter 6 we show that if any version of WPHP fails between a anda2 in a model K of S10 of the form [0; ajaj) then for any k 2 N there is anend-extension J of K to a model of S10 of the form [0; ajajk) de�nable insideK (theorem 6.6). Furthermore J is the unique such end-extension, up toisomorphism overK. A consequence is that in a model of S12 in which WPHPfails, increasing the interval our quanti�ers range over (up to a certain point)does not increase the complexity of the �b1 sets we can de�ne (corollary 6.8).In chapter 7 we look for a converse to the \de�nable end-extension" partof theorem 6.6. We show that if a model J of arithmetic with a top isde�nable inside a model K of S12, then J is de�nably isomorphic to an initialsegment of K, or vice versa (theorem 7.4). If WPHP is true in K then it isthe �rst of these that holds and the initial segment is unique; hence in modelsof S12+WPHP we can precisely count sets if they come with su�cient internalstructure (corollary 7.8). However, a precise converse of this part of theorem6.6 is impossible (see the remark after corollary 7.6).In chapter 8 we consider the consequences for a structure of the presence5



or absence of a de�nable surjection from a subset P onto the whole structure.This is a generalized version of the surjective WPHP. We use some toolsfrom abstract model theory, but most of the interesting applications are tomodels of PAtop and hence, indirectly, to I�0. In the �rst section we look forconverses to the \unique end-extension" part of theorem 6.6. This works formodels of PAtop (corollary 8.3) and we obtain a partial converse for modelsof S10 (corollary 8.7). In the second section we characterize WPHP in termsof the possible cardinalities of initial segments of a model (corollary 8.13)and construct an uncountable model of S2 in which the polynomial size setsare precisely the countable sets (corollary 8.14).This completes the description of the body of this thesis. The materialin chapters 4, 6 and 8 and part of chapter 3 has already appeared as [28].
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2 Bounded ArithmeticIn the �rst section of this chapter we de�ne the �bi formulas, the Si2 hierarchyand a theory PV which directly axiomatizes the important properties ofpolynomial time functions. We prove the witnessing theorem for S12 (theorem2.17) by �rst proving an easy witnessing theorem for PV (theorem 2.10)and then showing that S12 is conservative over PV for a certain class 89PVof formulas (corollary 2.16). We make use here of a collection principleBB(PV) (de�nition 2.12), provable in S12, that has the consequence that �b1formulas are equivalent to bounded existential PV formulas. The secondsection contains a general result about witnessing theorems, that if a theoryand a complexity class correspond (in the way that S12 and P do) then thatcomplexity class has a complete language. The last two sections set out somede�nitions of theories of arithmetic with a top that we will use later.2.1 The theories Si2 and PVOur initial language consists of the constants 0 and 1 and the function sym-bols +, �, <, j j and #. The intended interpretation of the length jxj of xis the number of digits in the binary expansion of x. So for example 2i haslength i+1 and 2i�1 has length i. The intended interpretation of the smashfunction # is x#y = 2jxj�jyj. We will sometimes use the (informal) notation#x for the cut 2jxjN .We take a theory BASIC �xing the algebraic properties of these symbols.See [3] or [13] for a list of axioms or, for a similar theory for a relationallanguage, see de�nition 2.24.In this thesis we will use two di�erent de�nitions of bounded quanti�ersand bounded formulas. Term-bounded quanti�ers are appropriate when wewant to model the e�ects of having computational resources available thatare polynomial in the size of the input, and variable-bounded quanti�erswhen we want to model the e�ects of �xed computational resources. Thiscorresponds to the di�erence between arithmetic with the smash functionand arithmetic with a top. Term-bounded formulas will make no sense in amodel with a top, and in general the bounded sets de�nable by term-boundedformulas are the same as those de�nable by variable-bounded formulas, so7



we will not always be careful to distinguish between the two types.De�nition 2.11. A term-bounded quanti�er is a quanti�er of the form 9x6 t or 8x6 twhere t is a term in +, �, j j and # that does not contain x.2. A variable-bounded quanti�er is a quanti�er of the form 9x 6 y or8x6y where y is a variable distinct from x.3. A sharply bounded quanti�er is a quanti�er of the form 9x 6 jtj or8x6 jtj where t is a term that does not contain x.De�nition 2.21. A formula is �0 if all of its quanti�ers are variable bounded.2. A formula is sharply bounded if all of its quanti�ers are sharply bounded.3. A formula is �bi if it contains no unbounded quanti�ers and i� 1 alter-nations of term-bounded quanti�ers beginning with an existential quan-ti�er and ignoring sharply bounded quanti�ers. The �bi formulas arede�ned dually.4. A set in a structure is �bi if it is de�ned by both a �bi and a �bi formula.De�nition 2.3 For i > 1 the theory Si2 is BASIC together with the �bi�LINDaxioms, consisting of�(0) ^ 8x< jyj (�(x)! �(x+ 1))! �(jyj)for each �bi formula � with parameters.The theory S2 is the union of the theories Si2.The most important property of S12 is its ability to manipulate sequencesof numbers. In particular, the function wi = x, \w encodes a sequence ofnumbers and x is the ith element in the sequence", is �b1 de�nable.8



Proposition 2.4 (Buss [3]) There is a �b1 formula Comp(e; x; t; w) thatexpresses \w1; : : : ; wjtj encode the �rst jtj con�gurations of the Turing ma-chine e run on input x". FurthermoreS12 ` 8e; x; t9!wComp(e; x; t; w):Hence if fke is any polynomial time function computed by the Turing machinee with time exponent k for e; k 2 N then the function fke is �b1 de�nable inS12, by the formulafke (x) = y () 9wComp(e; x; 2jxjk; w) ^ wjxjk = y:Here we express 2jxjk using nested smash functions. We need to refer to themachine e (rather than just to the function that it computes) because wewant to extend the function in the natural way to take nonstandard inputs.De�nition 2.5 The language LPV of PV function symbols consists of a func-tion symbol fke for every (standard) Turing machine e and every (standard)time exponent k.The theory S12(PV) consists of S12 with the addition of all the PV functionsymbols and with extra axiomsfke (x) = y $ 9wComp(e; x; 2jxjk; w) ^ wjxjk = yexpressing that the function symbols have the correct interpretations.Clearly S12(PV) is conservative over S12 . We will use these two theoriesinterchangeably.De�nition 2.6 The theory PV consists of the universal consequences ofS12(PV) in the language LPV.Proposition 2.7 PV proves \polynomial time recursion". That is, for allg; h; k 2 LPV, ifPV ` 8�y; i; x jg(i; x; �y)j 6 jxj+ jk(�y)jthen there is f 2 LPV such thatPV ` 8�y; z; i; x ; f(0; x; �y) = h(x; �y)^8i< jzj f(i+1; x; �y) = g(i; f(i; x); �y):9



Just as the recursive functions can be de�ned syntactically as the closureof certain basic functions under composition and recursion, so the polynomialtime functions can be de�ned as the closure of certain basic functions undercomposition, renaming and permuting of variables and a form of polynomialtime recursion. Usually PV is de�ned as a theory formalizing this way ofbuilding up polynomial time functions, but our de�nition turns out to beequivalent. See [6], [3], [13].De�nition 2.81. The PV formulas are the quanti�er free formulas in the language LPV.2. The 9bPV formulas are those that consist of term-bounded existentialquanti�ers (+, � and # are in polynomial time, so there are PV functionsymbols for them) followed by a PV formula.3. The theory 9bPV�LIND consists of PV together with the axiom�(0) ^ 8x< jyj (�(x)! �(x+ 1))! �(jyj)for each 9bPV formula � with parameters.Proposition 2.9 PV proves that the PV de�nable sets are closed under con-junction, negation and sharply bounded quanti�cation.Proof Testing the truth of a sharply bounded quanti�er only needs a poly-nomial number of steps. �Since PV is a universal theory, we can easily prove a witnessing theoremfor it (essentially just Herbrand's theorem). We will then go on to show thatS12 is 89PV conservative over PV, and deduce Buss' witnessing theorem forS12. For a general treatment of proofs of this form see Avigad [1].Theorem 2.10 If PV ` 8x9y �(x; y) for a PV formula � then there is aPV function symbol f such that PV ` 8x�(x; f(x)).Proof Suppose the theorem fails and PV ` 8x9y �(x; y) but for each PVfunction symbol f we havePV 6` 8x�(x; f(x)): 10



Consider the theory �(c) = PV+ f:�(c; f(c)) : f 2 LPVg. This theory is�nitely satis�able, since otherwise for a �nite set f1; : : : ; fn of PV functionsymbols we would havePV ` 8x n_i=1 �(x; fi(x))which impliesPV ` 8x�(x; F (x))if we let F be the PV function symbol for the polynomial time machinethat applies f1; : : : ; fn to x in turn and stops when it �nds fi(x) such that�(x; fi(x)) holds (which we can check in polynomial time).Let J be a model of �(c) and let I be the submodel of J whose domainis the closure of fcg in J under all PV function symbols. Then I � PV(since PV is a universal theory) and I � 8y:�(c; y). But this contradictsour assumption that PV ` 8x9y �(x; y). �Theorem 2.11 (Zambella [30]) The theory PV + 9bPV�LIND is 89PVconservative over PV.Proof Let M � PV be countable. We will construct an 9-elementary (inthe language of PV) extension of M to a model N of PV such that for everyPV formula with parameters there is a PV term f with parameters such thatN � 8x9y �(x; y)! 8x�(x; f(x)):It will follow that N � 9bPV�LIND and this is su�cient for the theorem.Let T0 be the universal theory of M in a language expanded to in-clude names for all the members of M (so that any model of T0 will bean 9-elementary extension of M). Let c0; c1; : : : be a countable collection ofnew constant symbols; add these to the language and enumerate as �0; �1; : : :all the PV formulas in this expanded language.We will construct a sequence T0 � T1 � T2 � : : : of consistent, universaltheories. Suppose that Ti has been constructed. If Ti ` 8x9y �i(x; y) thenlet Ti+1 = Ti. Otherwise, let Ti+1 = Ti + 8y:�i(cj; y) where cj is a constantthat does not occur in Ti or �i. In either case, Ti+1 is consistent.11



Let T = Si2NTi. Then T is consistent and has a model M 0. Let N bethe substructure of M 0 given by the set of elements named by terms in theexpanded language. Then N � T , since T is a universal theory.Now let �(x; y) be any PV formula with parameters from N and supposeN � 8x9y �(x; y). By our construction of N , � must appear in our list as�i for some i. It cannot be the case that 8y:�i(c; y) 2 T for any constantc, so we must have T ` 8x9y �i(x; y). By Herbrand's theorem there are PVfunction symbols f1; : : : ; fn with parameters such thatT ` 8x n_j=1 �i(x; fj(x))and since we can check whether �i(x; fj(x)) holds in polynomial time we cancombine these, as in the proof of theorem 2.10, into one PV function f suchthat T ` 8x�i(x; f(x))as desired.We now use this property to prove that N � 9bPV�LIND. Let �(x; y)be any PV formula, in which we suppose for the sake of clarity that y isimplicitly bounded. SupposeN � 9y �(0; y) ^ 8x< jaj (9y�(x; y)! 9y0 �(x+ 1; y0)):We can rewrite the second conjunct asN � 8x< jaj 8y9y0 (�(x; y)! �(x+ 1; y0))and hence, by the construction of N , for some PV function f with parametersN � 8x< jaj 8y (�(x; y)! �(x+ 1; f(x; y)):Using the recursion available in a model of PV we can iterate the functionf jaj-many times and from the witness y for 9y �(0; y) successively �nd wit-nesses y for 9y �(1; y), 9y �(2; y), . . . , 9y �(jaj; y). �12



De�nition 2.12 Sharply bounded collection for PV formulas, or BB(PV),is the axiom scheme8x8y ;8i< jxj 9z<y�(i; z)! 9w 8i< jxj�(i; wi)for all PV formulas � with parameters.This is provable in S12 . Over PV it implies that every �b1 formula isequivalent to an 9bPV formula, since it allows us to move all the existentialquanti�ers to the front. However we have found no proof that the converseholds:Open Problem 2.13 Is BB(PV) implied over PV by the principle, every�b1 formula is equivalent to an 9bPV formula?Lemma 2.14 PV + 9bPV�LIND ` BB(PV).Proof Suppose that 8i< jxj 9z< y �(i; z). Then use 9bPV�LIND on j inthe formula 9w<yj 8i<j �(i; wi), which is equivalent to a 9bPV formula byproposition 2.9. �Corollary 2.15 The theory PV+9bPV�LIND proves that every �b1 formulais equivalent to an 9bPV formula. Hence PV + 9bPV�LIND ` S12 .Together with theorem 2.11 this givesCorollary 2.16 S12 is 89PV conservative over PV.We derive the witnessing theorem for S12 as a corollary of this.Theorem 2.17 (Buss [3]) Suppose S12 ` 8x9y �(x; y) for a �b1 formula �.Then there is a PV function symbol f such that S12 ` 8x�(x; f(x)).Proof There is an 9bPV formula  such that S12 ` 8x8y ; �(x; y)$  (x; y).Hence S12 ` 8x9y  (x; y) and so by corollary 2.16, PV ` 8x9y (x; y). Bytheorem 2.10, PV ` 8x (x; f(x)) for some PV function symbol f . HenceS12 ` 8x�(x; f(x)). �13



Corollary 2.18 The subsets of N in P are precisely the subsets that are �b1de�nable in S12 , that is, de�nable by a �b1 formula that is provably equivalentto a �b1 formula in S12 .We will also consider relativized theories, to which we have added extrafunction or relation symbols that are not de�ned in terms of our normal lan-guage. These are analogous to complexity classes that have been relativizedto an oracle.We look at these for two reasons. The �rst is that a structure in +, �etc. is rigid in a certain sense. The di�erent parts are interconnected insubtle ways and it is di�cult to modify an existing model or create a newone. But there are lots of ways to make new models by adding new symbolsthat satisfy the relativized theory. This should become clear in chapters 5and 7. It is easy to prove independence results for relativized theories andhard for unrelativized theories. The second reason is to study the strengthof our induction axioms by looking at what they can prove about a largerclass of structures than the ones we can de�ne in our language.De�nition 2.19 Let � be a new function or relation symbol, or a set of suchsymbols. The �bi(�) formulas are the same as the �bi formulas except that weallow the symbols from � to occur. Si2(�) is Si2 with the addition of the LINDaxiom for all �bi(�) formulas, and axioms stating that the new functions arebounded by terms in # and so do not grow too quickly. S2(�) and I�0(�)are de�ned similarly.The functions computed by polynomial time oracle machines are �b1(�)de�nable in S12(�) in the same way that the functions computed by machineswithout oracles are �b1 de�nable in S12 , which leads to the following de�nition:De�nition 2.20 The language LPV(�) contains a function symbol for everypolynomial time Turing machine with oracles for the functions and relationsin �. In particular LPV(�) contains all the functions in � and the charac-teristic functions of all the relations in �. The theory PV(�) consists of theuniversal consequences of S12(�) in this language, analogously with the de�-nition of PV in terms of S12. We will often refer to members of LPV(�) asPV(�) function symbols. 14



