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tWe bring together some fa
ts about the weak pigeonhole prin
iple(WPHP) from bounded arithmeti
, 
omplexity theory, 
ryptographyand abstra
t model theory. We 
hara
terize the models of arithmeti
in whi
h WPHP fails as those whi
h are determined by an initial seg-ment and prove a 
onditional separation result in bounded arithmeti
,that PV + (sharply bounded 
olle
tion for PV formulas) lies stri
tlybetween PV and S12 in strength, assuming that the 
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ation: primary 03H15, se
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iple is a 
olle
tive name for various statementsof the form: if you put a large number of letters into a small number ofpigeonholes, at least one pigeonhole will re
eive more than one letter. Theversion we will use most often will be the dual of this, and will have the form:there is no de�nable surje
tion from n onto n2, for all n. WPHP was �rststudied by Paris, Wilkie and Woods in [17℄ as part of a programme to developarithmeti
 without exponentiation. In parti
ular, it was shown that I�0 +WPHP is suÆ
ient to prove that the set of prime numbers is unbounded,�Resear
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and that WPHP itself is provable in I�0 + 8x (xjxj exists). The main openproblem in the area is whether WPHP is provable in I�0 (without the extraaxiom). Most of the re
ent work on WPHP has been in propositional proof
omplexity, rather than bounded arithmeti
, but the two are 
onne
ted; theproof in [17℄ 
an be translated into a short propositional proof of WPHP.Finding a proof in I�0 would 
orrespond to �nding a shorter propositionalproof.We 
hara
terize the weak pigeonhole prin
iple in terms of relative 
ate-gori
ity or 
ategori
ity over a predi
ate.De�nition 0.1 (Gaifman; see [18℄, [19℄, [6℄) A stru
ture M is relatively
ategori
al over a de�nable subset R with respe
t to a theory T if M � T andfor every N � T , if there is an isomorphism between M �R and N �R thenthis 
an be extended to an isomorphism between M and N .Noti
e that this de�nition only really makes sense in a relational language.Our main result is that failure of WPHP in a model of arithmeti
 is equivalentto relative 
ategori
ity over an initial segment. Of 
ourse what this meansdepends upon the models, theories and versions of WPHP 
onsidered. Theneatest results are in models of PAtop, a theory very like I�0, but in whi
hwe do not need to worry about whether formulas are bounded.The next se
tion 
ontains reminders of the basi
 de�nitions in boundedarithmeti
; more detailed treatments 
an be found in [2℄ and [9℄. Se
tion2 
ontains a useful method of amplifying surje
tions from a onto a2 to sur-je
tions from a onto anything, and similarly for inje
tions (lemma 2.1). Inse
tion 3 we de�ne a theory Si0 whi
h is, roughly speaking, the theory of ini-tial segments with a greatest element of models of Si2, and show that failureof WPHP for a �bi fun
tion in a model of Si0 implies relative 
ategori
ity overan initial segment with respe
t to Si0 (theorem 3.7), and that in a modelM ofSi2 in whi
h WPHP fails at a for a �b1 fun
tion, every subset of M �a#a thatis �bi de�nable in M is �bi de�nable inside M � a#a (
orollary 3.9). Se
tion4 looks at the di�eren
e in strength between the surje
tive and inje
tive ver-sions of WPHP for PV fun
tion symbols in S12 ; we 
an witness proofs usingsurje
tive WPHP with a probabilisti
 polynomial time ma
hine (lemma 4.2),but if we 
ould eÆ
iently witness inje
tive WPHP, then we 
ould 
ra
k RSA(lemma 4.5). This is used in se
tion 5, together with a slightly di�erent ap-pli
ation of the idea of relative 
ategori
ity from that in se
tion 3, to obtainour separation result (
orollary 5.4). 2



The �nal two se
tions are largely independent of the pre
eding ones. Theyrelate some old model theoreti
 theorems about relative 
ategori
ity, surje
-tive fun
tions and 
ardinality to the 
ase of bounded arithmeti
. These givesome 
onverses to our earlier results, in parti
ular that relative 
ategori
ity ofa model of S10 implies failure of WPHP for some de�nable fun
tion (
orollary6.7) and that if a model of PAtop satis�es WPHP, not even the 
ardinalityof the model is determined by its initial segments (theorem 7.1). We also
onstru
t an un
ountable model of S2 in whi
h the polynomial size sets arepre
isely the 
ountable bounded de�nable sets (
orollary 7.7). Most of themodel theory used here is in 
hapter 12 of [6℄.Some 
onventions about notation: throughout we will use Æ and " to standfor small nonstandard integers. We write sequen
es of numbers as x1; : : : ; xnrather than x0; : : : ; xn�1. If we are working in a stru
ture M , A is a subsetof M and r(x1; : : : ; xn) is a formula, then r(A) (or just r, if A is 
lear fromthe 
ontext) is the set f�x 2 An :M � r(�x)g.1 De�nitionsWe de�ne a language for arithmeti
 without fun
tion symbols. We use thisfor the reasons given above, to make it easy to work with substru
tures andwith stru
tures with a top element. Otherwise, the 
hoi
e of language andthe de�nition of the Si2 hierar
hy follow Buss [2℄.De�nition 1.1 LA is the language 
onsisting of 
onstant symbols 0; 1 andrelation symbols x < y, x = y + z, x = y � z and jxj = y.BASIC 0 is a set of axioms expressing that < is a dis
rete linear orderwith least element 0, that + and � de�ne partial fun
tions and j j a totalfun
tion, that the 
orre
t indu
tive properties hold (whenever the relevantoperations are de�ned), that asso
iativity, 
ommutativity, distributivity andthe relations between the operations and the ordering hold as expe
ted, andthat every number is either even or odd.A model of BASIC 0 is said to be of the form [0; e+1) if it has a greatestelement e. An element b of a model of BASIC 0 is identi�ed with the set ofstri
tly smaller elements.The length jxj of x is the number of digits in the binary expansion of x, sofor example 2i has length i+1 and 2i�1 has length i. There is one more sym-bol whi
h we will sometimes use, the smash fun
tion x#y. We would like this3



to have the property that 2i�j = 2i#2j, so we de�ne it as x#y = 2jx�1j�jy�1j.A useful pie
e of notation is #a for the 
ut Sfa; a#a; a#(a#a); : : :g = 2jajN(when it exists).Unfortunately the standard de�nition of �bi formulas only makes sense if+, �, j j and # are fun
tion symbols. However in the relevant theories theywill always de�ne fun
tions, so we will avoid the issue and pretend that theyare fun
tion symbols when ne
essary.De�nition 1.21. A formula is �0 if all of its quanti�ers appear bounded, that is, in theform 8x6y or 9x6y . In a model with a top element we will 
onsiderevery formula to be �0.2. (Assuming +; �; j j;# are fun
tion symbols) A formula is sharply bounded,or �b0, if all of its quanti�ers are bounded by terms of the form jtj. Aformula is �bi if it 
ontains sharply bounded quanti�ers, whi
h we donot 
ount, and i � 1 quanti�er alternations of quanti�ers bounded byterms in +, � and #, beginning with an existential quanti�er. The �biformulas are de�ned similarly.3. I�0 = BASIC 0 + (+ and � are total fun
tions) + (indu
tion for all �0formulas).4. S2 = I�0 + (# is a total fun
tion).5. Si2 = BASIC 0+(+, � and # are total fun
tions )+�bi �LIND, where�bi � LIND is the length indu
tion axiom8�
8a ; �(�
; 0) ^ 8x< jaj (�(�
; x)! �(�
; x + 1))! �(�
; a)for every �bi formula �.6. PAtop = BASIC 0 + (there is a greatest element) + (the least numberprin
iple for all formulas).7. To de�ne the theory Si2(�), we add a new predi
ate symbol � to thelanguage and de�ne the �bi(�) formulas in the same way as we did the�bi formulas, ex
ept that we now allow � to o

ur. ThenSi2(�) = BASIC 0 + �bi(�)� LIND:PAtop(�), I�0(�) and S2(�) are de�ned similarly.4



