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The CDCL algorithm

Starting with a set of clauses, repeatedly
® Grow the trail (partial assignment) by decisions and unit
propagation
® When this falsifies a clause:

learn a new clause
backtrack, erasing part of the trail

® Stop when either:
the trail satisfies all clauses, or
we derive the empty clause.
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The CDCL algorithm

Starting with a set of clauses, repeatedly
® Grow the trail (partial assignment) by decisions and unit
propagation
® When this falsifies a clause:

learn a new clause
backtrack, erasing part of the trail

® Stop when either:
the trail satisfies all clauses, or
we derive the empty clause.

But also

® Frequently restart, throwing away the trail but keeping all
learnt clauses

® .. many other heuristics ...
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CDCL and resolution

Theorem
For an unsatisfiable CNF F,

length of the shortest run of CDCL on F
= (up to a polynomial)
length of the shortest resolution refutation of F.
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CDCL and resolution

Theorem
For an unsatisfiable CNF F,

length of the shortest run of CDCL on F
= (up to a polynomial)

length of the shortest resolution refutation of F.

CDCL here is given an oracle telling it the best decision to make,
rather than using the normal heuristics.

It restarts each time it learns a clause.

[Beame, Kautz, Sabharwal '04], [Pipatsrisawat, Darwiche '11]
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CDCL without restarts

Open problem
For an unsatisfiable CNF F,

length of the shortest run of CDCL on F without restarts
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length of the shortest resolution refutation of F ?
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CDCL without restarts

Open problem
For an unsatisfiable CNF F,

length of the shortest run of CDCL on F without restarts
= (up to a polynomial)

length of the shortest resolution refutation of F ?

This is a theoretical question.
Practically, restarts clearly help with SAT solving.

The answer is NO if CDCL uses some standard heuristics.
[Li, Fleming, Vinyals, Pitassi, Ganesh '20]
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Pool resolution / regRTL

We are interested in CDCL on unsatisfiable CNFs.

We model this by studying lengths of proofs in a proof system that
captures the behaviour of CDCL without restarts.
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Pool resolution / regRTL

We are interested in CDCL on unsatisfiable CNFs.

We model this by studying lengths of proofs in a proof system that
captures the behaviour of CDCL without restarts.

Original system: pool resolution [Van Gelder '05]

Equivalent: regRTL [Buss, Hoffmann, Johannsen '08]

“regular resolution trees with lemmas”

Open problem
Find an unsatisfiable CNF F with

® polynomial-length refutations in resolution

® only superpolynomial refutations in regRTL.
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Two basic definitions

A resolution proof is regular if, on every path through the proof,
there is no variable that is resolved twice.

DPLL (CDCL without clause learning) is “regular” —
we do not re-decide a variable that is already set on the trail.
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Two basic definitions

A resolution proof is regular if, on every path through the proof,
there is no variable that is resolved twice.

DPLL (CDCL without clause learning) is “regular” —
we do not re-decide a variable that is already set on the trail.

We will use the post-order <t on nodes in a tree T. If
® yisanodein T
® v is a node in the left subtree above u
® w is a node in the right subtree above u

then v <7 w <7 u.
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Regular Resolution Trees with Lemmas / regRTL

A regRTL refutation of a CNF F is a tree of clauses, such that
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A regRTL refutation of a CNF F is a tree of clauses, such that
® cach internal node is obtained by resolution from its parents
® the root is the empty clause
® it is regular

® at each leaf node u is either

» a clause from F, or

» a clause C that was derived earlier in the post-order
(i.e. at a node “to the left of” u)
C is called a lemma
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Regular Resolution Trees with Lemmas / regRTL

A regRTL refutation of a CNF F is a tree of clauses, such that
® cach internal node is obtained by resolution from its parents
® the root is the empty clause

® it is regular

at each leaf node u is either
» a clause from F, or
» a clause C that was derived earlier in the post-order
(i.e. at a node “to the left of” u)
C is called a lemma

What would restarts look like, in this system? (see board)
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Regular resolution vs regRTL

As propositional proof systems,

regular resolution < regRTL < resolution
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Regular resolution vs regRTL

As propositional proof systems,

regular resolution < regRTL < resolution

Our goal: find an unsatisfiable CNF F with
® polynomial-size refutations in resolution

® only superpolynomial-size refutations in regRTL.

Good candidate are CNFs already known to require
superpolynomial size in regular resolution.
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Past candidates

Three families which separate resolution from regular resolution:
® guarded graph tautologies
® Stone tautologies
® guarded pebbling tautologies

[Alekhnovich, Johannsen, Pitassi, Urquhart '07], [Urquhart '11]
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Past candidates

Three families which separate resolution from regular resolution:
® guarded graph tautologies
® Stone tautologies
® guarded pebbling tautologies

[Alekhnovich, Johannsen, Pitassi, Urquhart '07], [Urquhart '11]

All three have polynomial-size refutations in regRTL.

[Bonet, Buss '12], [Bonet, Buss, Johannsen '14],
[Buss, Kolodziejczyk '14]
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Our first candidate: I, ¢

lab.c is a CNF family resembling CPLS / OR-ified sink-of-dag
® has abc many G-variables and blog b many f-variables

® has resolution refutations of size O(ab?c)
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Our first candidate: I, ¢

lab.c is a CNF family resembling CPLS / OR-ified sink-of-dag
® has abc many G-variables and blog b many f-variables

® has resolution refutations of size O(ab?c)

® any polynomial-size resolution refutation has a path resolving
on f-variables at least a times

® thus it must be highly irregular, for blog b > a.

Proposition

[a,b,c has polynomial-size regRTL refutations.

So it does not give the separation we want.
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Our second candidate: @ 4

®p ¢, is constructed from ['4c p, o by identifying variables together.
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Our second candidate: @ 4

®p ¢, is constructed from ['4c p, o by identifying variables together.
® similar properties to I'ge - but only O(bcd) many variables
® polynomial-sized proofs (in the number of clauses)

o for suitable parameters, any such proof must contain paths of
exponential length (in the number of variables)

This is a supercritical trade-off. (See talks yesterday.)

Open problem

Show that ®; . 4 has no polynomial-size regRTL refutations.
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[4b,c — variables

Assume b is a power of 2.

Have variables G?, for each i,x,y € [a] x [b] x [c].
G° ... G,-C;l represents a binary string at grid location (i, x)

ixr
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[4b,c — variables

Assume b is a power of 2.

Have variables G, for each i, x,y € [a] x [b] x [c].
GO

ix

.. G,-C;l represents a binary string at grid location (i, x)
Have variables f(x); for x,i € [b] x [log b]
f-variables encode a single function f : [b] — [b]

f : x — the binary string f(x)o ... f(X)iogb—1

We write (f(x) = x’) for the conjunction expressing
“f(x)o-..f(x)iogb—1 equals the bits of x"

(For picture see board)
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1. =Gy for y € [c]

“the top-left string is all-zero”
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[ 3b,c — axioms

1. =Gy, for y € [c]

“the top-left string is all-zero”

2. (F(x) =x) A Gy =V, G,

for i <a—1, x,x' €[b] and y € []

“all-zero strings propagate from (i, x) to (i+1, f(x))"

3.V, 61, for x € [b]

“no string at the bottom is all-zero”

(For resolution and regRTL proofs see board)
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