All the results in this section also hold for the relativized versions of theformulas and theories; no substantial changes to the proofs are needed.2.2 A witnessing theorem implies a complete languageWe include here a general result about witnessing theorems, by which wemean theorems showing that the sets or functions de�nable in a certaintheory correspond precisely to the sets or functions in a certain complexityclass; our canonical example is corollary 2.18. Our result is roughly thatif there is such a correspondence then the complexity class has a completelanguage. We will use this in chapter 3 to show that it is unlikely thatthere is a witnessing theorem matching the theory S12 + 8aPHPaa2(PV) withprobabilistic polynomial time.We give two versions. The �rst works for a speci�c kind of theory but forany complexity class; the second for a speci�c kind of complexity class butfor any theory. We present these results in relativized form.Theorem 2.21 Let F be a class of functions and T =def S12(�) + � be asound extension of S12(�) by a single axiom � consisting of a block of univer-sal quanti�ers and term-bounded existential quanti�ers followed by a sharplybounded formula, possibly containing �. We assume that � is a one-place re-lation symbol. Suppose there is an oracle set A (which we will use to interpret�) such that1. If f 2 F then f is �b1(�) de�nable in T , that is, there is a �b1(�) formula�(x; y) such that T ` 8x9!y �(x; y) and hN; Ai � 8x�(x; f(x));2. If T ` 8x9y �(x; y) for � 2 �b1(�), then there is f 2 F such thathN; Ai � 8x�(x; f(x)).Then F contains a complete function under logspace reducibility.Proof Assume � is of the form8a19b1<t1(a1) : : :8ak 9bk<tk(a1; : : : ; ak) �(�a;�b)15



where � is sharply bounded and may contain the symbol �. Let h1; : : : ; hkbe new function symbols, and write ��(�a; �h(�a)) for the formula�(�a; h1(a1); h2(a1; a2); : : : ; hk(a1; : : : ; ak))^ h1(a1)<t1(a1) ^ : : : ^ hk(a1; : : : ; ak)<tk(a1; : : : ; ak)so that for a sentence � not containing any hs,T ` � () S12(�) + 8�a��(�a; �h(�a)) ` �:Now let �(x; e; t; w; q; r; z) be a formula expressing the conjunction of1. w is a length-jtj computation of the oracle Turing machine e with oracletapes for �; h1; : : : ; hk on input x with oracle queries q and replies r andwith output z;2. At the jth computation step, queries [�(q0j ) ?]; [h1(q1j ) = ?];[h2(q1j ; q2j ) = ?]; : : : ; [hk(q1j ; : : : ; qkj ) = ?] are made, with repliesr0j ; r1j ; : : : ; rkj respectively;3. At each such step, (r0j = 1 ^ �(q0j )) _ (r0j = 0 ^ :�(q0j )),�(q1j ; : : : ; qkj ; r1j ; : : : ; rkj ) and r1j <t1(q1j ) ^ : : : ^ rkj <tk(q1j ; : : : ; qkj ) hold.Notice that this formula states that the replies to the queries to � are correct,but not that the replies to queries to hi are correct. In fact the symbolsh1; : : : ; hk do not appear in �, and we only use them in the description asconvenient names for the oracle tapes.The formula � is �b1(�) andS12(�) + 8�a��(�a; �h(�a)) ` 8x; e; t9w; q; r; z �(x; e; t; w; q; r; z):This is proved by �b1(�)�LIND on jtj. To use this we must give bounds forthe existential quanti�ers: w is bounded by a polynomial in t (assuming thatthe Turing machine looks at one tape square at a time), q and z are boundedby w and r is bounded by a polynomial in q. We can guarantee that 3 holdsby replying truthfully to oracle queries.So, by assumption, when � is interpreted as A there is f 2 F whichwitnesses this sentence. That is,f : (x; e; t) 7! (w; q; r; z) 16



and in addition there is g 2 F withg : (x; e; t) 7! zk+1where zk+1 is the k + 1st element of z considered as a sequence. We claimthat g is our complete function.To see this, take any function i 2 F . By assumption i is de�ned in T bysome �b1(�) formula �(x; y), soS12(�) + � ` 8x9y �(x; y)) S12(�) + 8�a��(�a; �h(�a)) ` 8x9y �(x; y)) S12(�) ` 8x; 9�a:��(�a; �h(�a)) _ 9y �(x; y)and by the relativized version of the witnessing theorem 2.17 there is a poly-nomial time oracle machine e with input x and output (�a; y) such that forall inputs x and oracles A; �HhN; A; �Hi � :��(�a; �h(�a)) _ �(x; y):Let (w; q; r; z) = f(x; e; 2jxjk), where jxjk is the polynomial time boundof e. Then z is of the form (a1; : : : ; ak; y). Without loss of generality, in itscomputation the machine e has queried [h1(a1) = ?]; : : : ; [hk(a1; : : : ; ak) = ?]and by construction the replies are such that ��(�a; �h(�a)) holds; use thesereplies to de�ne oracle functions H1; : : : ;Hk. With this �H we must havehN; A; �Hi � �(x; y) since we cannot have hN; A; �Hi � :��(�a; �h(�a)), and y =zk+1 = g(x; e; 2jxjk). So i(x) = g(x; e; 2jxjk), and x 7! (x; e; 2jxjk) can becomputed in logarithmic space. �Our second version of this result uses the properties of the complexityclass rather than the properties of the theory. Since we want it to workfor more than one such class, we need a uniform way of de�ning complex-ity classes. We use the idea of a leaf language class; for a more thoroughintroduction to these see [2], where they are called C-classes.A computation tree is the non-deterministic equivalent of a computationpath. We will assume computation trees are always complete binary trees.The two di�erent branches leading from each node correspond to the non-deterministic choice. The leaf at the end of a path is labelled 0 or 1 depending17



on whether that sequence of choices ends in acceptance or rejection of theinput.De�nition 2.22 For a nondeterministic polynomial time oracle Turing ma-chine (NDTM) M , x 2 N and E � N let T (M;x;E) be the word consistingof the labels on the leaves of the computation tree ofM on input x with oracleE, in lexicographic order of the computation paths.For disjoint sets A;B � f0; 1g� the leaf language class CE(A;B) is theset of languages L � N for which there exist a NDTM M such that for all xx 2 L() T (M;x;E) 2 Ax =2 L() T (M;x;E) 2 B:For example P = C(1�; 0�); NP = C(A; 0�) where A is the set of stringscontaining at least one 1; BPP = C(B;C) where B is the set of stringscontaining at least twice as many 1s as 0s and C is the set of strings containingat least twice as many 0s as 1s.The following is partly inspired by a proof in [12].Theorem 2.23 Let T be any theory in any language, E � N and �;� anytwo classes of formulas in one free variable x. Suppose there is a leaf languageclass C = CE(A;B) such that1. T -proofs are recognizable in polynomial time;2. C consists precisely of the subsets of N expressed by formulas �(x) 2 �for which there is some formula 
(x) 2 � such that T ` �(x)$ 
(x);3. If a formula � 2 � expresses a language in C and � is a T -proof of�(x)$ 
(x), for 
 2 �, there is a NDTM M� with access to the oracleE which witnesses, as in the de�nition of a leaf language class, thatthe language expressed by � is in C. Furthermore pairs (�;M�) can berecognized in polynomial time.Then C has a complete language. 18



Proof Call a tuple (�;M; a; 2jajk) well-formed if � is a T -proof of �(x) $
(x) for some � 2 � and 
 2 �, M is a description of a NDTM, M = M�,and jajk is a time bound for M on input a.Let K be the language consisting of all well-formed tuples (�;M�; a; 2jajk)for which T (M�; a; E) 2 A. We claim that K 2 C.Without loss of generality, there is a language J 2 C with J 6= N. Sothere is a NDTM I and a number z 2 N nJ such that T (I; z; E) 2 B. Let Nbe the machine which, on input � = (�;M; a; 2jajk) �rst checks whether � iswell-formed. If so, it then simulates the machineM acting on input a. If not,it instead simulates the machine I acting on input z. By our assumptions,N is computable in polynomial time with oracle E.Now consider N running on input �. If � 2 K, then � is well-formed,T (M;a;E) 2 A, and N simulates M . So T (N;�;E) 2 A. If � =2 K,then either � is not well-formed, so that N simulates I and T (N;�;E) =T (I; z; E) 2 B or � is well-formed but T (M;a;E) 2 B, so T (N;�;E) 2 B.Hence the machine N witnesses that K 2 C.Now take any language L 2 C. For some formulas �(x) 2 �; 
(x) 2 �expressing L there is a T -proof � that �(x)$ 
(x). Let jxjk be a time boundfor the machineM� and de�ne the logspace computable functiong : a 7! (�;M�; a; 2jajk):The tuple g(a) is always well-formed, so a 2 L if and only if T (M�; a; E) 2 A(by part 3 of our assumption about C), and this is true if and only if g(a) 2 K(by the de�nition of K). �2.3 Arithmetic with a topOur language will consist of the three place relations x = y+ z and x = y � z,the two place relations x < y and jxj = y and the constants 0; 1; 2. We usea relational language because + and � do not de�ne total functions and toensure that initial segments of models of our theory are still models.We de�ne a theory BASIC0 to �x the simple properties of these symbols.Notice that no axioms (except for 2) guarantee the existence of anythinglarger than their parameters. 19



De�nition 2.24 The theory BASIC0 consists of the following axioms:1. < is a discrete linear ordering;2. 0; 1; 2 are the �rst three elements in this ordering;3. +, � de�ne partial functions and j j a total function (hence where theseare de�ned we will use function notation);4. x+ 1 = y $ y is the successor of x; x � 1 = x;5. x+ y = z$ y + x = z; x � y = z $ y � x = z;6. If (x+y)+z = w then y+z and x+(y+z) are de�ned and x+(y+z) = w;similarly for �;7. If x � (y + z) is de�ned then x � y, x � z and their sum are de�ned andx � (y + z) = x � y + x � z; similarly for multiplication on the left;8. x+ 0 = x and x � 0 = 0 (the rest of the normal inductive de�nitions of+ and � follow from axioms 4,5,6 and 7);9. j0j = 0 and j1j = 1;10. x 6= 0! (j2 � xj = jxj+ 1 ^ j2 � x+1j = jxj+ 1) and when the left handside of either of the conjucts is de�ned, so is the right hand side;11. If x < y^ (z+y is de�ned ) then (z+x is de�ned and z+x < z+y); ifx < y ^ 0 < z ^ (z � y is de�ned ) then (z �x is de�ned and z �x < z � y);12. x 6 y ! jxj 6 jyj;13. x < y $ 9z (0 < z 6 y ^ x+ z = y);14. jxj+ 1 < jyj ! 2 � x exists;15. 9y (x = 2 � y _ x = 2 � y + 1):De�nition 2.25 R is the theory consisting of BASIC0 together with an ax-iom stating that there is a greatest element. A model of R is said to be of theform [0; e+ 1) if it has a greatest element e.20



We will de�ne a new class of formulas, the ��bi formulas. These are verysimilar to the �bi formulas but their syntax is more appropriate for modelswith a top element, since we will use variable-bounded rather than term-bounded quanti�ers. In models with a top this comes to the same thingas using unbounded quanti�ers. We also need to change the de�nition of\sharply bounded" in this context:De�nition 2.26 A quanti�er is sharply bounded if it appears in the form8x6 jyjk or 9x6 jyjk where x and y are variables and k 2 N.This de�nition is equivalent to our earlier de�nition of sharply bounded,in the structures that we consider. It does not quite work as it stands,since j j and � are relation rather than function symbols. So for example9x6 jyj2�(x; y) written out fully is9a9b (a = jyj ^ b = a � a ^ 9x (x 6 b ^ �(x; y))):This will not cause any problems, since in models of our theories j j willalways de�ne a function and multiplication will generally be a total functionwhen restricted to lengths.De�nition 2.27 A formula is ��bi if it contains no unbounded quanti�ers andi � 1 alternations of variable-bounded quanti�ers beginning with a boundedexistential quanti�er and ignoring sharply bounded quanti�ers. The ��bi for-mulas are de�ned dually. A set in a structure is ��bi if it is de�ned by both a��bi and a ��bi formula.De�nition 2.28 For i > 1, Si0 is the theory consisting of R together withthe length induction axiom[(jzjkexists) ^ �(0) ^ 8x< jzjk (�(x)! �(x+ 1))]! �(jzjk)for all ��bi formulas � and all k 2 N; z is a parameter and � may possiblycontain other parameters. The set of length induction axioms for ��bi formulasis called ��bi�LIND. 21



The theory S10 is strong enough to prove that we can consider numbersas codes for binary sequences. In Si0 we can prove that any short binarysequence de�ned by a ��bi formula is coded by some number. The proofs arestandard; we just need to be careful that we do not need to use any largenumbers. They are included as the last section of this chapter.De�nition 2.29 PAtop is R together with an axiom scheme stating that ev-ery �0 set, and hence every de�nable set, has a least element.Given a model ofK � PAtop of the form [0; a), we can construct a (unique)end-extension of K to a model of PAtop of the form [0; a2) by de�ning natural+ and � relations on K �K. Repeating this construction countably manytimes, we getProposition 2.30 Any model of PAtop has an end-extension to a model ofI�0. Hence PAtop and I�0 prove the same �1 sentences.This is proved in [8], where it is attributed indirectly to Paris.We will also use relativized versions of these formulas and theories. Theseare de�ned analogously with �bi(�) and Si2(�) (see de�nition 2.19). The onlydi�erence is that we do not need to add axioms limiting the growth rate ofany new functions we introduce, since their ranges are automatically boundedby the top element.2.4 Bootstrapping S10We show that we can perform the basic operations of coding and decodingsequences in S10 .Lemma 2.31 Let K � S10 have greatest element e. Then the following aretrue in K.1. The relation parity(x) = � given by(� = 1 ^ 9y (2 � y + 1 = x)) _ (� = 0 ^ 9y (2 � y = x))de�nes a function. 22



2. The relation bx2c = y given by2 � y + parity(x) = xde�nes a function.3. The relation 2i = x given by9y ; jyj = i ^ jxj = i+ 1 ^ x = y + 1de�nes a function, for i < jej.4. For all i < jej and all y, jyj 6 i$ y < 2i.5. The relation decomp(x; i) = (y; z) given byjyj 6 i ^ x = y + 2i � zde�nes a function, for i < jej.6. For all i; j with i+ j < jej, we have 2i � 2j = 2i+j .7. The relation MSP(x; i) = z (standing for Most Signi�cant Part) givenby 9y decomp(x; i) = (y; z)de�nes a function, for i < jej.8. The relation bit(x; i) = � given by� = parity(MSP(x; i� 1))de�nes a function, for 1 6 i 6 jej.9. Let �(i) be any ��bm relation. Then, if K � ��bm�LIND, we have8x9w (816 i6 jej ; bit(w; i) = 1 $ (bit(x; i) = 1 ^ �(i))):10. 8x8x0; (8i< jejbit(x; i) = bit(x0; i))! x = x0.11. 8i< jej 816j6 jej (bit(2i � 1; j) = 1 $ j < i).23



12. Let �(i) be any ��bm relation. Then, if K � ��bm�LIND is of the form[0; 2i) for some i, there is w in K such that816 i6 jej ; bit(w; i) = 1 $ �(i):Proof We make implicit use of the axiom guaranteeing that +, � and j jde�ne partial functions.1. By axiom 15 at least one of parity(x) = 0 and parity(x) = 1 is true.Suppose both were true and for some y; y0 2 K we had x = 2 � y =2 � y0 + 1. Then2 � y0 < 2 � y by axiom 4) y0 < y by axiom 11) 9z >0 y0 + z = y by axiom 13.If z > 1 then by axiom 11, y0 + z > y0 + 1; so if either z = 1 or z > 1we have y > y0 + 1. Hence2 � y > 2 � (y0 + 1) [and RHS is de�ned] by axiom 11) 2 � y > 2 � y0 + 2 [and RHS is de�ned] by axiom 7) 2 � y0 + 1 > 2 � y0 + 2 by assumption) 2 � y0 + 1 > (2 � y0 + 1) + 1 by axiom 6but this contradicts axiom 4.2. By axiom 15 there is always at least one such y. Suppose2 � y + parity(x) = x = 2 � y0 + parity(x):) 2 � y = 2 � y0 parity(x) is 0 or 1) y = y0 by axiom 11.3. We will �rst use ��b1�LIND to show 8i< jej 9x2i = x. For the base case,j0j = 0^j1j = 1^1 = 0+1; hence 20 = 1. Also j1j = 1^j2j = 2^2 = 1+1;hence 21 = 2. 24



Now suppose i+ 1 < jej, i > 0 and 2i = x; that is, for some y we havejyj = i ^ jxj = i+ 1 ^ x = y + 1. Then jyj+ 1 < jej so 2 � y exists, byaxiom 14. Thenj2 � yj = jyj+ 1 < jej by axiom 10)2 � y < e by axiom 12)2 � y + 1 exists by axiom 4j2 � y + 1j = jyj+ 1 < jej by axiom 10)2 � y + 1 < e by axiom 4)2 � y + 2 exists by axiom 12.Let y0 = 2 � y + 1 and x0 = 2 � y + 2. Then jy0j = i+ 1, x0 = y0 + 1 andjx0j = j2 � (y + 1)j = jxj + 1 = i + 2 so 2i+1 = x0. This completes theinduction.For uniqueness, suppose 2i = x, 2i = x0 and x0 > x. That is, for somey; y0 with y0 > y we havex0 = y0 + 1 ^ x = y + 1 ^ jyj = jy0j = i ^ jxj = jx0j = i+ 1:Now y0 > y + 1 = x so jy0j > jxj by axiom 12. Hence i > i + 1,contradicting axiom 4.4. Let x = 2i. Then for some z, jzj = i ^ x = z + 1. Soy < 2i ) y 6 z) jyj 6 i by axiom 12and y > 2i ) jyj > i+ 1) jyj > i:5. We will use ��b1�LIND on i to show that, given x,8i< jej 9y; zdecomp(x; i) = (y; z):For the base case j0j 6 0, 20 = 1 and x = 0+20 �x so we can put y = 0and z = x. 25