Given a model ofK � PAtop of the form [0; a), we 
an 
onstru
t a (unique)end-extension of K to a model of PAtop of the form [0; a2) by de�ning natural+ and � relations on K � K. Repeating this 
onstru
tion 
ountably manytimes, we getLemma 1.3 Any model of PAtop has an end-extension to a model of I�0.Hen
e PAtop and I�0 prove the same �1 senten
es.�In parti
ular, I�0 proves WPHP(�0) if and only if PAtop does. This lemmais proved in [5℄, where it is attributed indire
tly to Paris.We will also use a theory PV (stri
tly speaking the theory PV1 de�ned in[2℄ or [9℄), whi
h is an axiomatization of the polynomial time fun
tions. Thepolynomial time fun
tions 
an be de�ned as the 
losure under 
omposition,renaming of variables and \limited re
ursion on notation" of 
ertain basi
fun
tions. De�ne PV by taking a fun
tion symbol for every su
h fun
tionand a set of universal axioms saying that ea
h fun
tion is built up fromthe basi
 fun
tions in the way des
ribed above. PV 
an be 
onsidered as asubtheory of S12 , if we add all these new symbols to the language of S12 .Most of the interest in the hierar
hy Si2 
omes from the following theorem.Theorem 1.4 (Buss [2℄) If i > 1, � is a �bi formula and Si2 ` 8x 9y �(x; y),then there is a fun
tion f at level i in the polynomial hierar
hy su
h that8x �(x; f(x)) is provable in Si2 (in fa
t in a weaker theory). In parti
ular,the �b1 fun
tions whi
h are provably total in S12 are pre
isely the polynomialtime fun
tions. �De�nition 1.5 In a model M of BASIC 0, for a; b 2 M , a < b, and fa de�nable fun
tion, the inje
tive PHP, written PHP ba(f), says that f isnot an inje
tion b ,! a. The surje
tive PHP, written PHPab(f), says that fis not a surje
tion a� b. If � is a 
lass of fun
tions, PHP(�) is the setfPHP(f) : f 2 �g.By the weak pigeonhole prin
iple, WPHP, we mean one of the above inthe 
ase b > a2. The parti
ular meaning should be 
lear from the 
ontext.Possible �s 
onsidered will be: polynomial time fun
tions in models of PV orS12 , �bi fun
tions in models of Si2 and �0 fun
tions in models of I�0 or PAtop.
5



2 Ampli�
ationLemma 2.1 Suppose M � Si2, a; b; 
 2 M , a < b and f is a �bi de�nableinje
tion a2 ,! a with a parameter 
. Then there is a �bi de�nable inje
tionF : b ,!a with parameters a; b; 
. Similarly a �bi surje
tion g : a�a2 
an beampli�ed to G : a�b.Proof. Consider f as an inje
tion a � a ,! a. The fun
tion F is givenby the following algorithm. Let d be least su
h that d > b and d = aÆfor some Æ (where Æ is an integer in the stru
ture). Thus d is �b1 de�nablefrom a and b. Consider the binary tree 
onsisting of 2Æ + 1 nodes labelledw1; : : : ; wÆ+1; x1; : : : ; xÆ. w1 is the root (at the bottom), and for ea
h i 6 Æ,wi has a left-hand 
hild xi and a right-hand 
hild wi+1. No other nodes haveany 
hildren. For x < d, 
onsider x as a sequen
e of Æ numerals xi < a,so that x =PÆi=1 xiai�1. Give ea
h node xi its 
orresponding value and setwÆ+1 = 0. If f : a2 ,! a, for ea
h i 6 Æ (working down from the top) putwi = f(xi; wi+1). F is the fun
tion taking x to w1.Formally, F (x) = y if and only if9w<d ; w1 = y ^ wÆ+1 = 0 ^ 816 i6Æ (f(xi; wi+1) = wi):Indu
tion up the tree shows that F is an inje
tion d,!a.The surje
tive 
ase is similar: if g : a � a � a has proje
tions g1,g2then x = G(y) is 
omputed by setting w1 = y and for ea
h i 6 Æ puttingxi = g1(wi) and wi+1 = g2(wi), this time working up from the bottom.Indu
tion shows that G is a surje
tion a�d. �Noti
e that the only part of the model used in this proof is the initialsegment up to max(d; 
); in parti
ular, all quanti�
ation 
an be done overthis initial segment.Corollary 2.2 Suppose M � PV, a; b; 
 2 M , a < b and f is a PV fun
-tion symbol su
h that f(
; x) is an inje
tion a2 ,!a (x here is a pla
eholder).Then there is a PV fun
tion symbol F su
h that F (
; b; a; x) is an inje
tionb ,!a. If in addition M � S12 , then a PV surje
tion g : a�a2 
an similarlybe ampli�ed to a surje
tion G : a�b.Proof. In lemma 2.1, if the fun
tion f is polynomial time then so is thefun
tion F . The same holds for g and G. The senten
e expressing that F isan inje
tion whenever f is, namely8
 8b 8a<b 8x1<x2 <b(F (x1) 6= F (x2) _ 9y1<y2 <a2(f(y1) = f(y2)));6



is 8� b1, and is provable in S12 by the lemma, so will be provable in PV bythe 
onservativity of PV over S12 [9℄. The senten
e expressing that G is asurje
tion whenever g is has higher quanti�er 
omplexity, so we 
annot usethis 
onservativity result here and need the extra assumption thatM � S12 . �Let u(e; x; 
) be the universal PV fun
tion symbol, whi
h 
al
ulates theoutput of the Turing ma
hine with 
ode e run on input x for time j
j.Lemma 2.3 The theories surje
tive WPHP(PV) with parameters,8a 8e 8
PHPaa2(u(e; x; 
))and surje
tive WPHP(PV) without parameters,f8aPHPaa2(f(x)) : f a PV fun
tion symbolgare equivalent over S12 .Proof. One dire
tion is trivial; for the other, suppose M � S12 , a; e; 
 2 Mand u(e; x; 
) is a surje
tion a�a2. Find d > e; 
; a. By 
orollary 2.2, thereis a PV fun
tion symbol G su
h that G(d�1; e; 
; a; x) is a surje
tion a�d10(G has to 
al
ulate from d � 1 the parameter d10 needed for the lemma).Sin
e d � 1; e; 
; a < d, G(x1; : : : ; x5) is a parameter-free surje
tion from d5onto d10. �3 Building end-extensionsTheorem 3.1 (Paris, Wilkie, Woods [17℄) If K � PAtop is of the form[0; a") for a; " 2 K , and K de�nes a fun
tion f whi
h is a surje
tion a�a",then K has an end-extension to J � PAtop of the form [0; a2"). �In this se
tion we de�ne a hierar
hy of theories Si0 that bear a similarrelationship to the Si2 hierar
hy as PAtop does to I�0, and show that a similarresult to theorem 3.1 holds in Si0, although with a smaller in
rease in size.We observe that the 
onstru
tion used in the proof of this theorem showsthat any su
h end-extension of K is de�nable inside K, and so is determinedby K.The proof of theorem 3.1 is essentially an ampli�
ation of f to a sur-je
tion a�a2" , and is similar to the ampli�
ation of pseudorandom number7