For the inductive case suppose i+1 < jej, jyj 6 i and x = y+2i � z forsome y; z. Let z0 = b z2c. Then z = 2 � z0 + parity(z). By the proof of(3) above, 2 � 2i = 2i+1. Sox = 2i � (2 � z0 + parity(z)) + y = 2i+1 � z0 + 2i � parity(z) + y:Let y0 = 2i � parity(z) + y. Now 2i � parity(z) 6 2i and by (4), sincejyj 6 i, we have y < 2i. Hence y0 < 2i+1 and by (4) again jy0j 6 i+ 1.This completes the induction.For uniqueness, suppose y; y0 < 2i, x = y + 2i � z = y0 + 2i � z0 and,without loss of generality, y < y0. We cannot have z 6 z0 since then byaxiom 11 we would have y+2i �z < y0+2i �z0. Hence z0 < z so by axiom13 for some u; v > 0 we have y0 = y+u, z = z0+ v and u 6 y0 < 2i. Sox = y + 2i � z0 + 2i � v = y + u+ 2i � z0 by axiom 7) y + 2i � v = y + u by axiom 11) 2i � v = u by axiom 11.This contradicts 0 < u < 2i.6. Fix i and use ��b1�LIND on j. For the base case, we have 2i � 20 = 2i.Now suppose it is true for j and that i+ j + 1 < jej. By the proof of(3), 8t< jej 2t+1 = 2 � 2t so2i � 2j+1 = 2i � 2j � 2 = 2i+1 � 2 = 2i+j+1:This completes the induction.7. Trivial.8. Trivial.9. Fix x. We will show by ��bm�LIND that for all 0 6 j 6 jej,9w 816 i6j [(bit(w; i) = 1$ (bit(x; i) = 1 ^ �(i)))^ (j < jej ! MSP(w; j) = MSP(x; j))]:Note that this can be written as a ��bm formula.26



For the base case j = 0, we can put w = x. For the inductive case,suppose j < jej and we have found a suitable w for stage j. Letdecomp(w; j) = (y; z). MSP(x; j) = MSP(w; j) = z so bit(x; j + 1) =parity(z). Now we divide into two cases.Firstly, suppose that either bit(x; j + 1) = 0 or �(j + 1) holds. Thenwe let w0 = w so that bit(w0; j + 1) = parity(z) = bit(x; j + 1).Secondly, suppose that bit(x; j + 1) = 1 and :�(j + 1) holds. Thenz = 2 � b z2c + 1. Let w0 = y + 2j � (2 � b z2c) (this exists, by axiom 11).Then bit(w0; j + 1) = 0 as required.In either case, if j+1 < jej then MSP(w0; j+1) = b z2c = MSP(x; j+1).Lastly we must show that once we have chosen w0 the bits 1; : : : ; j ofw0 are the same as those of w. This is true in case 1, because thenw0 = w. So suppose we are in case 2 and havew = y + 2j + 2j+1 � bz2c ^ w0 = y + 2j+1 � bz2c:Let k < j, so j = k + l for some l > 1. Let decomp(w0; k) = (u; v).Then w0 = u+2k �v, w = u+2k �v+2j = u+2k �(v+2l) and parity(v) =parity(v + 2l), since l > 1. Hence bit(w0; k + 1) = bit(w; k + 1).10. We will use ��b1�LIND to show816 i6 jej 9j (j + i = jej ^MSP(x; j) = MSP(x0; j)):In the base case i = 1 and j + 1 = jej. Let z0 = MSP(x0; j) andz = MSP(x; j) so that x = y+2j � z. Suppose z > 2. Then 2j � 2 existsand by axiom 10j2j � 2j = j2jj+ 1 [and RHS is de�ned]= j + 1 + 1 > jejwhich is a contradiction. Hence z < 2 so z = parity(z) = bit(x; j + 1).Similarly z0 = bit(x0; j + 1). So z = z0.27



Now suppose 1 < i < jej, j + i = jej (so j � 1 exists) and MSP(x; j) =MSP(x0; j) = z. Let decomp(x; j � 1) = (u; v) sox = u+ 2j�1 � v= u+ 2j�1 � parity(v) + 2j�1 � 2 � bv2c:By uniqueness of MSP, we have bv2c = z. By de�nition, parity(v) =bit(x; j). HenceMSP(x; j � 1) = v = bit(x; j) + 2 � zand similarlyMSP(x0; j � 1) = bit(x0; j) + 2 � z = MSP(x; j � 1):This completes the induction.11. We use ��b1�LIND on i. The base case is i = 0. Then 2i � 1 = 0 soall of its bits are 0. For the inductive case, suppose i+ 1 < jej and letx = 2i � 1. Now2i+1 = 2 � 2i = 2i + (2i � 1) + 1and hence 2i+1 � 1 = x+ 2i. Let y = 2i+1 � 1. Then bit(y; i+ 1) = 1and clearly 8j > i + 1bit(y; j) = 0. Lastly, just as in the last part ofthe proof of (9), 816k6 ibit(y; k) = bit(x; k) = 1.12. By \K is of the form [0; 2i) for some i" we mean that the top elemente is (2j�1� 1) � 2+1. By the proof of (11) we can show that the binaryexpansion of e consists of a sequence of 1s; then use (9). �
28



3 The Weak Pigeonhole PrincipleWe de�ne four versions of the weak pigeonhole principle and prove them (forunde�ned or �b1 de�nable functions) in S32 (corollary 3.3). This is followed bya result that we will use throughout this thesis, that, given a and b > a2, anyinjection a2 ,! a (surjection a� a2) can be ampli�ed to an injection b ,! a(surjection a�b) of the same complexity (lemmas 3.6 and 3.7). We then lookin some detail at the theory S12 + 8aPHPaa2(PV), that is, S12 together withthe surjective WPHP for PV formulas. We show that the 8�b1 consequencesof this theory can be witnessed in probabilistic polynomial time (theorem3.11) but that it is unlikely that the �b1 de�nable sets in this theory captureeverything in the complexity class ZPP (theorem 3.13). On the other hand,we show that if we can easily witness the injective WPHP for PV formulas,then we can crack RSA (lemma 3.15). We conclude that if RSA is securethen surjective WPHP does not prove injective WPHP in this case. See alsochapter 5 where we prove a similar result unconditionally, in the relativizedcase.De�nition 3.1 For a < b the following are di�erent versions of the pigeon-hole principle. By the weak pigeonhole principle, WPHP, we mean one ofthese when b > a2.1. The bijective PHP states that f is not a bijection from b onto a. Wewill not use this very often and do not have any special notation for it.2. The injective PHP states that f is not an injection from b into a. Wewrite this asPHPba(f) � 9x<b f(x) > a_9x1; x2<b (x1 6= x2 ^ f(x1) = f(x2)):3. The surjective PHP states that f is not a surjection from a onto b. Wewrite this asPHPab (f) � 9y<b8x<af(x) 6= y:29



4. The multifunction PHP states that the relation R is not the graph ofan injective multifunction from b into a. We write this asmPHPba(R) � 9x<b8y<a:R(x; y)_ 9x1; x2<b9y<a (x1 6= x2 ^ R(x1; y) ^R(x2; y)):There is an alternative form of this version, saying that the function fis not a surjection from a set s � [0; a) onto b. We write this as:mPHPba(f; s) � 9y<b8x<a (s(x)! f(x) 6= y):We write PHPxy(�) for the set consisting of PHPxy(f) for every function inthe class � (or every relation or set, as appropriate).In most contexts mPHP and mPHP are equivalent. For example supposeR is a �b1 de�nable injective multifunction from b into a. Let f be the inverseof R and s the range of R; then f and s are �b1 de�nable and f is an surjectionfrom s onto b. We will generally prefer to use functions and the notation ofmPHP but we give our proof of WPHP for the form mPHP.We usually consider these as axiom schemes asserting WPHP for everyfunction in a certain class. In this sense, version 4 is the strongest and impliesversions 2 and 3 and either of these implies version 1.3.1 Upper and lower boundsTheorem 3.2 (Maciel, Pitassi, Woods [17]) S32(�)`8amPHPa2a(�b1(�)).Proof We assume that a is a power of 2; this assumption can be removedusing the techniques described later in this section, by amplifying the functionthen restricting the domain and padding out the range.Suppose � is a �b1(�) injective multifunction from a2 into a. The idea ofthe proof is to divide the domain [0; a2) of � into a intervals [0; a),[a; 2a), . . . ,[a2�a; a2) and divide the range [0; a) of � into two intervals [0; a=2); [a=2; a).Either one of the intervals in the domain maps entirely into the interval[a=2; a), or every interval in the domain contains an element mapping tosomething in the interval [0; a=2). In either case, we can obtain a de�nable30



injective multifunction from a set of size a into one of the intervals in therange. In the �rst case this is direct. In the second case we do it by �rstapplying the multifunction which maps x < a to every element in the interval[x � a; x � a+ a) and then applying � and restricting the range of the resultingmultifunction to [0; a=2). In either case, we can compose this again withour original injection a2 ,! a to get an injective multifunction from a2 into[0; a=2) or [a=2; a).Let Sw be the injective multifunction mapping x < a to a �w+x if w < aor mapping x to the interval [x �a; x �a+a) if w = a. What we have shown isthat for some w 6 a, the composition � �Sw � � is an injective multifunctionfrom [0; a2) into either [0; a=2) or [a=2; a).The proof works by iterating this construction jaj many times; each timewe can halve the range of our multifunction, while keeping the domain thesame size. We will consider numbers w in [0; (a+1)i) as codes for sequencesof numbers w1; : : : ; wi in [0; a + 1). For 1 6 i 6 jaj and w < (a+ 1)i de�nethe relation �iw(x; y) as9u<ai ; �(x; u1) ^ ui = y ^ 816j <i; (wj < a ^ �(a � wj + uj; uj+1))_ (wj = a ^ 9z<a�(a � uj + z; uj+1));in the notation above this is y 2 (��Swi � : : :�Sw2 ���Sw1 ��)(x) (where weapply our multifunctions from right to left, that is, apply �, then Sw1 , then� again, and so on).Consider the formula9b<a9w< (a+ 1)i(�iw is an injective multifunction from [0; a2) into [b; b+ a=2i�1)):This is �b3(�). It is true for i = 1 and we have shown that if it is true fori < jaj then it is true for i+1. Hence in a model of S32(�) it is true for i = jaj;but this is impossible since the range will be �nite. �Corollary 3.3 Every version of WPHP(�b1(�)) is provable in S32(�).We also have a lower bound for the relativized WPHP, which we deriveas a corollary of theorem 5.3 from chapter 5.31



Theorem 3.4 No version ofWPHP(f) is provable for an unde�ned functionsymbol f in S22(f).Proof Let � be the following sentence, in the language consisting only ofa two-place function symbol f :8x1; x2; x3; x4 [f(x1; x2) = f(x3; x4)! (x1 = x3 ^ x2 = x4)]^ 8y9x1; x2 f(x1; x2) = ystating that f is a bijection between the cartesian product of the universewith itself and the universe. There is an in�nite model in which � is true,namely the natural numbers if we interpret f as the normal bijective pairingfunction. Hence by theorem 5.3 there is a modelM of S22(f) and an elementa of M such that M � (h[0; a); fi � �). So f is a bijection a� a ! a andwe can de�ne functions in M that violate all versions of WPHP. �3.2 Ampli�cationTheorem 3.5 (Paris, Wilkie, Woods [21]) If K � PAtop is of the form[0; a") for a; " 2 K, " > 2 and K de�nes a function f which is a surjectiona�a", then K has an end-extension to J � PAtop of the form [0; a2").The proof of this theorem is essentially an ampli�cation of f to a surjec-tion a� a2", and is similar to the ampli�cation of a pseudorandom numbergenerator to a pseudorandom function generator using a complete binary tree(see for example [7]). We give an ampli�cation construction below that isbased on a similar idea. However we use less induction than the constructionin [21] and thus are only able to use one \branch" of a binary tree. Thus lateron in chapter 6 when we give our version of theorem 3.5 it will only allowus to extend the size of a strucure from a" to a"2, rather than to a2". Noticethat our ampli�cation construction is similar to the one used to polynomiallyincrease the stretching factor of a pseudorandom number generator.We remark that a proof of WPHP in S2 can be derived as a corollary oftheorem 3.5. In a modelM of S2, if there is a 2M and a function violatingWPHP de�nable insideM �a, apply the theorem to M �ajaj and get a model32



of PAtop of the form [0; aa). Then WPHP fails inside the logarithmic part ofthis model, which is impossible.We prove our ampli�cation lemma in Sj0 (with a top) so that we can keeptight control over the range of quanti�cation used. See section 2.3 for detailsof the de�nitions.Lemma 3.6 Suppose j > 1 and K � Sj0 is of the form [0; a") for a; " 2 K," > 2 and suppose r(x) and f(x; y) are ��bj formulas violating mPHPaa2, thatis, such that r � [0; a) and8y<a29x<a (r(x) ^ f(x; y)) ^ 8x<a (r(x)! 9!y<a2 f(x; y)):De�ne g(x; y) as9w ;w1 = x ^ 81 6 i<" (r(wi) ^ f(wi; yi + a � wi+1))^ r(w") ^ f(w"; y" + a � 0)Here wi is the ith element of w, considering w 2 [0; a") as code for an "-lengthsequence of elements of [0; a); similarly for yi. De�ne s(x) asx < a ^ 9y g(x; y):Then s(x) and g(x; y) are ��bj formulas violating mPHPaa". Furthermore ifr = [0; a) then s = [0; a) and if f de�nes an injection on domain r then gde�nes an injection on domain s. Hence we can amplify surjections a� a2to surjections a� a", injections a2 ,! a to injections a" ,! a (by consideringthe inverses of f and g) and bijections a$a2 to bijections a$a".Proof The idea is to take a binary tree consisting of 2" nodes labelledw1; : : : ; w"; y1; : : : ; y". The root is labelled w1 and for 1 6 i 6 " the node wihas a left-hand child yi and a right-hand child wi+1, with the exception thatw" has no right hand child. The de�nition of g(x; y) above describes the waywe assign numbers to the nodes. We consider the surjection de�ned by f as afunction F with range r and domain [0; a)� [0; a), so that F (v1) = (v2; v3),f(v1; v2 + a � v3). We start at the top of the tree and set w" = F�1(y"; 0),then w"�1 = F�1(y"�1; w"), w"�2 = F�1(y"�2; w"�1) and so on. We take x tobe the value w1 at the root of the tree.33



To prove that g is a surjection from [0; a) onto [0; a"), �x y and use��bj�LIND on k in the formula9w ;8"� k6 i<" (r(wi) ^ f(wi; yi + a � wi+1))^ r(w") ^ f(w"; y" + a � 0):This mimics the process described above of �nding labels wi as we work downthe tree. Take w witnessing this formula in the case k = "�1 and let x = w1.Then g(x; y).Similarly, induction up the tree shows that if x 2 s and for some y; y0both g(x; y) and g(x; y0) hold then yk = y0k for all k, so y = y0. Hence grestricted to s de�nes a function.If r = [0; a), then let x < a. Put w1 = x. By induction up the tree wecan �nd w; y such that for all i F (wi) = (yi; wi+1), since F is de�ned on allof [0; a). Hence s = [0; a).If f is an injection on r, suppose for some x; y; y0 we have that g(x; y) andg(x; y0) hold and are witnessed by w and w0 respectively. Induction downthe tree shows that wi = w0i for all i (or f would not be an injection) sox = x0. �This result immediately transfers to �bj functions in models of Sj2 and torelativized functions and theories.Lemma 3.71. For any f 2 LPV there exists F 2 LPV such thatS12 ` 8a8b8c (8y<a29x<af(c; x) = y ! 8y<b9x<aF (c; b; a; x) = y):That is, any PV surjection a� a2 with parameter c can be ampli�eduniformly to a surjection a�b with parameters c; b; a.2. For any g 2 LPV there exists G 2 LPV such thatPV ` 8c8b8a<b8x1<x2<b9y1<y2<a2 ;(G(c; b; a; x1) = G(c; b; a; x2) _G(c; b; a; x1) > a)! (g(c; y1) = g(c; y2) _ g(c; y1) > a):34



That is, any PV injection a2 ,! a with parameter c can be ampli�eduniformly to an injection b ,!a with parameters c; b; a.Proof In part 1 the machine computing F �rst �nds the smallest " suchthat a" > b, then constructs, and uses the surjection f to label, a binary treeof length " as in the proof of 3.6, beginning by labelling the root with theinput, working up the tree, and reading the output from the leaves. As inthat proof, �b1�LIND shows that F is a surjection.In part 2 the machine computing G works in a similar way, except thatit begins by labelling the leaves of the tree with the input (considered as alength-" sequence) then working down the tree, and reading the output fromthe root. Again �b1�LIND proves that G is an injection if g is. Since we canwrite this implication in 89PV form it is also provable in PV, by corollary2.16. �The surjective WPHP for PV functions is in many ways the most in-teresting version of WPHP. It has links with de�nability (as we see in thenext chapter) and with randomness (in the next section). Another attractiveproperty is that we can get rid of unwanted parameters in proofs involving itby amplifying the range of the function used until we can enlarge its domainto contain its parameters and still violate WPHP. More precisely,Lemma 3.8 For any PV function symbol f(c; x), there is a PV functionsymbol G(x) (with no other parameters) such thatS12 ` 8b (9a<b9c<b8y<a29x<af(c; x) = y ! 8y<b89x<b4G(x) = y);that is, if f violates surjective WPHP below b then G violates surjectiveWPHP at b4.Proof Suppose f(c; x) : a� a2 (x here is a placeholder). Then by lemma3.7 we have a surjection F (c; b8; a; x) : a�b8. De�ne G so thatG : (x1; x2; x3; x4) 7! F (x1; (x2 + 1)8; x3; x4):Since c, b � 1 and a are all less than b, the range of F (c; b8; a; x) on [0; a) iscontained in the range of G(�x) on [0; b)4. �35



Let u(e; x; t) be the universal PV function symbol, which calculates theoutput of the Turing machine with code e run on input x for time jtj.Corollary 3.9 The theories surjective WPHP(PV) with parameters,8a8e8tPHPaa2(u(e; x; t))and surjective WPHP(PV) without parameters,f8aPHPaa2(f(x)) : f 2 LPVgare equivalent over S12.Proof The forwards implication is trivial. For the other direction, if forsome e; t; a the function u(e; x; t) violates WPHP at a, choose b > e; t; a2 anduse lemma 3.8 to �nd a parameter free function violating WPHP at b4. �It would be nice if some of our later results (in particular the consequencesof witnessing with a probabilistic algorithm) for surjective WPHP(PV) couldbe carried over to surjective WPHP(�b1). The next lemma shows that, interms of their �b1 consequences, the two theories are not as dissimilar instrength as they might be. To use surjective WPHP(�b1) in this way we needto amend our de�nition of WPHP slightly to say that: no �b1 de�nable rela-tion is the graph of a surjective function from a onto a2. We cannot just usethe version for functions because we cannot guarantee that, in an arbitrarymodel, our �b1 formula will de�ne a function (if it did always de�ne a func-tion there would be a PV function symbol for it anyway, by the witnessingtheorem).Lemma 3.10 Suppose �(b; u; v) is a �b1 formula, which we will treat as atwo-place formula �b with a parameter. SupposeS12 ` 8a; b [PHPaa2(�b)! 9y �(a; b; y)]where PHP is of the form: �b is not the graph of a surjective function a�a2.Then 8a; b9y�(a; b; y) is provable in S12 + 8aPHPaa2(PV).36



Proof Re-writing our assumption slightly, we haveS12 ` 8a; b [:PHPaa2(�b) _ 9y �(a; b; y)]:Now :PHPaa2(�b) is the conjunction8v<a29u<a�b(u; v) ^ 8u<a9v<a2�b(u; v)^ 8v1<v2<a2 8u<a:(�b(u; v1) ^ �b(u; v2))so in particular, using only the middle conjunct,S12 ` 8a; b [8u<a9v<a2�b(u; v) _ 9y �(a; b; y)]and by the witnessing theorem 2.17 there is a PV function f such thatS12 ` 8a; b [8u<a (f(a; b; u)< a2 ^ �b(u; f(a; b; u))) _ 9y �(a; b; y)]:Suppose the conclusion of the lemma fails, and there is a model M withM � S12 + 8xPHPxx2(PV) + 8y:�(a; b; y)for some a; b 2 M . Since M 6� 9y �(a; b; y), three things must hold, corre-sponding to the three conjuncts in WPHP:1. M � 8v<a29u<a�b(u; v);2. M � 8u<a (f(a; b; u)< a2 ^ �b(u; f(a; b; u)));3. M � 8v1<v2<a2 8u<a:(�b(u; v1) ^ �b(u; v2)):By PHPaa2(f) in M , there exists v1 2 M , v1 < a2 with 8u<af(a; b; u) 6= v1.By (1) for some u < a we have �b(u; v1). Now let v2 = f(a; b; u). By (2)v2 < a2 and �b(u; v2), and of course v1 6= v2. But this contradicts (3). �The above results all relativize with no signi�cant changes to the proofs.3.3 The complexity of witnessing WPHPWe prove a relativized version of the following theorem, since we will makeheavy use of it in chapter 5. 37



Theorem 3.11 (Wilkie [13]) If S12(�)+8aPHPaa2(PV(�)) ` 8x9y �(x; y),for � a �b1(�) formula, then there is a probabilistic polynomial time oracleTuring machine which, for any input x and any oracle A, outputs with prob-ability at least 2=3 some y such that hN; Ai � �(x; y).Proof Let u(e;w; t) be the universal function symbol, calculating the out-put of the program with code e (and access to the oracle �) run for time jtjon input w. SupposeS12(�) + 8a8e8tPHPaa2(u(e;w; t)) ` 8x9y �(x; y);where w is a placeholder. Moving WPHP to the right hand side and usingParikh's theorem (see for example [13]) we have that for some k 2 N,S12(�) ` 8x ; (9a; e; t<2jxjk 8v<a29w<au(e;w; t) = v) _ 9y �(x; y):We use the relativized version of lemma 3.8 to obtain G 2 LPV(�) such thatif the universal function symbol de�nes a surjection a�a2 for some a < 2jxjkusing parameters e; t < 2jxjk then G de�nes a surjection (2jxjk)4 � (2jxjk)8using no parameters. SoS12(�) ` 8x ; [8v<28jxjk 9w<24jxjk G(w) = v] _ 9y �(x; y):Hence by the relativized witnessing theorem there are PV(�) functions g0and g1 such that for any oracle A,hN; Ai � 8x8v<28jxjk ; g0(x; v) < 24jxjk ^ (G(g0(x; v)) = v_�(x; g1(x; v))):So given x, if we choose v at random in [0; 28jxjk), with high probability wewill have �(x; g1(x; v)) since in the standard model very few of the elementsof [0; 28jxjk) will be in the range of G on the domain [0; 24jxjk). �A predicate B is in the class ZPP if there is a polynomial time proba-bilistic machine which gives the right answer to the question \is x in B?"with high probability and gives no answer otherwise (it never gives the wronganswer). For an oracle set A the class ZPPA is de�ned similarly except thatthe machine is given access to an oracle for A.38



Corollary 3.12 Suppose that �(x) and  (x) are �b1(�) formulas such thatS12(�) + 8aPHPaa2(PV(�)) ` 8x (�(x)$ : (x)):Then for any oracle A the set X de�ned in hN; Ai by � is in ZPPA. Inparticular, if S12 + 8aPHPaa2(PV) �b1-de�nes a predicate X then X 2 ZPP.Proof We have thatS12(�) + 8aPHPaa2(PV(�)) ` 8x (�(x)_  (x))so by the theorem there is a probabilistic polynomial time oracle machinethat, on input x, outputs with high probability a w witnessing either �or  . Consider the probabilistic polynomial time oracle machine that �rstcomputes w and then outputs \yes" if w witnesses �(x) (this can be checkedin polynomial time); \no" if w witnesses  (x) (again in polynomial time);and \don't know" otherwise. This machine will return the right answer to\x 2 X?" with high probability and will never return a wrong answer. �However the converse does not hold, at least in the relativized case.Theorem 3.13 There is an oracle set A and a set X 2 ZPPA such that Xis not �b1(�) de�nable in S12(�)+8aPHPaa2(PV(�)), where we interpret � byA.Proof In [2] an oracle is constructed with respect to which ZPP does nothave a complete language. Let A be such an oracle. Then if the theoremwerefalse, together with corollary 3.12 this would mean that the sets in ZPPA areprecisely the sets �b1(�) de�nable in S12(�)+8aPHPaa2(PV(�)). This gives acontradiction because by theorem 2.23, since ZPPA is a leaf-language class(see [2]) it must have a complete language. (To use 2.23 we also need thefact that the proof of theorem 3.11 tells us how to construct the probabilisticmachine required.)We could also use theorem 2.21. Suppose the theorem is false. Then forany probabilistic polynomial time function f (with oracle A) the setf(x; i) : bit(f(x); i) = 1g 39



is �b1(�) de�nable in S12(�) + 8aPHPaa2(PV(�)), since it is in ZPPA. Usingthe comprehension available in S12(�) we can reassemble the function f fromits bits, so that f is �b1(�) de�nable in our theory.Together with theorem 3.11 this means that the probabilistic polynomialtime functions (with oracle A) are precisely the functions �b1(�) de�nable inthe theory; hence by theorem 2.21 there is a complete function g for thisclass. Then fx 2 N : g(x) = 1g is a complete language for ZPPA. �De�nition 3.14 (Rivest, Shamir, Adleman [25]) An instance of RSAconsists of a modulus n which is the product of two large primes p and q,exponents e and d which are mutually inverse modulo (p�1)(q�1), a messagem < n and a cyphertext c < n such that c � me mod n and m � cd mod n.We say that we can crack RSA if, given n, e and c, we can e�ciently �ndm.Lemma 3.15 (Kraj���cek and Pudl�ak [15]) Suppose there is an e�cientalgorithm witnessing injective WPHP for PV function symbols with param-eters, that is, given any polynomial time function f there is an algorithmwhich, on input c; a such that 8x < a2 (f(c; x) < a), outputs x1 < x2 < a2such that f(c; x1) = f(c; x2). Then we can crack RSA.Proof (This is a more direct version of the proof in [15].) We are given c, nand e. Without loss of generality (c; n) = 1 or we could factorize n, recover pand q and hence �nd (p�1)(q�1), d and m. Hence c has an inverse modulon. Let s be the order of c mod n, which will be the same as the order ofm mod n. Now e and s must be coprime. Otherwise let (e; s) = t > 1 andu = s=t. Then u < s and sjeu, so cu � meu � 1, contradicting the leastnessof s.Use the algorithm on the function x 7! cx mod n to �nd x1 < x2 < n2with cx1 � cx2 mod n. Let r0 = x2 � x1 6= 0. Then cr0 � 1 so sjr0.Remove all factors of e from r0 by calculatingr1 = r0(e; r0) ; r2 = r1(e; r1) ; : : :to get r with (e; r) = 1. This takes at most log r0 divisions.40



Since (e; s) = 1 and sjr0 we must have sjr1. Similarly sjr2 etc. So sjr.Calculate d0 such that d0e = 1 + tr some t; �nally calculate cd0 mod n.Then, since sjr so mr � 1,cd0 � med0 � m1+tr � (mr)tm � m: �Corollary 3.161. If S12 proves injective WPHP for PV functions with parameters, thenRSA is vulnerable to deterministic polynomial time attack.2. If S12 together with the surjective WPHP for PV functions proves theinjective WPHP for PV functions with parameters, then RSA is vul-nerable to probabilistic polynomial time attack.Proof InjectiveWPHP for PV functions with parameters is the 8�b1 scheme8c8a [9x1<x2<a2 f(c; x1) = f(c; x2) _ 9x<a2 f(c; x) > a]for PV function symbols f .If it is provable in S12 then by theorem 2.17 there is a deterministic poly-nomial time algorithm satisfying the assumptions of lemma 3.15.If it is provable in S12 + 8aPHPaa2(PV) then by theorem 3.11 there is aprobabilistic polynomial time algorithm satisfying the assumptions of lemma3.15. �
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4 Models of PVWe return to the principle BB(PV) (see de�nition 2.12). In the �rst sectionof this chapter we show that if PV + BB(PV) is as strong as S12 then theSi2 hierarchy collapses. In the second section we show that if the surjectiveWPHP holds in a suitable model of PV, then initial segments of that modelhave more than one end-extension to models of PV (lemma 4.4). On theother hand we show that if PV proves BB(PV) then such end-extensionsare unique in models of PV in which the injective WPHP fails (the proof oftheorem 4.5). Together with the results of chapter 3 this means that if RSAis secure then PV + BB(PV) lies strictly between PV and S12 in strength.4.1 More about sharply bounded collectionRecall that sharply bounded collection for PV formulas, or BB(PV), wasde�ned in section 2.1 as the axiom scheme8x8y ;8i< jxj 9z<y�(i; z)! 9w 8i< jxj�(i; wi)for all PV formulas � with parameters.We give some evidence in this section that the theory PV + BB(PV) isstrictly weaker than S12 . The following is adapted from Zambella and uses asimilar construction to our proof of the witnessing theorem 2.17.Lemma 4.1 (Zambella [30]) Any model N � PV has a 9bPV-elementaryextension to a structure M � PV + BB(PV) such that M is the closure inM under all PV function symbols of the union of N with a subset K � M ,where K has the property that for every x 2 K there is y 2 N such thatx < jyj.Proof Expand the language to include a name for every element of N andlet T� be the universal theory of N in this language, so that any model ofT� is automatically an 9-elementary, and hence 9bPV-elementary, extensionof M . Add a new set of constant symbols fca : a 2 Ng to the language andlet T0 be the union of T� with the sentences fca < jaj : a 2 Ng (this is theonly relationship between ca and a; this notation is brought in so that we can42



guarantee that K 6 logN). Enumerate as h�1(x; y); t1i; h�2(x; y); t2i; : : : allthe pairs consisting of a PV formula in two free variables and a closed termin our expanded language.We will construct a chain T0 � T1 � T2 � : : : of consistent universal the-ories. Suppose Ti has been constructed. Either Ti ` 8x< jti+1j 9y �i+1(x; y),or not. In the �rst case, put Ti+1 = Ti. In the second case, choose d 2 Nsuch that the constant cd has not been used so far (outside the de�nition ofT0) and putTi+1 = Ti [ (cd < jti+1j) ^ 8y:�i+1(cd; y):To make sure that this is consistent we need to choose d large enough thatcd < jdj is consistent with what we are adding (this is required by the de�-nition of T0) but we can do this because, since ti+1 is a term built up fromelements of N and constants that have to be smaller than the length of someelement of N , we can always �nd a d such that ti+1 < d is consistent.Let T = Si Ti. T is a consistent theory so has a model M 0. T is auniversal theory, so if we let M be the substructure of M 0 given by all theclosed terms in the expanded language, M � T .To show that M is a model of sharply bounded collection, let �i(x; y)and ti be any PV formula and any term. Suppose M � 8x< jtij 9y �i(x; y).Then we must have Ti�1 ` 8x < jtij 9y �i(x; y), since otherwise a constantsymbol c would have been introduced at stage i in the construction so thatM � (c < jtij) ^ 8y:�i(c; y). T is a universal theory so by Herbrand'stheorem there is a �nite set f1; : : : ; fn of terms such thatT ` 8x< jtij n_k=1 �i(x; fk(x)):As in the proof of theorem 2.10 we can combine these into one PV functionF such that 8x < jtij�i(x; F (x)). Furthermore by the coding available inPV we can �nd w 2 M such that 8x < jtijwx = F (x). Hence M � 8x <jtij�i(x;wx). �Theorem 4.2 (Zambella [30]) If PV + BB(PV) ` S12, then PV ` S12.43