generators to pseudorandom fun
tion generators using a 
omplete binary tree(see, for example [4℄). The ampli�
ation result above, and the 
onstru
tionbelow, are based on a similar idea. However they use less indu
tion than the
onstru
tion in [17℄ and are only able to use one \bran
h" of a binary tree.This is why the in
rease in size below is from a" to a"2, rather than to a2" .Noti
e that our ampli�
ation 
onstru
tion above is similar to the one usedto polynomially in
rease the stret
hing fa
tor of a pseudorandom numbergenerator.De�nition 3.2 Si0 is the theory BASIC 0+ (there is a greatest element b)+(jbjk exists for all k 2 N) together with the length indu
tion axiom8�
 ; �(�
; 0) ^ 8x< jbjk (�(�
; x)! �(�
; x+ 1))! �(�
; jbjk)for every �bi formula � and every k 2 N.Here we abuse notation slightly and alter the de�nition of a �bi formulain the natural way.De�nition 3.3 A formula is �bi if it 
ontains i � 1 quanti�er alternationsbeginning with an existential quanti�er (we do not need to insist on boundedquanti�ers, sin
e we have a greatest element) and ignoring sharply boundedquanti�ers, whi
h will now also in
lude those of the form 8x< jyjk or 9x<jyjk , for any k 2 N.If S and X � S are sets in a stru
ture, X is said to be �bi in S if bothX and S nX are de�nable by �bi formulas.So a typi
al model of Si0 is an initial segment M �a of a model M of Si2in whi
h a is not a length.Lemma 3.4 In S10 we 
an de�ne a fun
tion bit(x; i) for the i-th bit of x.Using this, for any K � S10 , if a 2 K is a power of 2 then we 
an de�ne a�b1 
oding fun
tion xi for the ith numeral in the a-ary expansion of x. Themost signi�
ant bits or numerals will 
ome last.Proof. Using the j j relation we 
an de�ne a limited amount of exponenti-ation and de�ne the fun
tion bit(x; i) in the normal way in terms of powersof 2. Its properties 
an be proved as in [2℄, using indu
tion and our axiomthat every number is either even or odd. �8



We de�ne a prin
iple mPHPa2a , \multifun
tionWPHP", whi
h states thatthere is no (single-valued) fun
tion with domain a subset of a and range all ofa2. So if a fun
tion f : a!a2 violates surje
tive WPHP, then it also violatesmPHP; if a fun
tion f : a2!a violates inje
tive WPHP, then the inverse off is a surje
tion from the range of f onto a2 and thus violates mPHP. Thereason for the name is that mPHP is equivalent to the statement: there is noinje
tive many-valued fun
tion from a2 into a. This last form is the versionof WPHP of whi
h a T 22 proof is given in [13℄.De�nition 3.5 We say that mPHPa2a (�) holds if there is no pair of formulasr(x) and f(x; y) in the 
lass � with parameters in [0; a) su
h that f is asurje
tion from r([0; a)) onto [0; a2). That is, it holds if:[8y<a2 9x<a (r(x) ^ f(x; y)) ^ 8x<a (r(x)! 9!y<a2 f(x; y))℄holds for all su
h r,f .Lemma 3.6 Suppose K � Sj0 is of the form [0; a"), where a = 2� some � andK does not satisfy mPHPa2a (�bj). Then for any l 2 N there is a �bj subset Sof [0; a) su
h that we 
an de�ne a �bj 
oding relation hxii = y, whi
h de�nesa fun
tion from S � "l to [0; a), but is not de�ned for x outside S. This 
anbe used to 
ode any �bj de�nable "l-length sequen
e of elements of [0; a) as anelement of S (possibly two elements of S will 
ode the same sequen
e).Proof. We will 
all elements of [0; a) \numerals", and use the fun
tion xito treat any element of K as a sequen
e of " numerals. Let r(x) and f(x; y)be the �bj formulas violating mPHP. We �rst amplify f to a fun
tion g withrange a" rather than a2. We use the same 
onstru
tion as lemma 2.1. De�neg(x; y) , 9w ;w1 = x ^ 816 i <"(r(wi) ^ f(wi; (yi; wi+1)))^r(w") ^ f(w"; (y"; 0))and s(x), x < a ^ 9y<a" g(x; y):Then g and s are �bj and by indu
tion g is a surje
tion from s([0; a)) onto[0; a"). Furthermore, if r([0; a)) = [0; a) then s([0; a)) = [0; a) and if f is 1-1then g is. 9



Thus we 
an en
ode an "-length sequen
e of numerals as a single elementof s([0; a)). To en
ode "l-length sequen
es, we use a 
omplete "-ary tree of(standard) height l. We label the leaves of the tree with the sequen
e �1 : : : �"lwhi
h we want to en
ode, and then label the other nodes so that if a nodeis labelled w, then w 2 s and its 
hildren are labelled g(w)1 : : : g(w)". Wede�ne hxii = y to hold if, in the tree with x at the root, the leaf at the endof the path naturally given by i < "l (
onsidered as an l-tuple in "� : : :� ")is labelled y. Let S(x) be the formula x < a ^ 816 i6"l 9y<a hxii = y.To show formally that this is a 
oding relation with the required property,let �(i; y) be a �bj formula, possibly with parameters, su
h that 816 i6"l 9y<a�(i; y). We 
laim that we 
an �nd x 2 S en
oding a sequen
e satisfying �,ie. 816 i6 "l �(i; hxii). This is done by 
onsidering, in turn, ea
h level ofthe tree des
ribed in the previous paragraph and showing that ea
h node onthat level has a suitable label.First look at the level immediately below the leaves. Let �0(i; y) be theformula stating that y is a suitable label for the ith node on this level:s(y) ^ 816k6" �((i� 1) � "+ k; g(y)k)(where g is our surje
tion s([0; a))� [0; a")). Sin
e we 
an en
ode, using �rst
omprehension and then g, any �bj de�nable "-length sequen
e of numeralsas a single element of s, we 
an show that all these nodes 
an be labelled,ie. 81 6 i 6 "l�1 9y < a�0(i; y). The formula �0(i; y) is still �bj, so we 
anrepeat this step l � 1 times for all the lower levels in the tree to �nd y 2 S(there may be more than one su
h y) en
oding a suitable "l-length sequen
evia hyii. �Note that in the theorem below the restri
tion that a should be a powerof 2 
an easily be dispensed with, sin
e given K � Si0 of the form [0; b) we
an always 
onstru
t a model of the form [0; b2) from the 
artesian produ
tK �K, and this model will 
ertainly be determined up to isomorphism overK. So we 
an �nd a suitable power of 2 when we need one.Theorem 3.7 Suppose j; k; l 2 N, j > 1, k > 0, l > 2. Let K be amodel of Sj+k0 of the form [0; a"), where a = 2� for some �. SupposeK � :mPHPa2a (�bj). Then1. K has an end extension to a model J of Sk+10 of the form [0; a"l).Furthermore this end extension is de�nable inside K, in the sense that10



there is a �bj subset S of [0; a) on whi
h we 
an de�ne relations =J ,<J, +J , �J and j jJ whi
h are �bj in S su
h that =J is an equivalen
erelation on S and J is the stru
ture S==J with the relations indu
ed by<J, +J , �J and j jJ ;2. If I is any end-extension of K to a model of Sj0 of the form [0; a"l), thenI is relatively 
ategori
al over K with respe
t to the theory Sj0+(a"l�1is the greatest element).(The most useful 
ase is j = 1, k = 0.)Proof. We will �rst 
onstru
t J , and then show it is an end extension.Ea
h element of J will be 
onstru
ted in the natural way as a sequen
e ofnumerals of length "l. We use the 
oding fun
tion hxii and the set S givenby lemma 3.6, and the fa
t that we 
an de�ne addition and multipli
ationnumeral-wise.De�ne, for b; 
 in S,b =J 
 , 816 i6"l hbii = h
ii;b <J 
 , 916 i6"l (hbii < h
ii ^ 8i<t 6"lhbit = h
it);(jbj = 
)J , (b = 0 ^ 
 = 0) _ 916 i6"l ;hbii 6= 0 ^ 
 = � � (i� 1) + jhbiij ^ 8i<t 6"lhbit = 0:These are �bj in S be
ause we only apply hxii to members of S, on whi
h itbehaves like a fun
tion, so that we 
an negate the subformulas 
ontaining itwithout having to in
rease the quanti�er 
omplexity. For example, to writethe de�nition of equality in J more fully, we haveb =J 
 , S(b) ^ S(
) ^ 816 i6"l 9y hbii = y ^ h
ii = yb 6=J 
 , S(b) ^ S(
) ^ 916 i6"l 9y 9z hbii = y ^ h
ii = z ^ y 6= z:For addition, �rst note that in S10 we 
an de�ne �b1 modulo addition and
arry fun
tions A(x; y; z) and C(x; y; z) in K su
h that if x; y; z < a, thenA(x; y; z); C(x; y; z) < a and x + y + z = a � C(x; y; z) + A(x; y; z). We addour "l-length sequen
es numeral by numeral, and use a variable w to en
odethe sequen
e of numerals 
arried.De�ne, for 
; d; e 2 S,(
+ d = e)J , 9w ; S(w) ^ [hwi1 = C(h
i1; hdi1; 0)11



^ 81<i 6"lhwii = C(h
ii; hdii; hwii�1)℄^ [hei1 = A(h
i1; hdi1; 0) ^ hwi" = 0^ 81<i 6"lheii = A(h
ii; hdii; hwii�1)℄:We 
an always �nd a w 2 S witnessing the �rst expression in square bra
kets,so we 
an de�ne the 
omplement in S of this relation by putting a negationin front of the se
ond expression in square bra
kets. Hen
e it is �bj in S.Multipli
ation is de�ned in a similar way. We need to be able to en
ode(2"l+1)� ("l)2 matri
es of numerals, and by lemma 3.6 there is a �bj subsetT of [0; a) on whi
h we 
an do this via a �bj 
oding relation (x)ik = y, fori = 1; : : : ; ("l)2 and k = 1; : : : ; 2"l + 1. For any b; 
 2 S, there are two su
hmatri
es �; � whi
h en
ode the multipli
ation of b by 
 as follows (of 
oursethere may be more than one member of T 
oding ea
h of these matri
es).Ea
h row of � 
ontains the produ
t of a numeral of b and a numeral of 
,suitably o�set. In parti
ular if hbikh
ii = u + av, for some u; v < a, thenrow (i � 1)"l + k of � has u in the (i + k)th pla
e, v in the (i + k + 1)stpla
e, and zero everywhere else. Ea
h row i of � en
odes the sum of rows1 to i of �. De�ne, for d 2 S, (b � 
 = d)J if for some � and � as above816k6"l h
ik = (�)("l)2k and all the other entries in row ("l)2 of � are 0.This 
ompletes the 
onstru
tion of the model J = S==J . For x 2 S we willwrite [x℄ for the equivalen
e 
lass of x under =J . To establish the BASIC 0axioms, we �rst observe that by �bj �LIND in K, <J is a total ordering onJ . Then 
onsider the formula�(x; y), S(y) ^ 816 i6" hyii = xi ^ 8"<i 6"l hyii = 0and the map� : x 7! fy 2 S : K � �(x; y)g:This is a map K ! J and the relations on S have been de�ned so that it isan isomorphism onto an initial segment of J . Hen
e J is an end-extension ofK. Standard methods now show that J � BASIC 0.Let 
 = � � " and [
0℄ = �(
), so that the sharply bounded quanti�ersare pre
isely those that are bounded by some standard power of 
 (in K) orsome standard power of [
0℄ (in J).We 
laim that, for n > 0, for every �bn+1 (or �bn+1) formula �(�x), there isa �bn+j (respe
tively �bn+j) formula �J(�x) su
h that for all �b 2 S,J � �( �[b℄), K � �J(�b): (i)12



and if � is sharply bounded then we 
an �nd both a �bj formula ��J and a �bjformula ��J satisfying (i).We prove the last 
ase �rst, by indu
tion on the number of quanti�ers in�. We know how to translate quanti�er free formulas into formulas that are�bj in S, and this is pre
isely the property that we require. Now suppose � isof the form 8y< [
0℄m �(�x; y) for some m 2 N , where � is sharply bounded.Then for any �b 2 S, by the de�nition of the isomorphism �,J � �( �[b℄) , 8i 2 K; i < 
m; J � �( �[b℄; �(i)), 8i 2 K; i < 
m; 8
 2 �(i); K � ��J (�b; 
), K � 8i<
m 8x (S(x) ^ �(i; x)! ��J (�b; x))where ��J is given by the indu
tion hypothesis and is �bj. Sin
e the equiva-len
e 
lass �(i) is never empty, this is in turn equivalent toK � 8i<
m 9x (S(x) ^ �(i; x) ^ ��J (�b; x))where ��J is given by the indu
tion hypothesis and is �bj. We deal similarlywith sharply bounded existential quanti�ers.For the remaining 
ases, sharply bounded quanti�ers are dealt with asabove. If � is of the form 9y �(�x; y), where � is a �bn+1 formula for whi
h wehave found a suitable �bn+j translation �J , we haveJ � 9y �( �[b℄; y) , J � �( �[b℄; [
℄) for some 
 2 S, K � 9z (S(z) ^ �J(�b; z)):We treat �bn+1 formulas in a similar way.To show that J satis�es �bk+1 � LIND, suppose � is a �bk+1 formula andJ � �(0) ^ 8x< [
0℄m (�(x)! �(x + 1)):Then for the 
orresponding �bj+k formula �J , if we write �J(�(x)) for 9y (S(y)^�(x; y) ^ �J(y)),K � �J(�(0)) ^ 8x<
m (�J(�(x))! �J(�(x+ 1))):So by �bj+k � LIND in K, K � �J(�(
m)) and hen
e J � �([
0℄m).Finally, suppose I is an end-extension of K to a model of Sj0 of the form[0; a"l). Let J be the end-extension of K to a model of S10 given by the
onstru
tion above if we take k = 0. We 
laim that I is isomorphi
 to J .13