Proof Let N � PV. Extend N to the model M of sharply bounded col-lection given by lemma 4.1. Suppose that M � S12. We will show that thecomprehension scheme9z 8x< jaj (9y<b�(x; y)$ bit(z; x) = 1)holds in N for every PV formula �. It follows that LIND holds in N for theformula 9y<b�(x; y).Let � be a PV formula with parameters in N . Then for some w in M ,since M � S12,M � 8x< jaj ; wx < b ^ (9y<b�(x; y)$ �(x;wx))(this is sometimes called strong replacement, and was proved for �b1 formulasin S12 by Buss [4]). By the construction of M , there exist a PV functionsymbol f with parameters from N and an element c of M with c < jej forsome e 2 N , such that w = f(c); without loss of generality we may assumef(u)x < b for all u; x 2M . By the properties of PV, we can �nd v 2 N withN � 8x< jaj ;bit(v; x) = 1$ 9i< jej�(x; f(i)x):This v is precisely the element needed for our comprehension axiom for �.For if x < jaj, x 2 N and bit(v; x) = 1 then N � 9i < jej�(x; f(i)x) soN � 9y<b�(x; y). Conversely if bit(v; x) 6= 1 then N � 8i< jej :�(x; f(i)x)and the same is true in M by 9bPV-elementariness, so in particular M �:�(x; f(c)x), that is, M � :�(x;wx). Hence M � 8y<b:�(x; y) and againby elementariness the same is true in N . �Theorem 4.3 (Zambella [30], Buss [5]) If PV ` S12 then PV ` S2.Hence if PV + BB(PV) proves S12 the bounded arithmetic hierarchy col-lapses.4.2 WPHP in models of PVWe �rst show that if a model M of PV satis�es surjective WPHP for PVfunction symbols then any initial segment of M that is not too large has44



two di�erent end-extensions to models of PV. Recall that u(e; x; c) is theuniversal PV function symbol, which calculates the output of the Turingmachine with code e run on input x for time jcj. We will use the notation#a as shorthand for the cut 2jajN .Lemma 4.4 LetM � PV. Suppose that "; a are nonstandard elements ofM ,that " < jaj, that #a is not co�nal in M and that M � 8cPHPa"a2"(u(x; 0; c))(where x is a placeholder). Then there is N � PV such that(M �a) �e N � (M �#a)and in particular for some v < a2" in M , v =2 N . Furthermore N and M �#aare not isomorphic.Proof Let N be the closure of [0; a) in M under all PV function symbols,so N � PV, since PV is universally axiomatized. We that claim N is asrequired. Let c > #a. By WPHP, for some v < a2" in M ,M � 8y<a" u(y; 0; c) 6= v:Consider the type�(z) = f8b1; : : : ; bn � [0; a) f(�b) 6= z : f 2 LPV; n 2 Ng:No element of N realizes this type, but v does realize it. Otherwise, we wouldhave a function f running in time jajk, for some k 2 N, such that v = f(�b)for some �b � [0; a). Then there is clearly some input y < a" to the universalmachine that we can construct from (f; k; b1; : : : ; bn), with f 2 N, such thatthe universal machine run on y simulates f with input �b and halts in timejajk. Hence v = u(y; 0; c), contradicting the choice of v. �Theorem 4.5 Assume that PV proves BB(PV). Then PV also proves thatsurjective WPHP(PV) implies injective WPHP(PV) with parameters.Proof Let M � PV satisfy surjective WPHP(PV), but be such that forsome a; c 2M and some PV function symbol f , f(c; x) is an injection in Mfrom a2 into a. Choose b > a; c so that b = 2� for some �. Amplify f to45



an injection g : 2�2 ,! b with parameters in [0; 2�2). Taking an elementaryextension if necessary, assume that #b is not co�nal in M .Take " small and nonstandard. By lemma 4.4 we can �nd N � PV, asubmodel of M with [0; 2�2) �e N but v =2 N for some v in [0; 2�2").De�ne a PV function symbol H (with parameters in [0; 2�2)) mappingx < 2�2" to the unique y < b" such that816 i6" yi = g([x]i)where yi is the numeral in [0; b) consisting of the � bits occurring in places((i � 1)� + 1); : : : ; i� of y, and [x]i the numeral in [0; 2�2) consisting of the�2 bits occurring in places ((i�1)�2+1); : : : ; i�2 of x. This is an alternativeway of amplifying g, and as before by the 89PV conservativity of S12 overPV, H is an injection 2�2" ,! b" in both M and N . H can be thought of asmapping "-length sequences from [0; 2�2), coded in [0; 2�2"), injectively into"-length sequences from [0; b), coded in [0; b"); so H maps sequences codedin M that may not be in N to sequences coded in N .Let u = H(v). InM , we can expand u back to an "-length sequence from[0; 2�2). Formally, M � 816 i6 "9!w < 2�2 g(w) = ui, since we may takew = [v]i and g is injective. But this formula is also true in N , since u 2 N ,M �2�2 and N �2�2 are the same and the formula only refers to the propertiesof this initial segment. However v =2 N and H is an injection in N , so in Nwe have816 i6"9!w<2�2 g(w) = ui ^ 8x<2�2"H(x) 6= uand this contradicts sharply bounded collection. �Notice that this in fact contradicts a weaker version of collection thanBB(PV), since " could be much smaller than �.Corollary 4.6 If RSA is secure against deterministic polynomial time at-tack, then PV+BB(PV) 6` S12 . If RSA is secure against randomized polyno-mial time attack, then PV 6` BB(PV).Proof The second part is by theorem 4.5. For the �rst part, by theorems4.2 and 4.3 if PV ` BB(PV) then PV ` S2. Hence the injective WPHP46



is provable in PV, since it is provable in S2. Hence it can be witnessed inpolynomial time. �
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5 Witnessing and independenceWe prove some independence results for relativized theories. They are of theform: theory T cannot prove that a certain property holds of a structurede�ned by our new symbols on an interval [0; a). We prove them by relat-ing them to a problem in complexity theory: what can a Turing machinediscover about a �nite structure that is given by oracles? In the �rst sec-tion we give an old general criterion for unprovability from the relativizedversion of S22 (theorem 5.3) in the second section we show that the injectiveWPHP for a new function symbol is not provable from the relativized ver-sion of S12 +8aPHPaa2(PV) (corollary 5.6) and look for a general criterion forunprovability from this theory.Related problems have been studied in cryptography, where these struc-tures are known as \black box" structures. The proof of theorem 5.9 is basedpartly on an idea from Shoup [27].5.1 Unprovability in S22(�)De�nition 5.1 We say that a Turing machine M is given a structure K =h[0; a); �i as input if it starts with the number a written on its input tape andis given access to an oracle for the relations and functions in �, where weconsider constants to be 0-place functions.Lemma 5.2 (Riis [26]) Let �(�x; �y) be an open formula in a relational lan-guage � disjoint from our language of arithmetic. Let � be the sentence8�x9�y �(�x; �y). Suppose � has an in�nite model. Then there is no oracle ma-chine M 2 PNP which, when given any structure h[0; a); �i as input, outputsa tuple �x < a such that h[0; a); �i � 8�y:�(�x; �y).Hence by the full, relativized version of the witnessing theorem 2.17 if �has an in�nite model then S22(�) 0 8a (h[0; a); �i � :�).Proof We follow the presentation in [13]. For the sake of simplicity we willonly consider the case in which our new language is a single binary relationsymbol �.Let hK;Ai be an in�nite structure satisfying 8�x9�y �(�x; �y), where we in-terpret � by the binary relation A. Suppose for a contradiction that there48



is a deterministic oracle machineM and a non-deterministic oracle machineN such that MN , given any structure h[0; a); �i as input, outputs a witnessto h[0; a); �i � :�. Let the running times of M and N be bounded bypolynomials p and q respectively.Fix a 2 N su�ciently large and let S be the set of partial functions[0; a)! K. We will construct � 2 S as follows: we begin with � empty, andstart a computation of M on a; we will add a small number of pairs to � ateach step in the computation.We may assume that at each step an oracle query [b?] is made to N .Consider all possible extensions � 2 S of � and all possible computation pathsw of the non-deterministic machine N on b. If, for some such � and somesuch w, � is de�ned on all elements z1; z2 2 [0; a) for which the computationw queries [�(z1; z2)?] and if w is an accepting path if we reply to such querieswith A�(z1; z2) =def A(� (z1); � (z2)), then return \yes" and add hz1; � (z1)iand hz2; � (z2)i to � for all pairs z1; z2 queried in w. This adds at mostjwj 6 q(p(jaj)) elements to �. If there is no such extension � and path w,return \no" and leave � unchanged.By step i of the computation, we will have a partial function � such thatj�j 6 i � q(p(jaj)) and for any � 2 S with � � � , on input a the two machinesMN with oracle A� andMN with oracle A� will be in the same con�gurationafter i steps.Let �0 be the end result of this construction, when the computation ofMhas �nished. Then j�0j � a and for any partial function � extending �0, oninput a the machineMN with oracle A� outputs a witness �b such that8�y<a:(h[0; a); A�i � �(�b; �y)):But this is a contradiction since by the assumption that hK;�i � 8�x9�y �(x; y)there is some tuple �c 2 K for which hK;Ai � �(�0(�b); �c) (without loss ofgenerality �b is in the domain of �0) and we may extend �0 to � 2 S with�c = � ( �d) for some �d � [0; a); so�d < a ^ (h[0; a); A�i � �(�b; �d)): �Theorem 5.3 (Riis [26]) Let � be any sentence containing only symbolsfrom a language � disjoint from the language of arithmetic. If � has an49



in�nite model thenS22(�) 6` 8a (h[0; a); �i � :�):Proof We can convert � into a form 	 to which lemma 5.2 applies by �rstSkolemizing and then replacing each function symbol f with a relation symbolRf , each time conjoining 89 formulas stating that Rf de�nes a function. Thelemma shows that there is a model of S22 + (h[0; a); �i � 	) with inductionfor all these relation symbols. We can now re-introduce symbols for thefunctions, since we have ensured that the relevant relations de�ne functionsin this model. �5.2 Unprovability in S12(�) + 8aPHPaa2(PV(�))We study the limits of what we can prove in S12(�)+8aPHPaa2(PV(�)) aboutthe structures h[0; a); �i de�ned by the language � on initial segments of mod-els. The ultimate goal is to �nd an analogue of Riis' su�cient condition forunprovability in S22(�) (theorem 5.3). The best candidate for a condition is,roughly, that � has arbitrarily large models in which the number of witnessesto � is small. However we run into problems in proving this, because in thissetting we do not have the machinery Riis uses to get rid of function symbols.We obtain our results by showing that it is hard for a probabilistic poly-nomial time oracle machine to �nd certain elements of a structure it is givenas input, then applying theorem 3.11. We need an inequality:Lemma 5.4 If a; t 2 N and 4t2 < a then (1 � t=a)t > 3=4.Proof Using the binomial expansion,�1 � ta�t = 1� t� ta�+ t(t� 1)2 � ta�2 � t(t� 1)(t� 2)3 � 2 � ta�3+ : : :+�� ta�t :Since t2 < a, we have� ti+ 1�� ta�i+1 = t� ii+ 1 � ta ��ti�� ta�i < �ti�� ta�i :50



So the absolute value of each term in our expansion is smaller than the last,and we may remove (in pairs) all but the �rst two terms to give�1 � ta�t > 1 � t2a > 34 : �Lemma 5.5 There is no probabilistic polynomial time oracle machine which,given a structure h[0; a); fi as input where f is a two-place function, outputswith probability at least 2=3 distinct pairs (x1; x2), (y1; y2) witnessing that fsatis�es injective WPHP, that is, such that f(x1; x2) = f(y1; y2).Proof Suppose that this is false and that such a machineM exists, runningwith time exponent k 2 N. Choose a 2 N so that a is bigger than 4jaj2k, andlet t = jajk.For c 2 f0; 1gt letMc be the deterministic machine obtained by replacingthe random choices in M with the �xed sequence c of coin tosses. There areaa2 many possible functions f on our domain. By our assumption, for eachsuch function, for 2=3 of the possible coin tosses, the machine Mc will �ndelements witnessing WPHP. Hence there must be some sequence c of cointosses such that Mc will �nd witnesses for 2=3 of the possible functions.Fix such a c and start a computation of Mc. We will construct an oraclefunction f step by step. We assume that at each step in the computationone oracle query [f(x1; x2) =?] is made, with x1; x2 < a. We construct f byreplying to each such query with a random number in [0; a), if the pair x1; x2has not been asked before, or by giving the same reply as before, if it has.At the end of the computation we will have �xed the value of f at at mostt places; we choose the remaining values at random in [0; a). There were aa2possible sequences of random choices we could have made, and each one leadsto a di�erent f . Hence choosing f in this way gives the same distribution aschoosing it uniformly at random.The probability that the computation successfully found x1; x2; y1; y2 withf(x1; x2) = f(y1; y2) is at most the probability that, if t elements of [0; a) arechosen at random, two of them are the same. The probability that t suchelements are all di�erent is1 � a� 1a � a� 2a � : : : � a� (t� 1)a > �1 � ta�t > 3451



using lemma 5.4.Hence we have shown that if we choose f uniformly at random the ma-chine Mc will only �nd witnesses with probability < 1=4. This contradictsthe choice of c. �Corollary 5.6 The injective WPHP for a function given by an oracle f isnot provable in S12(f) + 8aPHPaa2(PV(f)).Corollary 5.7 For any �b1(f) formula �a(x; y) containing only a,x,y as freevariables,S12(f) 6` 8a ; PHPaa2(�a(x; y))! PHPa2a (f):Proof Apply the relativized version of lemma 3.10. �The key idea in the proof of lemma 5.5 is that we can �nd a class ofstructures, a large number of which will fool a given deterministic polyno-mial time machine. It follows that there is no probabilistic polynomial timemachine which works on every structure in the class. This is easy in lemma5.5, because the only condition on our structures is that they be binaryfunctions.In general this will not be quite so easy, since we will want to �nd a largeclass of structures that all satisfy a particular theory. We do this by takingone structure that satis�es the theory and permuting it.De�nition 5.8 Suppose that a 2 N has been �xed. Let K = h[0; a); <; P; 0ibe the structure on the set f0; : : : ; a � 1g with the usual ordering relation,a one place \modulo predecessor" function P taking x + 1 to x and and 0to a � 1, and a constant symbol 0 for the least element. Let S be the setof all permutations of [0; a). For � 2 S, let K� = h[0; a); <�; P �; 0�i be Kpermuted by �. That is, x <� y if and only if �(x) < �(y), P �(x) = y if andonly if P (�(x)) = �(y) and 0� = ��1(0).For i 2 N we de�ne N�i , the i-neighbourhood of 0�, to be the set ofelements x of [0; a) from which we can reach 0� with i or fewer applicationsof the function P �. (So x 2 N�i if and only if �(x) 2 [0; i].)52



Theorem 5.9 There is no probabilistic polynomial time oracle machinewhich, for all a 2 N and all permutations � of [0; a), given input a andequipped with oracles for <� and P �, with probability at least 2=3 outputs theleast element 0� of the structure h[0; a); <�; P �; 0�i.Proof Suppose there is such a machine M with time bound jxjk. Choosea 2 N bigger than 4jaj2k and let t = jajk. For a sequence c 2 f0; 1gt, we willwrite Mc for the deterministic machine (essentially a branching program)which simulates M running with coin tosses c. The only part of Mc weconsider is a combined oracle query and oracle reply tape, which at step i ofthe computation will contain an element wi of [0; a). We allow Mc to do oneof three things at each step i+ 1:1. Write down some number wi+1 on the tape;2. Query [wi�1 <� wi?] and expect wi+1 to be 0 or 1 accordingly;3. Query [P �(wi) =?] and expect wi+1 to be the correct answer.Let C be the set f0; 1gt of possible coin tosses and S the set of permu-tations of [0; a). We are interested in the number of pairs (�; c) 2 S �C forwhich the machine Mc(<�; P �) succeeds, that is, outputs wt = 0� on inputa. Call a pair bad if at some step i in the computation of Mc(<�; P �) atleast one of the elements w1; : : : ; wi is in N�t�i, the (t � i)-neighbourhood of0�. All other pairs are good.Clearly the set of bad pairs contains all the pairs for which Mc(<�; P �)succeeds. By assumption, for each � the machine Mc(<�; P �) is successfulfor 2=3 of all coin tosses. Hence there are at least a! � 23 � 2t bad pairs.We will obtain a contradiction by showing that for each c 2 C, if wechoose a permutation � at random then (�; c) is good with high probability.Fix c and choose � step-by-step as follows. Set �0 = ?, and begin acomputation of Mc. Suppose that after step i in the computation �i is apartial permutation of [0; a), de�ned on w1; : : : ; wi (this list may containrepetitions) and nowhere else. To avoid a technical problem, we assume thatthe program always puts w1 = 0 and w2 = 1. The de�nition of �i+1 dependson the next action Mc takes. 53