We 
an use our ordinary 
oding fun
tion to 
onsider any x 2 I as a sequen
ex1 : : : x"l of numerals in [0; a). For x; y 2 I, y 2 S, put�0(x; y), 816 i 6"l hyii = xi;meaning \y 
odes x". Just as in lemma 3.6, hxii 
an be used in I to en
odeany �bj de�nable "l-length sequen
e of numerals as an element of S, so inparti
ular, every element of I is 
oded by (at least one) element of S. Con-versely, by normal 
omprehension in I, every element of S 
odes an elementof I. Also all the elements in an =J equivalen
e 
lass in S must 
ode thesame element of I. Hen
e the map�0 : x 7! fy 2 S : I � �0(x; y)gis a bije
tion �0 : I $ J , and the de�nitions of the relations on S are set uppre
isely so that it is an isomorphism. �Corollary 3.8 For i > 1, if K � Si0 is of the form [0; a#a) and de�nes a�b1 fun
tion violating either inje
tive or surje
tive WPHP between a and a2,then K has an end-extension to a model M of Si2 in whi
h #a is 
o�nal.Furthermore this end-extension is unique, in that for any model N of Si2with N �a#a isomorphi
 to K, this isomorphism extends to an isomorphismM �= N �#a. �Corollary 3.9 For i > 1, let M be a model of Si2 in whi
h either inje
tive orsurje
tive WPHP fails between a and a2 for a �b1 fun
tion with parameters in[0; a#a). Then every �bi subset of [0; a#a) de�nable in M with parametersfrom [0; a#a) (and where we allow # to appear as a fun
tion symbol inthe bounds on quanti�ers) is �bi de�nable inside M � a#a, that is, with allquanti�ers bounded by a#a.Proof. Use the translation in the proof of theorem 3.7.�Hen
e if the weak pigeonhole prin
iple fails we 
an do 
omputations fromthe polynomial hierar
hy in 
onstant spa
e. However this is at the expenseof introdu
ing more sharply bounded universal quanti�ers, and so in
reasingthe time taken (in some sense).The version of 
orollary 3.9 for I�0 leads naturally to a proof by diagonal-ization that the (parameter-free) �0 hierar
hy does not 
ollapse in a modelin whi
h WPHP fails [16℄. See also [14℄ for a dis
ussion of the extent towhi
h the theory of an initial segment M �b of a model of true arithmeti
 isdetermined byM �a, for a < b, under various assumptions about the 
ollapseof the linear or polynomial time hierar
hies.14



4 Witnessing WPHPDe�nition 4.1 S12(PV) is the theory S12 with all the PV fun
tion symbolsand their de�ning axioms added to it, and with indu
tion for all formulas
ontaining these new symbols. It is 
onservative over S12 , and in this se
tionwe will identify it with S12 . PHPaa2(PV) is the surje
tive WPHP for PVfun
tion symbols without parameters.Lemma 4.2 (Wilkie [9℄) If S12 + 8aPHPaa2(PV) ` 8x 9y �(x; y), with � a�b1 formula, then there is a probabilisti
 polynomial time ma
hine whi
h will,with probability greater than 2=3, 
ompute on input x a value of y su
h that�(x; y). �A predi
ate A is in the 
lass ZPP if there is a polynomial time proba-bilisti
 algorithm whi
h gives the right answer to the question \is x in A?"with high probability and never gives a wrong answer.Corollary 4.3 If S12 + 8aPHPaa2(PV) �b1-de�nes a predi
ate A, then A 2ZPP. �However it is unlikely that surje
tive WPHP 
aptures all of ZPP. In [1℄an ora
le is 
onstru
ted with respe
t to whi
h ZPP does not have a 
ompletelanguage, and it is not hard to show that if, for any suÆ
iently well-behaved
omplexity 
lass C (su
h as ZPP with an ora
le) there is a re
ursive theoryT su
h that every predi
ate in C is �b1 de�nable in T and every proof in Tthat a predi
ate L is �b1 yields a ma
hine witnessing that L 2 C (as Buss'theorem does in the proof of lemma 4.2), then C has a 
omplete language.So if there is a proof of a 
onverse to 
orollary 4.3, it does not relativize.De�nition 4.4 (Rivest, Shamir, Adleman [21℄) An instan
e of RSA
onsists of a modulus n whi
h is the produ
t of two large primes p and q, ex-ponents e and d whi
h are mutually inverse modulo (p�1)(q�1), a messagem < n and a 
yphertext 
 < n su
h that 
 � me mod n and m � 
d mod n.We say that we 
an 
ra
k RSA if, given n, e and 
, we 
an eÆ
iently �ndm.Lemma 4.5 (Kraj���
ek and Pudl�ak [11℄) Suppose there is an eÆ
ient al-gorithm witnessing inje
tive WPHP for PV fun
tion symbols with parame-ters, that is, given any polynomial time fun
tion f there is an algorithmwhi
h, on input 
; a su
h that 8x < a2 (f(
; x) < a), outputs x1 < x2 < a2su
h that f(
; x1) = f(
; x2). Then we 
an 
ra
k RSA.15



Proof. (This is a more dire
t version of the proof in [11℄.) We are given 
,n and e. Without loss of generality (
; n) = 1 or we 
ould fa
torize n, re
overp and q and hen
e �nd (p � 1)(q � 1), d and m. Hen
e 
 has an inversemodulo n.Let s be the order of 
 mod n, whi
h will be the same as the order ofm mod n. Now e and s must be 
oprime. Otherwise let (e; s) = t > 1 andu = s=t. Then u < s and sjeu, so 
u � meu � 1, 
ontradi
ting the leastnessof s.Use the algorithm on the fun
tion x 7! 
x mod n to �nd x1 < x2 < n2with 
x1 � 
x2 mod n. Let r0 = x2 � x1 6= 0. Then 
r0 � 1 so sjr0.Remove all fa
tors of e from r0 by 
al
ulatingr1 = r0(e; r0) ; r2 = r1(e; r1) ; : : :to get r with (e; r) = 1. This takes at most log r0 divisions.Sin
e (e; s) = 1 and sjr0 we must have sjr1. Similarly sjr2 et
. So sjr.Cal
ulate d0 su
h that d0e = 1 + tr some t; �nally 
al
ulate 
d0 mod n.Then, sin
e sjr so mr � 1,
d0 � med0 � m1+tr � (mr)tm � m:�Corollary 4.61. If S12 proves inje
tive WPHP for PV fun
tions with parameters, thenRSA is vulnerable to deterministi
 polynomial time atta
k.2. If S12 together with the surje
tive WPHP for PV fun
tions proves theinje
tive WPHP for PV fun
tions with parameters, then RSA is vul-nerable to probabilisti
 polynomial time atta
k. �5 A 
onditional separation resultWe give our �rst 
onverse to the 
hara
terization of stru
tures in whi
hWPHP fails. Namely, if a model of PV satis�es WPHP, then its initialsegments have more than one possible end-extension. The idea is the sameas 
orollary 6.2 below, and works be
ause in a model of PV, as with PAtop,we 
an take the de�nable 
losure of a set and still get a model of PV.For the next lemma, re
all that u(e; x; 
) is the universal PV fun
tionsymbol, whi
h 
al
ulates the output of the Turing ma
hine with 
ode e runon input x for time j
j. 16



Lemma 5.1 Let M � PV. Suppose "; a 2 M n N, " < jaj, #a is not
o�nal in M and M � 8
PHPa"a2"(u(x; 0; 
)). Then there is N � PV, (M �a) �e N � (M �#a) su
h that for some v < a2" in M , v =2 N . FurthermoreN �M �#a.Proof. Let N be the 
losure of [0; a) in M under all PV fun
tion symbols,so N � PV, sin
e PV is universally axiomatized. We that 
laim N is asrequired. Let 2t > #a. By WPHP, for some v < a2" in M ,M � 8y<a" u(y; 0; 2t) 6= v:Consider the type�(z) = f8�b<a f(�b) 6= z : f a PV fun
tion symbolg:No element of N realizes this type, but v does realize it. Otherwise, we wouldhave a fun
tion f running in time jajk, for some k 2 N , su
h that v = f(�b) forsome �b < a. Then there is 
learly some y of the form (e; f; k; b1; : : : ; bn) < a",with e; f 2 N , su
h that the universal ma
hine run on y simulates f withinput b and halts in time jajk. Hen
e v = u(y; 0; 2t), a 
ontradi
tion. �A PV formula is an equality of the form f(�x) = g(�x) where f and g arePV fun
tion symbols.Theorem 5.2 Assume that PV proves BB, the sharply bounded 
olle
tions
heme8x 8y ; 816 i6 jxj 9z<y �(i; z)! 9w 816 i6 jxj�(i; wi)for PV formulas with parameters. Then PV also proves that surje
tiveWPHP with parameters implies inje
tive WPHP with parameters.Proof. Let M � PV satisfy surje
tive WPHP(PV), but be su
h that forsome a; 
 2M and some PV fun
tion symbol f ,M � f(
; x) : a2 ,!a. Chooseb > a; 
 so that b = 2� for some �. Amplify f to an inje
tion g : b#b ,!b withparameters < b#b. Taking an elementary extension if ne
essary, assume that#b is not 
o�nal in M .Take " small and nonstandard. By lemma 5.1 we 
an �nd N � PV, asubmodel of M with [0; b#b) �e N but v =2 N for some v < (b#b)".17



De�ne a PV fun
tion symbol H (with parameters < b#b) mapping x <(b#b)" to the unique y < b" su
h that816 i6" yi = g([x℄i)where yi is the numeral < b 
onsisting of the � bits o

urring in pla
es((i � 1)� + 1); : : : ; i� of y, and [x℄i the numeral < b#b 
onsisting of the �2bits o

urring in pla
es ((i � 1)�2 + 1); : : : ; i�2 of x. This is an alternativeway of amplifying g, and as before by the 8� b1 
onservativity of S12 over PV,H is an inje
tion (b#b)" ,!b" in both M and N .Let u = H(v). Then in M , 816 i6 " 9!w<b#b g(w) = ui, sin
e we maytake w = [v℄i and g is inje
tive. Thus this formula is also true in N , sin
eM � b#b and N � b#b are isomorphi
. However v =2 N and H is inje
tive, soin N we have816 i6" 9!w<b#b g(w) = ui ^ 816x6(b#b)"H(x) 6= u (ii)and this 
ontradi
ts sharply bounded 
olle
tion. �Noti
e that only a very weak form of 
olle
tion is needed to 
ontradi
t (ii).Theorem 5.31. (Zambella [22℄) If PV + BB ` S12 , then PV ` S12 .2. (Zambella [22℄, Buss [3℄) If PV ` S12 , then PV ` S2.�Corollary 5.4 If RSA is se
ure against deterministi
 polynomial time at-ta
k, then PV + BB 6` S12 . If RSA is se
ure against randomized polynomialtime atta
k, then PV 6` BB.Proof. The se
ond part is by theorem 5.2. The �rst part is be
ause ifPV ` S2, then the inje
tive WPHP is provable in PV, sin
e it is provable inS2. Hen
e it 
an be witnessed in polynomial time. �6 WPHP in re
ursively saturated stru
turesWe made use in lemma 5.1 of a 
onne
tion between the surje
tive WPHP andde�nability, in models of PV. In fa
t this 
onne
tion holds in a very generalsetting. From now on we will begin to 
onsider arbitrary de�nable fun
tions,18



not just bounded ones (although in PAtop these are the same thing). Noti
ethat in PAtop and I�0 the surje
tive and inje
tive WPHP for �0 formulasare equivalent.Lemma 6.1 Let M be a re
ursively saturated stru
ture with a de�nable sub-set R 
ontaining at least two elements 0, 1 whi
h are named in the language.For any formula �(�y), if for all k 2 N there is no parameter free de�nablesurje
tion from Rk onto �(M) [ f0g, then there is �
 2 �(M) su
h that �
 isnot de�nable with parameters from R. The 
onverse also holds.Proof. Re
ursively enumerate all parameter free formulas as  1(�x; �y), 2(�x; �y); : : : where we assume �x has arity at most i in  i. Let �(�y) be thetype f�(�y)g [ fî6m8�x � R \�y is not unique su
h that  i(�x; �y)" : m 2 NgSuppose � is not �nitely satis�ed in M . Then there is a �nite sequen
e offormulas  1; : : : ;  m (where we now assume that ea
h �x has arity m) su
hthat for ea
h �
 satisfying �, there exist i 6 m and �d � R for whi
h �
 is uniquesu
h that  i( �d; �
).De�ne a surje
tion f : R2m! �(M) [ f0g as follows: given (a1; : : : ; am;d1; : : : ; dm) 2 R2m, if for some i 6 m, a1 = : : : = ai = 0, ai+1 = : : : = am = 1and M � 9! �y�(�y)^ i( �d; �y) then map (�a; �d) to that unique �y; otherwise mapit to 0. This 
ontradi
ts the assumption that there is no su
h surje
tion.Hen
e �, sin
e it is re
ursive, is realized in M . Clearly any elementrealizing it is not de�nable from R.The 
onverse dire
tion is trivial. �Corollary 6.2 Let M be a re
ursively saturated model of PAtop of the form[0; b) and let a 2 M be su
h that ak < b for all k 2 N. Suppose M �PHPakb (�0), for every k 2 N. Then M is not relatively 
ategori
al over [0; a)with respe
t to Th(M).Proof. Let K = K([0; a);M), the de�nable 
losure of M � a in M , whi
his elementarily equivalent to M but omits the type \y is not de�nable from[0; a)". This type is realized in M , by lemma 6.1. So M and K are bothend-extensions of M �a, but are not isomorphi
. �19