1. If Mc writes down an element wi+1, do nothing if wi+1 has alreadyoccurred on the list. If wi+1 is new, choose y at random in [0; a)nran(�i)and let �i+1 = �i [ fhwi+1; yig.2. If [wi�1 <� wi?] is queried set wi+1 to be 0 or 1, depending on whether�i(wi�1) < �i(wi) or not. Let �i+1 = �i.3. If [P �(wi) =?] is queried, let y = P (�i(wi)). If y = �i(x) for somex, set wi+1 = x and let �i+1 = �i. Otherwise choose x at random in[0; a) n dom(�i), set wi+1 = x and let �i+1 = �i [ fhx; yig.After t steps the computation will have �nished; extend �t randomly to atotal permutation �.For each c, � chosen this way will be distributed uniformly in S, sincethere are a! di�erent sequences of random choices we could have used andeach one leads to a di�erent �. We claim that if � is so chosen then at the ithstep in a computation the probability that the computation has been \goodso far" is at least (1 � t=a)i. That is,Prob[8j6 i ; wj =2 N�t�i] > �1 � ta�i :This holds for i = 1, since �1(w1) is chosen at random from [0; a) and w1 2N�t�1 if and only if �1(w1) 2 [0; t]. Now suppose this holds for i, and considerthe di�erent things that can happen at the i + 1st step. Neither case 2 norcase 3 above can make a computation that has been good so far turn bad.In particular, if [P �(wi) =?] is queried and wi =2 N�t�i then wi+1 = P �(wi) =2N�t�i�1, by de�nition. If case 1 occurs, then the computation only turns bad ifa new wi+1 is written down and �(wi+1), chosen at random, is in [0; t� i�1].The probability that this does not happen is at least (1� t=a).Hence once we have �nished the computation and de�ned �, the proba-bility that the pair (�; c) is good is at least (1� t=a)t.We have shown that for each c, at least a! � (1 � t=a)t > 34a! permuta-tions � yield good pairs. Hence there are at most a! � 14 � 2t bad pairs, acontradiction. �Corollary 5.10 The theory S12(<0)+8xPHPxx2(PV(<0)) does not prove thatevery total order <0 has a least element on every interval [0; a).54



Proof Suppose8a ; (<0 is a total order on [0; a))! 9x<a8y<a (x 6= y ! x <0 y)is provable in the theory. If we introduce a Herbrand function p to replacethe universal quanti�er 8y , we have that8a ; (<0 is a total order on [0; a))! 9x<a (p(x) < a ^ x 6= p(x) ! x <0 p(x))is provable in the theory. This is a �b1(<0; p) formula, so by theorem 3.11 thereis a probabilistic polynomial timemachineM which will, when equipped withoracles for <0 and p and given an input a, �nd witnesses with high probability.However by theorem 5.9 we can �nd a number a 2 N and a structureh[0; a); <�; P �; 0�i in which the element 0� is the only witness to the formulaabove and the structure is such that M does not output 0� if only givenaccess to <� and P �. �The same proof will work for any language containing only constants,relations and one unary function symbol. It ought to be possible to generalizethe result and get something like the following:De�nition 5.11 Suppose a 2 N, and K = h[0; a); �r; �f; �ci is a structure witha �nite number of relations, functions and constants �r; �f ; �c. Let S be the setof all permutations of [0; a). For � 2 S we de�ne K�, the permutation ofK by �, to be the structure h[0; a); �r�; �f�; �c�i. Here, for each relation ri andtuple �x � [0; a), r�i (�x) if and only if ri(�(�x)). Similarly f�i (�x) = y if andonly if fi(�(�x)) = �(y), and c�i = ��1(ci).If �x; �y are tuples in [0; a), and t 2 N, we say that �y is derivable from �x bya circuit in K of size t if there is a sequence w1; : : : ; wt of elements of [0; a)which contains every element in the tuple �y and is such that every elementof �w is either an element of the tuple �x, or the interpretation of a constantin K, or follows from earlier elements in the sequence �w by a function in K.Open Problem 5.12 Suppose a 2 N, and K = h[0; a); �r; �f ; �ci is a structureas above. Let W be any set of tuples from [0; a), and for � 2 S let W � =55



f�x � [0; a) : �(�x) 2 Wg. Suppose for some t 2 N and some probability qthere is a probabilistic machine M which for any � 2 S, when run on inputK� for time t, outputs a member of W � with probability at least q. Show thatfor at least qat of the t-tuples �x in [0; a), some member of W is derivablefrom �x by a circuit in K of size t.
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6 Constructing unique end-extensionsWe show that if any version of WPHP fails between a and a2 in a model Kof S10 of the form [0; ajaj) then for any k 2 N there is an end-extension J ofK to a model of S10 of the form [0; ajajk) de�nable inside K (theorem 6.6).Furthermore J is the unique such end-extension, up to isomorphism over K.A consequence is that in a model of S12 in which WPHP fails, increasing theinterval our quanti�ers range over (up to a certain point) does not increasethe complexity of the �b1 sets we can de�ne (corollary 6.8). (In fact ourresults are slightly more general than this.)6.1 Categoricity, de�nability and codingDe�nition 6.1 (Gaifman; see [22], [23], [9]) A structure M is relativelycategorical over a de�nable subset P with respect to a theory T if M � T andfor every N � T , if there is an isomorphism between M �P and N �P thenthis can be extended to an isomorphism between M and N .We set out what it means for a structure to be de�ned inside a modelof bounded arithmetic. Recall that R is a theory of arithmetic with a topwithout induction; see de�nition 2.25.De�nition 6.2 If S and X � S are sets in a model K � R, then X is saidto be ��bj in S if both X and S nX are de�nable by ��bj formulas.De�nition 6.3 Let K � R. We say that a structure J (in our language) is��bj de�ned in K if there exist a ��bj subset S of K and relations =J , <J , �J ,+J and j jJ that are ��bj in S such that J consists of the domain S==J withthe relations induced by <J , �J , +J and j jJ . For a 2 K, we say that J isde�ned below a if S � [0; a).De�nition 6.4 If K is a model of R and J is ��bj de�ned in K, a ��bj functionfrom K to J is a function of the formx 7! fy 2 S : �(x; y)gfor a ��bj formula �, which maps elements of K to =J-equivalence classes.57



We show that if a model of Sj0 violates WPHP in the right way, thenwe can code very long sequences inside the model. We will go on in thenext section to make these sequences into our end-extension by de�ning theoperations of arithmetic on them.Lemma 6.5 Suppose K � Sj0 is of the form [0; a"), where a = 2� some � andK does not satisfy mPHPa2a (��bj). Then for any l 2 N there is a ��bj subset Sof [0; a) such that we can de�ne a ��bj coding relation hxii = y, which de�nesa function from S � "l to [0; a), but is not de�ned for x outside S. This canbe used to code any ��bj de�nable "l-length sequence of elements of [0; a) as anelement of S (possibly two elements of S will code the same sequence).Proof We will call elements of [0; a) \numerals", and use the coding func-tion xi to treat any element of K as a sequence of " numerals. Let r(x)and f(x; y) be the ��bj formulas violating mPHP. We �rst use lemma 3.6 toamplify f to a ��bj de�nable surjection g from s([0; a)) onto [0; a"), where sis also a ��bj formula. Furthermore, by the lemma if r([0; a)) = [0; a) thens([0; a)) = [0; a) and if f is 1-1 then g is.Thus we can encode an "-length sequence of numerals as a single elementof s([0; a)). To encode "l-length sequences, we use a complete "-ary tree of(standard) height l. We label the leaves of the tree with the sequence �1 : : : �"lwhich we want to encode, and then label the other nodes so that if a nodeis labelled w, then w 2 s and its children are labelled g(w)1 : : : g(w)". Wede�ne hxii = y to hold if, in the tree with x at the root, the leaf at the endof the path naturally given by i < "l (considered as an l-tuple in "� : : :� ")is labelled y. Let S(x) be the formula x < a ^ 816 i6"l9y<a hxii = y.To show formally that this is a coding relation with the required property,let �(i; y) be a ��bj formula, possibly with parameters, such that 816 i6"l9y<a�(i; y). We claim that we can �nd x 2 S encoding a sequence satisfying �,ie. 816 i6 "l �(i; hxii). This is done by considering, in turn, each level ofthe tree described in the previous paragraph and showing that each node onthat level has a suitable label.First look at the level immediately below the leaves. Let �0(i; y) be theformula stating that y is a suitable label for the ith node on this level:s(y) ^ 816k6" �((i� 1) � "+ k; g(y)k)58



(where g is our surjection s([0; a))� [0; a")). Since we can encode, using �rstcomprehension and then g�1, any ��bj de�nable "-length sequence of numeralsas a single element of s, we can show that all these nodes can be labelled,ie. 81 6 i 6 "l�1 9y < a�0(i; y). The formula �0(i; y) is still ��bj , so we canrepeat this step l � 1 times for all the lower levels in the tree to �nd y 2 S(there may be more than one such y) encoding a suitable "l-length sequencevia hyii. �6.2 The constructionNote that in the theorem below the restriction that a should be a powerof 2 can easily be dispensed with, since given K � Si0 of the form [0; b) wecan always construct a model of the form [0; b2) from the cartesian productK �K, and this model will certainly be determined up to isomorphism overK. So we can �nd a suitable power of 2 when we need one.We give this proof in a rather general form, but the most useful case isj = 1, k = 0, " = jaj.Theorem 6.6 Suppose j; k; l 2 N, j > 1, k > 0, l > 2. Let K be amodel of Sj+k0 of the form [0; a"), where a = 2� for some �. SupposeK � :mPHPa2a (��bj). Then1. K has an end extension to a model J of Sk+10 of the form [0; a"l).Furthermore this end extension is de�nable inside K below a in thesense of de�nition 6.3.2. If I is any end-extension of K to a model of Sj0 of the form [0; a"l), thenI is relatively categorical over K with respect to the theory Sj0+(a"l�1is the greatest element).Proof We will �rst construct J , and then show it is an end extension.Each element of J will be constructed in the natural way as a sequence ofnumerals of length "l. We use the coding function hxii and the set S givenby lemma 6.5, and the fact that we can de�ne addition and multiplicationnumeral-wise. 59



De�ne, for b; c in S,b =J c , 816 i6"l hbii = hcii;b <J c , 916 i6"l (hbii < hcii ^ 8i<t6"lhbit = hcit);(jbj = c)J , (b = 0 ^ c = 0) _ 916 i6"l ;hbii 6= 0 ^ c = � � (i� 1) + jhbiij ^ 8i<t6"lhbit = 0:These are ��bj in S because we only apply hxii to members of S, on which itbehaves like a function, so that we can negate the subformulas containing itwithout having to increase the quanti�er complexity. For example, to writethe de�nition of equality in J more fully, we haveb =J c , S(b) ^ S(c) ^ 816 i6"l9y hbii = y ^ hcii = yb 6=J c , S(b) ^ S(c) ^ 916 i6"l9y 9z hbii = y ^ hcii = z ^ y 6= z:To de�ne addition, �rst note that in S10 we can de�ne ��b1 modulo additionand carry functions A(x; y; z) and C(x; y; z) in K such that if x; y; z < a,then A(x; y; z); C(x; y; z) < a and x+ y + z = a � C(x; y; z) +A(x; y; z). Weadd our "l-length sequences numeral by numeral, and use a variable w toencode the sequence of numerals carried.De�ne, for c; d; e 2 S,(c+ d = e)J , 9w ; S(w) ^ [hwi1 = C(hci1; hdi1; 0)^ 81<i 6"lhwii = C(hcii; hdii; hwii�1)]^ [hei1 = A(hci1; hdi1; 0) ^ hwi" = 0^ 81<i 6"lheii = A(hcii; hdii; hwii�1)]:We can always �nd a w 2 S witnessing the �rst expression in square brackets,so we can de�ne the complement in S of this relation by putting a negationin front of the second expression in square brackets. Hence it is ��bj in S.Multiplication is de�ned in a similar way. We need to be able to encode(2"l+1)� ("l)2 matrices of numerals, and by lemma 6.5 there is a ��bj subsetT of [0; a) on which we can do this via a ��bj coding relation (x)ik = y, fori = 1; : : : ; ("l)2 and k = 1; : : : ; 2"l + 1. For any b; c 2 S, there are two suchmatrices �; � which encode the multiplication of b by c as follows (of course60



there may be more than one member of T coding each of these matrices).Each row of � contains the product of a numeral of b and a numeral of c,suitably o�set. In particular if hbikhcii = u + av, for some u; v < a, thenrow (i � 1)"l + k of � has u in the (i + k)th place, v in the (i + k + 1)stplace, and zero everywhere else. Each row i of � encodes the sum of rows1 to i of �. De�ne, for d 2 S, (b � c = d)J if for some � and � as above816k6"l hdik = (�)("l)2k and all the other entries in row ("l)2 of � are 0.This completes the construction of the model J = S==J . For x 2 S we willwrite [x] for the equivalence class of x under =J . To establish the BASIC0axioms, we �rst observe that by ��bj�LIND in K, <J is a total ordering onJ . Then consider the formula�(x; y), S(y) ^ 816 i6" hyii = xi ^ 8"<i6"l hyii = 0and the map� : x 7! fy 2 S : K � �(x; y)g:This is a map K ! J and the relations on S have been de�ned so that it isan isomorphism onto an initial segment of J . Hence J is an end-extension ofK. Standard methods now show that J � BASIC0.Let 
 = � � " and [
0] = �(
), so that the sharply bounded quanti�ersare precisely those that are bounded by some standard power of 
 (in K) orsome standard power of [
0] (in J).We claim that, for n > 0, for every ��bn+1 (or ��bn+1) formula �(�x), there isa ��bn+j (respectively ��bn+j) formula �J (�x) such that for all �b 2 S,J � �( �[b]), K � �J(�b): (i)and if � is sharply bounded then we can �nd both a ��bj formula ��J and a ��bjformula ��J satisfying (i).We prove the sharply bounded case �rst, by induction on the numberof quanti�ers in �. We know how to translate quanti�er free formulas intoformulas that are ��bj in S, and this is precisely the property that we require.Now suppose � is of the form 8y< [
0]m �(�x; y) for some m 2 N, where � is61



sharply bounded. Then for any �b 2 S, by the de�nition of the isomorphism�, J � �( �[b]) , 8i 2 K; i < 
m; J � �( �[b]; �(i)), 8i 2 K; i < 
m; 8c 2 �(i);K � ��J (�b; c), K � 8i<
m8x (S(x)^ �(i; x)! ��J (�b; x))where ��J is given by the induction hypothesis and is ��bj. Since the equiva-lence class �(i) is never empty, this is in turn equivalent toK � 8i<
m9x (S(x) ^ �(i; x) ^ ��J (�b; x))where ��J is given by the induction hypothesis and is ��bj. We deal similarlywith sharply bounded existential quanti�ers.For the remaining cases, sharply bounded quanti�ers are dealt with asabove. If � is of the form 9y �(�x; y), where � is a ��bn+1 formula for which wehave found a suitable ��bn+j translation �J , we haveJ � 9y �( �[b]; y) , J � �( �[b]; [c]) for some c 2 S, K � 9z (S(z) ^ �J(�b; z)):We treat ��bn+1 formulas in a similar way.To show that J satis�es ��bk+1�LIND, suppose � is a ��bk+1 formula andJ � �(0) ^ 8x< [
0]m (�(x)! �(x+ 1)):Then for the corresponding ��bj+k formula �J , writing �J(�(x)) for 9y (S(y)^�(x; y) ^ �J(y)),K � �J(�(0)) ^ 8x<
m (�J (�(x))! �J(�(x+ 1))):So by ��bj+k�LIND in K, K � �J(�(
m)) and hence J � �([
0]m).Finally, suppose I is an end-extension of K to a model of Sj0 of the form[0; a"l). Let J be the end-extension of K to a model of S10 given by theconstruction above if we take k = 0. We claim that I is isomorphic to J .We can use our ordinary coding function to consider any x 2 I as a sequencex1 : : : x"l of numerals in [0; a). For x; y 2 I, y 2 S, put�0(x; y), 816 i6"l hyii = xi; 62