This is how the pigeonhole prin
iple is typi
ally used in the model theoryof arithmeti
, see for example [7℄, or 
hapter IV of [5℄. We 
an now writedown a model-theoreti
 
hara
terization of the provability of WPHP in I�0:Corollary 6.3 I�0 ` 8xPHPxx2(�0) if and only if for every re
ursively sat-urated model M of PAtop of the form [0; b) and every a 2 M with aN < b,there is more than one end-extension of M � a to a model of PAtop of theform [0; b) (we assume b is de�nable from parameters in [0; a)).�The last result we present in this se
tion is Gaifman's 
oordinatizationtheorem, that (assuming WPHP) to get two di�erent models with the samerestri
tion to R, we do not need de�nable Skolem fun
tions, but only rigidityover R. In normal arithmeti
al situations we will always have this, in a verystrong sense.Lemma 6.4 Suppose in K � BASIC 0 we 
an de�ne a parameter-free fun
-tion bit(x; i) and prove that no two numbers in K en
ode the same sequen
eof bits. Then for any b 2 K, no two elements of K smaller than b share thesame type over [0; jbj). Hen
e K �b is rigid over K � jbj, and by repeating theargument K �b is rigid over K � j : : : jbj : : : j, for any nesting of j js (see Kaye[7℄). �For 
larity of presentation we will not prove the strongest version of the
oordinatization theorem here, and will instead dire
tly use this propertythat an element is uniquely given by its type.Lemma 6.5 Suppose M is a stru
ture with a de�nable subset R su
h thatno two elements of M have the same type over R. Then the prin
ipal typesover R are realized in M by pre
isely the elements of M that are de�nablefrom R.Proof. Suppose p(x) = tpM(
;R) has a prin
ipal formula �(x) with pa-rameters from R. Then we must have 9! x�(x), or two elements of M wouldhave the same type over R. Hen
e 
 is de�nable from R. �Theorem 6.6 (Gaifman [6℄) Suppose M is a 
ountable re
ursively satu-rated stru
ture in a language with no fun
tion symbols and with a de�nablesubset R whi
h 
ontains all the elements named by 
onstants. Suppose thatR 
ontains at least two elements 0, 1 named in the language, that there is20



no parameter-free de�nable surje
tion from any standard power of R onto Mand that no two elements of M have the same type over R. Then there isN �M su
h that N �R �=M �R but this isomorphism 
annot be extended toan isomorphism N �= M .Proof. List the elements of R(M) as �r. By lemma 6.1 there is 
 2 M notde�nable from �r, and by lemma 6.5 the type p(x) = tpM(
; �r) is not prin
ipal.The typeq(y) = fR(y)g [ fy 6= r : r 2 �rgis not prin
ipal either, sin
e it is not realized inM . Hen
e there is a stru
ture(N; �r) � (M; �r) omitting both p and q. Sin
e (N; �r) omits q, N � R isisomorphi
 to M � R. Sin
e (N; �r) omits p, this isomorphism 
annot beextended to an isomorphism (N; �r) �= (M; �r). �Corollary 6.7 Let M be a 
ountable re
ursively saturated model of S10 ofthe form [0; b), and let a 2 M be su
h that jbj < a, aN < b and M isrelatively 
ategori
al over [0; a) with respe
t to the 
omplete theory of M .Then M � :PHPakb (f) for some k 2 N and some de�nable fun
tion f . �This is not a very good 
onverse to theorem 3.7, sin
e it uses the 
om-plete theory of M and we 
annot limit the quanti�er 
omplexity of f . Theideal result would be something like: relative 
ategori
ity with respe
t to S10implies failure of surje
tive WPHP for a �b1 fun
tion. However it is not 
learwhether this is attainable. It would mean that in S12 surje
tive WPHP(�b1)implies inje
tive WPHP(�b1), and we have shown that if this were true forPV fun
tion symbols (rather than for �b1 formulas) then we 
ould 
ra
k RSA.7 CardinalityThere are many 
ombinatorial prin
iples in arithmeti
 whi
h are normallyproved by 
ounting arguments, but whi
h turn out only to need approximaterather than pre
ise 
ounting. There have been some su

esses in provingthese in S2 using the weak pigeonhole prin
iple, whi
h 
ould be taken to saythat, as far as de�nable fun
tions are 
on
erned, n2 is bigger than n. See forexample Pudl�ak's proof of the Ramsey theorem [20℄ or the proof that thereare in�nitely many primes [17℄. It would be ni
e to be able to 
hara
terize the21



approximate 
ounting available in bounded arithmeti
 and to give a uniformway of dealing with 
ombinatorial proofs that make use of it.If there is no de�nable map from a onto b, one would sometimes like tosay that the \de�nable 
ardinality" of b is bigger than that of a; Kraj���
ek hassuggested developing this idea into a theory of the de�nable 
ombinatori
sof a stru
ture [10℄, [12℄.We present a simple appli
ation of Vaught's two-
ardinal theorem (see [6℄)to give a result in this dire
tion, that in a 
ountable, re
ursively saturatedmodel of a theory with Skolem fun
tions (su
h as PAtop), we 
an 
hoose anyde�nable set R and extend the model to one in whi
h R is un
hanged, hen
estill 
ountable, but every other de�nable set has greater 
ardinality than Rif and only if it has greater de�nable 
ardinality than any standard power ofR. This may be of some use in formalizing approximate 
ounting argumentsin S2, and leads to an interesting 
hara
terization of the polynomial size setsin models of S2.In our setting we 
an sharpen the two-
ardinal theorem slightly, usingresplenden
e. First, however, we will use the normal version to prove ase
ond model-theoreti
 statement equivalent to the provability of WPHP inI�0.Theorem 7.1 I�0(�) ` 8xPHPxx2(�0(�)) if and only if for every 
ountablemodel K of PAtop(�) of the form [0; b) and every a 2 K for whi
h aN < bthere is some un
ountable J � K in whi
h J �a is 
ountable.Proof. For one dire
tion, extend K to a re
ursively saturated stru
ture K 0,and let I be the de�nable 
losure of K 0 � a in K 0. Then as in the previousse
tion, I � K 0, I � a = K 0 � a but by WPHP, I � K 0 so we 
an apply thetwo-
ardinal theorem to get J . For the other dire
tion, if there is a de�nablesurje
tion a� a2 then we 
an amplify it as in the proof of lemma 2.1 to asurje
tion a�b. So J and J �a must have the same 
ardinality. �Lemma 7.2 (Resplenden
e [8℄) Suppose M is a 
ountable re
ursivelysaturated L-stru
ture in a re
ursive language L, the language L0 is a re-
ursive extension of L and T is a re
ursively axiomatized L0-theory. Then, ifTh(M) + T is 
onsistent, there is an expansion of M to L0 satisfying T . �Lemma 7.3 Let L be a re
ursive language, �(x),  (x) parameter free L-formulas and M;N 
ountable L-stru
tures su
h that M is re
ursively satu-rated, N � M , �(N) = �(M) and  (N) �  (M). Then there is M 0 � Msu
h that �(M) = �(M 0),  (M) �  (M 0) and M �=M 0.22