meaning \y codes x". Just as in lemma 6.5, hxii can be used in I to encodeany ��bj de�nable "l-length sequence of numerals as an element of S, so inparticular, every element of I is coded by (at least one) element of S. Con-versely, by normal comprehension in I, every element of S codes an elementof I. Also all the elements in an =J equivalence class in S must code thesame element of I. Hence the map�0 : x 7! fy 2 S : I � �0(x; y)gis a bijection �0 : I $ J , and the de�nitions of the relations on S are set upprecisely so that it is an isomorphism. �Corollary 6.7 For i > 1, if K � Si0 is of the form [0; a#a) and de�nes a��b1 function violating either injective or surjective WPHP between a and a2,then K has an end-extension to a model M of Si2 in which #a is co�nal.Furthermore this end-extension is unique, in that for any model N of Si2with N �a#a isomorphic to K, this isomorphism extends to an isomorphismM �= N �#a.Corollary 6.8 For i > 1, let M be a model of Si2 in which either injective orsurjective WPHP fails between a and a2 for a ��b1 function with parameters in[0; a#a). Then every �bi subset of [0; a#a) de�nable in M with parametersfrom [0; a#a) (this is �bi without the bar, so we are allowing # to appear as afunction symbol in the bounds on quanti�ers) is ��bi de�nable inside M �a#a(that is, with all quanti�ers bounded by a#a).Proof Use the translation in the proof of theorem 6.6. �Hence if the weak pigeonhole principle fails in an initial segment we cannotde�ne more complex sets by increasing the range of our quanti�ers; all thecomplexity in the structure is already contained inside that initial segment.Another way of looking at this is that if the weak pigeonhole principlefails then we can do computations from the polynomial hierarchy in constantspace. However this is at the expense of introducing more sharply boundeduniversal quanti�ers, and so increasing the time taken (in some sense).The version of corollary 6.8 for I�0 leads naturally to a proof by diagonal-ization that the (parameter-free) �0 hierarchy does not collapse in a model63



in which WPHP fails [20]. See [18] for a discussion of the extent to which thetheory of an initial segmentM �b of a model of true arithmetic is determinedby M � a, for a < b, under various assumptions about the collapse of thelinear or polynomial time hierarchies.
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7 De�nable structuresWe look for a converse to the \de�nable end-extension" part of theorem 6.6.We show that if a model J of arithmetic with a top is de�nable inside a modelK of S10, where K is of the form [0; ajaj) and the domain of J is a subset ofthe interval [0; a), then either J is de�nably isomorphic to an initial segmentof K, or vice versa (theorem 7.4). If WPHP is true in K then it is the �rstof these that holds and the initial segment is unique; hence in models ofS12 +WPHP we can precisely count sets if they come with su�cient internalstructure (corollary 7.8). However, a precise converse of this part of theorem6.6 is impossible (see the remark after corollary 7.6).7.1 Constructing an isomorphismThe proof is in two steps. Lemmas 7.1, 7.2 and 7.3 show that if an initialsegment of J is isomorphic to an initial segment of K then we can extendthat isomorphism to one with an exponentially larger domain. Theorem 7.4then uses the extra room we have in K and the ability this gives us to codeshort sequences of elements of J to �nd an isomorphism with a small domainto start us o�.Lemma 7.1 Let K � S10 be of the form [0; a), and suppose J � R is ��b1de�nable in K (see de�nition 6.3). Suppose further that for some t 2 S andsome " < jaj there is a ��b1 isomorphism from K � " onto J � j[t]Jj. ThenJ � [t]J � S10 .Proof We claim that for each ��b1 formula �, there is a ��b1 formula �J suchthat for all �b 2 S,J � [t]J � �([�b]J), K � �J(�b):We prove this by induction on the quanti�er complexity of �. From thede�nition of ��b1-de�nability we know how to translate open formulas intoformulas that are ��b1 in S, which is precisely the property required, and wecan translate 9x �(�y; x) as 9x (S(x) ^ �J(�y; x)). Lastly, suppose � is of theform 8i < j[t]Jjn �(�y; i), for � a ��b1 formula and n 2 N. We extend our ��b165



isomorphismK �" �= J � j[t]Jj naturally to an isomorphismK �"n �= J � j[t]Jjn,given by a ��b1 formula � say, and de�ne�J(�y), 8i<"n9x (�(i; x)^ �J(�y; x)):To show that ��b1�LIND holds in J � [t]J, suppose � is a ��b1 formula, n 2 Nand j[t]Jjn exists in J . Let � be a ��b1 formula de�ning the isomorphism K �"n �= J � j[t]Jjn. We will write �J (�(i)) as shorthand for 9x (�(i; x) ^ �J(x)).SupposeJ � [t]J � �(0) ^ 8i< j[t]Jjn (�(i)! �(i+ 1)):ThenK � �J(�(0)) ^ 8i<"n (�J (�(i))! �J(�(i+ 1))):Hence K � �J(�("n)), so J � [t]J � �(j[t]Jjn). �Lemma 7.2 If J � S10 is ��b1 de�ned in K � S10, then the relations (x = 2i)Jand (bit(x; i) = 1)J are ��b1 in S.Proof The normal de�nitions of these relations do not use any sharplybounded universal quanti�ers (which would not in general translate intosharply bounded quanti�ers in K). So, if 0J is a representative of the 0element of J , we can put(x = 2i)J , S(x) ^ S(i) ^ 9y (S(y) ^ (y = i+ 1)J ^ (jxj = y)J)^9z (S(z) ^ (z + 1 = x)J ^ (jzj = i)J);(x 6= 2i)J , S(x) ^ S(i) ^ 9y ((y = 2i)J ^ :y =J x);(bit(x; i) = 1)J , S(x) ^ S(i) ^ 0J <J i ^ 9w 9y 9z (S(w) ^ S(y) ^ S(z)^(w = 2i�1)J ^ z <J w ^ (x = y � 2 � w + w + z)J);(bit(x; i) 6= 1)J , S(x) ^ S(i) ^ 0J <J i ^ 9w 9y 9z (S(w) ^ S(y) ^ S(z)^(w = 2i�1)J ^ z <J w ^ (x = y � 2 � w + z)J):These relations will have the correct properties because J � S10. �66



Lemma 7.3 Suppose K � S10 is of the form [0; a), J � R is ��b1 de�ned inK and for some n 2 N there is a ��b1 isomorphism between K � jaj(n) and aninitial segment of J (where j j(n) means a nesting of j js that is n levels deep).Then there is a ��b1 isomorphism, either from all of K onto an initial segmentof J , or from an initial segment of K onto all of J .Proof Let t be (a representative of) the <J -greatest element of J . Wewill inductively construct ��b1 isomorphisms with domains jaj(n�1); : : : ; jaj; astopping if at any point we reach t and exhaust J .For the inductive step, suppose that �(x; y) is a ��b1 formula giving anisomorphism from K � jaj(m) onto an initial segment of J .Let i < jaj(m) be greatest such that2i < jaj(m�1) ^ 9x9y ; S(x) ^ S(y) ^ �(i; x) ^ (jyj = x+ 1)Jand let r be some such y. Then J � j[r]J j � S10 (since it is isomorphic to aninitial segment of K) so by lemma 7.1, J � [r]J � S10 . So we can choose r sothat it is a power of 2 in J , and the equivalence class of r is the element ofJ corresponding to 2i in K. Hence 2i is the greatest power of 2 which existsin both K � jaj(m�1) and J (in some sense).De�ne �(x; y) asx < 2i ^ y <J r ^ S(y) ^816j6 i9z ; S(z) ^ �(j; z) ^ (bit(x; j) = 1$ (bit(y; z) = 1)J ):We claim that � : x 7! fy : �(x; y)g is an isomorphism from K � 2i ontoJ � [r]J.To show well-de�nedness, suppose y; y0 <J r with y 6=J y0. Then,since J � [r]J � S10, without loss of generality we have (bit(y; v) = 1)J and(bit(y0; v) 6= 1)J for some v such that J � 1 6 [v]J 6 j[r]J j. Since � de�nesan isomorphism, �(j; v) holds for some 1 6 j 6 i. Hence if for some x; x0we have [y]J = �(x) and [y0]J = �(x0), we must have bit(x; j) 6= bit(x0; j), sox 6= x0. We show that � is injective in a similar way.67



To show that � is de�ned on all of K �2i, let x < 2i and let �(j) be theformula 9y ; S(y) ^ 816k6 i9z ; S(z) ^ �(k; z)^[k 6 j ! (bit(x; k) = 1$ (bit(y; z) = 1)J )]^[j < k ! (bit(y; z) 6= 1)J ]expressing that some [y]J is the correct image of x up to its jth bit and theremaining bits are 0. Then �(0) holds, and if for any j < i we have that �(j)holds and is witnessed by y, we can �nd the element of J corresponding to2j and, depending on bit(x; j + 1), let y0 be either y or (y + 2j)J (this sumexists in J and is not too big, because J � [r]J � S10). Then y0 witnesses that�(j + 1) holds. Hence by ��b1�LIND in K, �(i) holds and the set �(x) is notempty. Similarly we use comprehension in K to show that � is a surjection.Finally, since we can de�ne all our relations bitwise, � is an isomorphism.To extend � to the rest of K � jaj(m�1), notice that by our choice of i either2i > jaj(m�1)=2 or J � [r]J > [t]J=2. So we map x > 2i to the setfy 2 S : 9z ; �(x� 2i; z) ^ (y = r + z)Jgif this is non-empty, which it will be until we reach the top element t of J . �Theorem 7.4 Suppose K � S10 is of the form [0; b), and a; a" 2 K where" > jbj(n) for some n 2 N. Suppose J � R is ��b1 de�ned in K below a. Thenthere is a ��b1 isomorphism, either from all of K onto an initial segment ofJ , or from an initial segment of K onto all of J .Proof Let �(i; w) be the formula8j; k; l6 i ; (wj + wk = wl)J $ j + k = l^ (wj � wk = wl)J $ j � k = l^ wj <J wk $ j < k^ (jwjj = wk)J $ jjj = k^ w0 =J 0J :Let i < " be greatest such that 9w6 ai �(i; w) and let t = wi. We musthave i > 1, since we can set w0 = 0J and w1 = 1J . Let �(x; y) be the formula68



S(y)^ y =J wx. We claim that � : x 7! fy : �(x; y)g is an isomorphism fromK � [0; i] onto J � [0; [t]J].It is su�cient to show that � is surjective. Suppose it is not, and forsome s 2 S we have s <J t and 8j6 i:�(j; s). Let j 6 i be greatest suchthat wj <J s. Then j < i and wj+1>Js. But J � [wj+1]J = [wj]J + 1, soJ � [wj+1]J = [sj]J and hence wj+1 =J s, a contradiction.If i < " � 1, then t must be the <J greatest element of J (otherwise wecould add an extra element to w). Hence we have constructed an isomorphismfrom an initial segment of K onto all of J .If i = " � 1, then we have an isomorphism from K � jbj(n) onto an initialsegment of J and can use lemma 7.3. �The next lemma has the consequence that if our de�ned structure J isisomorphic to an initial segment of K, then that initial segment is unique.Lemma 7.5 Suppose K � S10 and there is a ��b1 isomorphism � between K �aand K �b. Then � is the identity function and in particular a = b.Proof First notice that � must be the identity at least up to jaj, since oth-erwise there would be a least i 6 jaj for which �(i) 6= i, which is impossible.Now suppose x < a and �(x) = y. Then jyj 6 jbj = �(jaj) = jaj, and foreach i < jaj,(K �a � bit(x; i) = 1)$ (K �b � bit(y; �(i)) = 1)since � is an isomorphism. But �(i) = i for all such i. Hence x = y. �7.2 CorollariesCorollary 7.6 Suppose K � S10 is of the form [0; a"), for " = jaj(n) somen 2 N, and that K is isomorphic to a structure J that is ��b1 de�ned inK below a. Suppose further that K is not isomorphic to any proper initialsegment of K. Then there is a ��b1 formula � giving an isomorphism J �= K.Hence (multifunction) WPHP fails in K. In particular, if S (the set onwhich J is de�ned) is all of K � a, then � gives a surjection a� a"; if each=J equivalence class has precisely one member, then � gives an injectiona" ,!a. 69



We cannot do without the condition \K is not isomorphic to any properinitial segment of K" because otherwise we have the following counterex-ample. Let M be any countable nonstandard model of PA. By Friedman'stheorem, there exist a; b 2M with M �ajaj �=M �bjbj and ajaj < b. Hence thestructure de�ned inside M � b on the set [0; ajaj) by the normal relations isisomorphic to M �bjbj; but the weak pigeonhole principle does not fail in M .Corollary 7.7 If K � PAtop is of the form [0; a) and is not isomorphic toany proper initial segment of itself, then for all n 2 N no end-extension ofK to a model of PAtop of the form [0; ajaj(n)) is de�nable in K.Proof All the relevant results above go through if we use formulas of unre-stricted quanti�er complexity in the place of �b1 formulas. Then use the factthat I�0 + (ajaj(n)exists) proves PHPa2a (�0). �We can interpret theorem 7.4 and lemma 7.5 as saying that a ��b1 set ina model of S10 is either bigger than the model or has a unique precise size inthe model, provided of course that this set comes with lots of structure andthat we take counting statements to be about the existence of isomorphisms,rather than just bijections. In some ways this is a natural step, similar tomoving from cardinal to ordinal numbers by adding an ordering relation.We can use the weak pigeonhole principle to make sure that our de�nablestructures do not get too big, and in particular to keep them inside a modelof S12. We summarise this as: in a model of S12 satisfying WPHP we can pre-cisely count structured sets. We make this precise below, using the injectiveWPHP. There are similar results for surjective or multifunction WPHP.We will say that a �b1 set S is structured if it is bounded and there arerelations <S; j jS;+S; �S that are �b1 in S such that hS;<S ; j jS;+S; �Si � R.Corollary 7.8 Let M � S12 + 8xPHPx2x (�b1) and suppose S is a structured�b1 subset of M , with relations <S ; j jS ;+S; �S. Then there exists a uniqueb 2M for which there is a �b1 function f : hS;<S; j jS;+S; �Si �=M �b.Proof Suppose S is bounded by a. Notice that we are using �b1 sets here,where theorem 7.4 applies to ��b1 sets. However, since we are only interestedin subsets of [0; a) and the quanti�ers in a �b1 formula are bounded by terms,70



we can �nd b inM such that all of the sets considered are ��b1 de�nable insideM � b. Let c be greater than both b and ajaj. Let K = M � c, and applytheorem 7.4. If there is a ��b1 isomorphism from S onto an initial segment ofK, then we are done. If not, then there is a ��b1 isomorphism from K ontoan initial segment of S, and hence there is a �b1 injection c ,! a, violatingWPHP. �These results (except for corollary 7.7, where we have to be very carefulabout the classes of formulas for which induction holds in our end-extension)also hold in the relativized case. For example, we haveTheorem 7.9 Suppose hK;�i � S10(�) is of the form [0; b), and a; a" 2 Kwhere " > jbj(n) for some n 2 N. Suppose J � R is ��b1(�) de�ned in hK;�ibelow a. Then there is a ��b1(�) isomorphism, either from all of K (withoutthe �) onto an initial segment of J , or from an initial segment of K onto allof J .Corollary 7.10 Let � be a set f+�; ��; <�;j j�; 0�; 1�; 2�g of relation and con-stant symbols of the same form as but disjoint from our normal language ofarithmetic. Let R� and S1�0 be our normal theories re-written in this language.Then \every �nite model of R is a model of S10", or8a ; (h[0; a); �i � R�)! (h[0; a); �i � S1�0 );is provable in S12(�) + 8aPHPa2a (�b1(�)) but not in S22(�).Proof The independence from S22(�) follows from theorem 5.3 since thereis an in�nite model of R that is not a model of S10.Now suppose that in a model of S12(�) + 8aPHPa2a (�b1(�)) the structureJ = h[0; a); �i is a model of R�. Then by the relativized version of corollary7.6 J is de�nably isomorphic to an initial segment of M (in the normallanguage, without �). Hence J is a model of S1�0 . �This highlights one reason why it is di�cult to �nd relativized indepen-dence results for theories as strong as or stronger than S32(�). S32(�) provesWPHP(�b1(�)), so there is a class of sentences in the language of � (namely71



those of the form � � R ! �(�)) that are as hard to prove independentof S32(�) as their unrelativized versions are of S32 , since if such a sentence isfalse in the structure given by � it will also be false in an initial segment ofa model without �.Open Problem 7.11 Find the weakest theory that will work in the placeof R to give the results of this chapter. For example, is it su�cient if ourstructure J is only assumed to be a model of a universally axiomatized theoryof \discretely ordered abelian groups with a greatest element" in the languagef0; 1; e;<;+;�; bx2c; parityg (with some sort of modulo addition)? (In thiscase multiplication should be de�nable, in the model K � S12 in which J isde�ned, in terms of repeated doubling.)The techniques from chapter 5 may be of some help in proving a lowerbound, for the relativized case.
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8 Generalizing WPHPWe consider the consequences for a structure of the presence or absence ofa de�nable surjection from a subset P onto the whole structure. This is ageneralized version of the surjective WPHP. We use some tools from abstractmodel theory, but most of the interesting applications are to models of PAtopand hence, indirectly, to I�0. In the �rst section we look for converses to the\unique end-extension" part of theorem 6.6. This works for models of PAtop(corollary 8.3) and we obtain a partial converse for models of S10 (corollary8.7). In the second section we characterize WPHP in terms of the possiblecardinalities of initial segments of a model (corollary 8.13) and construct anuncountable model of S2 in which the polynomial size sets are precisely thecountable sets (corollary 8.14).8.1 CategoricityLemma 8.1 Let M be a recursively saturated structure with a de�nable sub-set P containing at least two elements 0, 1 which are named in the language.For any formula �(�y), if for all k 2 N there is no parameter free de�nablesurjection from P k onto �(M) [ f0g, then there is �c 2 �(M) such that �c isnot de�nable with parameters from P . The converse also holds.Proof Recursively enumerate all parameter free formulas as  1(�x; �y), 2(�x; �y); : : : where we assume �x has arity at most i in  i. Let �(�y) be thetype f�(�y)g [ fî6m 8�x � P \�y is not unique such that  i(�x; �y)" : m 2 NgSuppose � is not �nitely satis�able in M . Then there is a �nite sequence offormulas  1; : : : ;  m (where we now assume that each �x has arity m) suchthat for each �c satisfying �, there exist i 6 m and �d � P for which �c is uniquesuch that  i( �d; �c).De�ne a surjection f : P 2m! �(M) [ f0g as follows: given (a1; : : : ; am;d1; : : : ; dm) 2 P 2m, if for some i 6 m, a1 = : : : = ai = 0, ai+1 = : : : = am = 1and M � 9!�y �(�y)^ i( �d; �y) then map (�a; �d) to that unique �y; otherwise mapit to 0. This contradicts the assumption that there is no such surjection.73



Hence �, since it is recursive, is realized in M . Clearly any elementrealizing it is not de�nable from P .The converse direction is trivial. �Corollary 8.2 Let M be a recursively saturated model of PAtop of the form[0; b) and let a 2 M be such that ak < b for all k 2 N. Suppose M �PHPakb (�0), for every k 2 N. Then M is not relatively categorical over [0; a)with respect to Th(M).Proof Let K = K([0; a);M), the de�nable closure of M � a in M , whichis elementarily equivalent to M but omits the type \y is not de�nable from[0; a)". This type is realized in M , by lemma 8.1. So M and K are bothend-extensions of M �a, but are not isomorphic. �This is how the pigeonhole principle is typically used in the model theoryof arithmetic, see for example [10] or chapter IV of [8]. We can now writedown a characterization of the provability of WPHP in I�0:Corollary 8.3 I�0 ` 8xPHPxx2(�0) if and only if for every recursively sat-urated model M of PAtop of the form [0; b) and every a 2 M with aN < b,there is more than one end-extension of M �a to a model of PA of the form[0; b) (we assume b is de�nable from parameters in [0; a)).Hence for I�0 we have a neat model-theoretic characterization of WPHP,in terms of relative categoricity.With the ultimate goal of extending this to weaker theories and �ndinga converse of the part of theorem 6.6 that showed that failure of WPHPin a model of S12 implies relative categoricity, we give a proof of Gaifman'scoordinatization theorem, that (assumingWPHP) to get two di�erent modelswith the same restriction to P , we do not need de�nable Skolem functions,but only rigidity over P . In normal arithmetical situations we will alwayshave this, in a very strong sense.Lemma 8.4 Suppose in K � BASIC0 we can de�ne a parameter-free func-tion bit(x; i) and prove that no two numbers in K encode the same sequenceof bits. Then for any b 2 K, no two elements of K smaller than b share the74



same type over [0; jbj). Hence K �b is rigid over K � jbj, and by repeating theargument K �b is rigid over K � j : : : jbj : : : j, for any nesting of j js (see Kaye[10]).We prove a simple version of the coordinatization theorem that makesdirect use of this property that an element is uniquely given by its type.Lemma 8.5 Suppose M is a structure with a de�nable subset P such thatno two elements of M have the same type over P . Then the principal typesover P are realized in M by precisely the elements of M that are de�nablefrom P .Proof Suppose p(x) = tpM(c;P ) has a principal formula �(x) with param-eters from P . Then we must have 9!x�(x), or two elements ofM would havethe same type over P . Hence c is de�nable from P . �Theorem 8.6 (Gaifman [9]) Suppose M is a countable recursively satu-rated structure in a language with no function symbols and with a de�nablesubset P which contains all the elements named by constants. Suppose thatP contains at least two elements 0, 1 named in the language, that there isno parameter-free de�nable surjection from any standard power of P onto Mand that no two elements of M have the same type over P . Then there isN �M such that N �P �= M �P but this isomorphism cannot be extended toan isomorphism N �=M .Proof List the elements of P (M) as �r. By lemma 8.1 there is c 2 M notde�nable from �r, and by lemma 8.5 the type p(x) = tpM(c; �r) is not principal.The typeq(y) = fP (y)g [ fy 6= r : r 2 �rgis not principal either, since it is not realized inM . Hence there is a structure(N; �r) � (M; �r) omitting both p and q. Since (N; �r) omits q, N � P isisomorphic to M � P . Since (N; �r) omits p, this isomorphism cannot beextended to an isomorphism (N; �r) �= (M; �r). �75



Corollary 8.7 Let M be a countable recursively saturated model of S10 ofthe form [0; b), and let a 2 M be such that jbj < a, aN < b and M isrelatively categorical over [0; a) with respect to the complete theory of M .Then M � :PHPakb (f) for some k 2 N and some de�nable function f .This is not a very good converse to theorem 6.6, since it uses the com-plete theory of M and we cannot limit the quanti�er complexity of f . Theideal result would be something like: relative categoricity with respect to S10implies failure of surjective WPHP for a �b1 function. However it is not clearwhether this is attainable. It would mean that in S12 surjective WPHP(�b1)implies injective WPHP(�b1), and we showed in chapter 3 that if this weretrue for PV function symbols (rather than for �b1 formulas) then we couldcrack RSA.8.2 CardinalityThere are many combinatorial principles in arithmetic which are normallyproved by counting arguments, but which turn out only to need approximaterather than precise counting. There have been some successes in provingthese in S2 using the weak pigeonhole principle, which could be taken to saythat, as far as de�nable functions are concerned, n2 is bigger than n. See forexample Pudl�ak's proof of the Ramsey theorem [24] or the proof that thereare in�nitely many primes [21]. It would be nice to be able to characterize theapproximate counting available in bounded arithmetic and to give a uniformway of dealing with combinatorial proofs that make use of it.If there is no de�nable map from a onto b, one would sometimes like tosay that the \de�nable cardinality" of b is bigger than that of a; Kraj���cek hassuggested developing this idea into a theory of the de�nable combinatoricsof a structure [14], [16].We present a simple application of Vaught's two-cardinal theorem (see [9])to give a result in this direction, that in a countable, recursively saturatedmodel of a theory with Skolem functions (such as PA), we can choose anyde�nable set P and extend the model to one in which P is unchanged, hencestill countable, but every other de�nable set has greater cardinality than Pif and only if it has greater de�nable cardinality than any standard power of76



P . This may be of some use in formalizing approximate counting argumentsin S2, and leads to an interesting characterization of the polynomial size setsin models of S2.In our setting we can sharpen the two-cardinal theorem slightly, usingresplendence. First, however, we will use the normal version to prove asecond model-theoretic statement equivalent to the provability of WPHP inI�0.Theorem 8.8 I�0(�) ` 8xPHPxx2(�0(�)) if and only if for every countablemodel K of PAtop(�) of the form [0; b) and every a 2 K for which aN < bthere is some uncountable J � K in which J �a is countable.Proof For the forwards implication, extend K to a recursively saturatedstructure K 0, and let I be the de�nable closure of K 0 � a in K 0. Then as inthe previous section, I � K 0, I �a = K 0 �a but by WPHP, I � K 0 so we canapply the two-cardinal theorem to get J . For the other direction, if there isa de�nable surjection a�a2 then we can amplify it as in the proof of lemma3.6 to a surjection a�b. So J and J �a must have the same cardinality. �Lemma 8.9 (Resplendence [11]) Suppose M is a countable recursivelysaturated L-structure in a recursive language L, the language L0 is a re-cursive extension of L and T is a recursively axiomatized L0-theory. Then,if Th(M) + T is consistent, there is an expansion of M to L0 satisfying T .Lemma 8.10 Let L be a recursive language, �(x),  (x) be parameter freeL-formulas and M;N be countable L-structures such that M is recursivelysaturated, N � M , �(N) = �(M) and  (N) �  (M). Then there is M 0 �M such that �(M) = �(M 0),  (M) �  (M 0) and M �= M 0.Proof Let L+ = L [ fH; fg where f is a one-place function and H is aone-place predicate. Writing �H for the relativization of � to H, let T bethe following set of sentences:1. H is the range of f ;2. 8�x � H(�H(�x)$ �(�x)) for each L-formula �;77



3. 8�x (�(�x)$ �(f(�x))) for each atomic L-formula �;4. 8x (�(x)! H(x));5. 9x ( (x) ^ :H(x)).By the proof of Vaught's two-cardinal theorem (in [9]), there are struc-tures U; V with M � V such that U � V , �(U) = �(V ),  (U) �  (V ) andthere is an isomorphism V �= U . So we may expand V to an L+ structuresatisfying T by interpretingH as membership of U and f as the isomorphismV �= U .T is a recursive theory, and we have shown that Th(M)[T is consistent.Hence by lemma 8.9 we can expand M to an L+ structure satisfying T .So M is isomorphic to an elementary submodel M� of itself, with�(M�) = �(M) and  (M�) �  (M). By identifying M with M�, wecan �nd an elementary extension M 0 of M with the properties required. �Lemma 8.11 The union of a countable elementary chain fM
 : 
 < �g ofcountable, recursively saturated structures isomorphic to M0 is a countable,recursively saturated structure isomorphic to M0.Proof The union is recursively saturated and realizes the same types asM0. �Theorem 8.12 Let M be a countable, recursively saturated structure withde�nable Skolem functions in a recursive language. Let P be a de�nable sub-set of M containing at least two elements. Then we can �nd N � M suchthat P (N) = P (M) but the countable de�nable subsets �(N) of N (with pa-rameters from N) are precisely those for which there is a de�nable surjection(with parameters from N) from some standard power of P (N) onto �(N).Every other de�nable subset is uncountable.Proof By the existence of Skolem functions there are two de�nable ele-ments of P ; add names 0, 1 to the language for these. We will constructan elementary chain fM� : � < !1g, with M0 = M , of pairwise isomorphicstructures such that for all � < !1, P (M�) = P (M0) and for any formula�(x) with parameters fromM�, if there is no de�nable surjection inM� from78



any standard power of P onto �(M�) then �(M�+1) � �(M�). By lemma8.11 we can put M� = S�<�M� for � a limit.For the successor step, enumerate as �1(x); �2(x); : : : the formulas withparameters from M� for which there is no surjection (with parameters fromM�) from any standard power of P (M�) onto �i(M�), and for which �i(M�)is non-empty. Let �mi � M� be the tuple of parameters appearing in �i.Writing P for P (M�) = P (M0), let K1 := K(P [ �m1;M�) be the de�nableclosure of P [ �m1 inM�. There is no surjection with parameter �m1 from anystandard power of P onto �1(M�), so there is certainly no surjection onto�1(M�) [ f0g. Thus, temporarily adding �m1 to the language, by lemma 8.1there is c 2 �1(M�) not de�nable from P with parameter �m1; so c =2 K1.Now K1 �M�, P (K1) = P (M�) and �1(M�) � �1(K1) so by lemma 8.10there is M1� �M� with M1� �=M�, P (M1�) = P (M�) and �1(M1�) � �1(M�).Similarly, if we let K2 = K(P [ �m2;M�) then �2(M1�) � �2(K2) so we can�nd M2� � M1� with M2� �= M1� , P (M2�) = P (M�) and �2(M2�) � �2(M1�).Repeating this step for �3; �4; : : : gives an elementary chain M� � M1� �M2� � : : : and taking the union of the chain gives us, by lemma 8.11,M�+1 �=M� with the properties required.Let N = S�<!1 M�. Suppose �(x) is a formula with parameters �n � Nsuch that there is no surjection de�nable with parameters from N from anystandard power of P onto �(N). Suppose �n � M� for some � < !1. Thenfor each � 6 
 < !1, there is no surjection with parameters from M
 fromany standard power of P onto �(M
), by elementariness. So by construction�(M
+1) � �(M
). Hence �(N) is uncountable.Conversely, if there is a surjection from P k onto �(N), for k 2 N, then�(N) must be countable because P k is. �Corollary 8.13 If K is a countable, recursively saturated model of PAtop(�)of the form [0; b) containing an element a such that K � PHPakb (�0(�)) forevery k 2 N, then there is J � K with J �a = K �a but with J �c uncountablefor every c > aN.There are similar, rather stronger results for full Peano arithmetic in Parisand Mills [19], but these make heavy use of precise counting.79



One cannot in general repeat this increase in size more than once. Forsuppose we have a countable recursively saturated structure K � PAtop +8xPHPxx2(�0) of the form [0; b), with jbjN < b. We can �nd J � K ofcardinality @1 with J � jbj = K � jbj. If we could go on to �nd an elementaryextension I of J with cardinality @2 and with I � jbj = K � jbj, then this wouldimply a violation of the continuum hypothesis, since the function that takesan element of I to its set of non-zero bits is an injection from [0; b) into thepower set of [0; jbj).So if we could �nd a way of adding a predicate � to a model of PAtopwhich ensured either that we could not increase the cardinality of part of themodel in this way, or that, whenever we could increase the cardinality, wecould do so more than once, we would have gone some way towards showingthat WPHP(�) is independent of I�0(�).We give one more application of the two-cardinal theorem.Corollary 8.14 Suppose M is a countable model of S2, a 2 M and #a isco�nal in M . Then there exists an uncountable N ��1 M in which the codedsets are precisely the countable bounded �0 sets.Proof Let M 0 be a recursively saturated extension of M , so b > #a forsome b 2 M 0. Let B = M 0 � b, so B � PAtop and B is recursively saturated.Let C � B be given by theorem 8.12, taking P to be the de�nable set\x < jaj". Let N = C �#a.Note that for each k 2 N, M � 2jajk � N � 2jajk . Hence M ��0 N and ifN � 9x �( �m;x) for � a �0 formula and �m � M , we must have N � 9x <2jajk �( �m;x) for some k 2 N; so M � 9x < 2jajk �( �m;x). This shows thatM ��1 N .Now suppose S is a subset of N coded as a sequence (�)1; : : : ; (�)l forsome � 2 N . Then l < jajk for some k 2 N, and N � jajk is countable, so Smust be countable.Conversely, suppose that S � N � 2jajk is countable and is de�ned by a�0 formula �(x). Then S is also de�nable by � in C, so by the constructionof C there exist l 2 N and a de�nable function f such that f is a surjectionfrom jajl onto S. 80



Since S is bounded by 2jajk , we have that C � 8i< jajlf(i) < 2jajk . So bycomprehension in C, there is some � < 2jajk+l in C with C � 8i< jajl f(i) =(�)i. Thus C � 8x<2jajk ; �(x)$ 9i< jajl (�)i = x. This is a �0 formula, sois also true in N . Hence S is coded in N , by �. �
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