Proof. Let L+ = L [ fH; fg where f is a one-pla
e fun
tion and H is aone-pla
e predi
ate. Writing �H for the relativization of � to H, let T bethe following set of senten
es:1. H is the range of f ;2. 8�x � H(�H(�x)$ �(�x)) for ea
h L-formula �;3. 8�x (�(�x)$ �(f(�x))) for ea
h atomi
 L-formula �;4. 8x (�(x)! H(x));5. 9x ( (x) ^ :H(x)).By the proof of Vaught's two-
ardinal theorem (in [6℄), there are stru
-tures U; V with M � V su
h that U � V , �(U) = �(V ),  (U) �  (V ) andthere is an isomorphism V �= U . So we may expand V to an L+ stru
turesatisfying T by interpreting H as membership of U and f as the isomorphismV �= U .T is a re
ursive theory, and we have shown that Th(M)[T is 
onsistent.Hen
e by lemma 7.2 we 
an expand M to an L+ stru
ture satisfying T .So M is isomorphi
 to an elementary submodel M� of itself, with�(M�) = �(M) and  (M�) �  (M). By identifying M with M�, we
an �nd an elementary extension M 0 of M with the properties required. �Lemma 7.4 The union of a 
ountable elementary 
hain fM
 : 
 < Æg of
ountable, re
ursively saturated stru
tures isomorphi
 to M0 is a 
ountable,re
ursively saturated stru
ture isomorphi
 to M0.Proof. The union is re
ursively saturated and realizes the same types asM0. �Theorem 7.5 Let M be a 
ountable, re
ursively saturated stru
ture with de-�nable Skolem fun
tions in a re
ursive language. Let R be a de�nable subsetof M 
ontaining at least two elements. Then we 
an �nd N � M su
h thatR(N) = R(M) but the 
ountable de�nable subsets �(N) of N (with param-eters from N) are pre
isely those for whi
h there is a de�nable surje
tion(with parameters from N) from some standard power of R(N) onto �(N).Every other de�nable subset is un
ountable.Proof. By the existen
e of Skolem fun
tions there are two de�nable ele-ments of R; add names 0, 1 to the language for these. We will 
onstru
t23



an elementary 
hain fM� : � < !1g, with M0 = M , of pairwise isomorphi
stru
tures su
h that for all � < !1, R(M�) = R(M0) and for any formula�(x) with parameters fromM�, if there is no de�nable surje
tion inM� fromany standard power of R onto �(M�) then �(M�+1) � �(M�). By lemma 7.4we 
an put MÆ = S�<ÆM� for Æ a limit.For the su

essor step, enumerate as �1(x); �2(x); : : : the formulas withparameters from M� for whi
h there is no surje
tion (with parameters fromM�) from any standard power of R(M�) onto �i(M�), and for whi
h �i(M�)is non-empty. Let �mi � M� be the tuple of parameters appearing in �i.Writing R for R(M�) = R(M0), let K1 := K(R [ �m1;M�) be the de�nable
losure of R[ �m1 in M�. There is no surje
tion with parameter �m1 from anystandard power of R onto �1(M�), so there is 
ertainly no surje
tion onto�1(M�) [ f0g. Thus, temporarily adding �m1 to the language, by lemma 6.1there is 
 2 �1(M�) not de�nable from R with parameter �m1; so 
 =2 K1.Now K1 � M�, R(K1) = R(M�) and �1(M�) � �1(K1) so by lemma 7.3there is M1� � M� with M1� �= M�, R(M1�) = R(M�) and �1(M1�) � �1(M�).Similarly, if we let K2 = K(R [ �m2;M�) then �2(M1�) � �2(K2) so we 
an�nd M2� � M1� with M2� �= M1� , R(M2�) = R(M�) and �2(M2�) � �2(M1�).Repeating this step for �3; �4; : : : gives an elementary 
hain M� � M1� �M2� � : : : and taking the union of the 
hain gives us, by lemma 7.4, M�+1 �=M� with the properties required.Let N = S�<!1 M�. Suppose �(x) is a formula with parameters �n � Nsu
h that there is no surje
tion de�nable with parameters from N from anystandard power of R onto �(N). Suppose �n � M� for some � < !1. Thenfor ea
h � 6 
 < !1, there is no surje
tion with parameters from M
 fromany standard power of R onto �(M
), by elementariness. So by 
onstru
tion�(M
+1) � �(M
). Hen
e �(N) is un
ountable.Conversely, if there is a surje
tion from Rk onto �(N), for k 2 N , then�(N) must be 
ountable be
ause Rk is. �Corollary 7.6 If K is a 
ountable, re
ursively saturated model of PAtop(�)of the form [0; b) 
ontaining an element a su
h that K � PHPakb (�0(�)) forevery k 2 N, then there is J � K with J �a = K �a but with J �
 un
ountablefor every 
 > aN . �There are similar, rather stronger results for full Peano arithmeti
 in Parisand Mills [15℄, but these make heavy use of pre
ise 
ounting.One 
annot in general repeat this in
rease in size more than on
e. Forsuppose we have a 
ountable re
ursively saturated stru
ture K � PAtop +24



8xPHPxx2(�0) of the form [0; b), with jbjN < b. We 
an �nd J � K of
ardinality �1 with J � jbj = K � jbj. If we 
ould go on to �nd an elementaryextension I of J with 
ardinality �2 and with I � jbj = K � jbj, then this wouldimply a violation of the 
ontinuum hypothesis, sin
e the fun
tion that takesan element of I to its set of non-zero bits is an inje
tion from [0; b) into thepower set of [0; jbj).So if we 
ould �nd a way of adding a predi
ate � to a model of PAtopwhi
h ensured either that we 
ould not in
rease the 
ardinality of part of themodel in this way, or that, whenever we 
ould in
rease the 
ardinality, we
ould do so more than on
e, we would have gone some way towards showingthat WPHP(�) is independent of I�0(�).We give one more appli
ation of the two-
ardinal theorem.Corollary 7.7 Suppose M is a 
ountable model of S2, a 2 M and #a is
o�nal in M . Then there exists an un
ountable N ��1 M in whi
h the 
odedsets are pre
isely the 
ountable bounded �0 sets.Proof. Let M 0 be a re
ursively saturated extension of M , so b > #a forsome b 2 M 0. Let B = M 0 � b, so B � PAtop and B is re
ursively saturated.Let C � B be given by theorem 7.5, taking R to be the de�nable set \x <jaj". Let N = C �#a.Note that for ea
h k 2 N , M � 2jajk � N � 2jajk . Hen
e M ��0 N and ifN � 9x �( �m; x) for � a �0 formula and �m � M , we must have N � 9x <2jajk �( �m; x) for some k 2 N; so M � 9x < 2jajk �( �m; x). This shows thatM ��1 N .Now suppose S is a subset of N 
oded as a sequen
e (�)1; : : : ; (�)l forsome � 2 N . Then l < jajk for some k 2 N , and N � jajk is 
ountable, so Smust be 
ountable.Conversely, suppose that S � N � 2jajk is 
ountable and is de�ned by a�0 formula �(x). Then S is also de�nable by � in C, so by the 
onstru
tionof C there exist l 2 N and a de�nable fun
tion f su
h that f is a surje
tionfrom jajl onto S.Sin
e S is bounded by 2jajk , we have that C � 8i< jajl f(i) < 2jajk. So by
omprehension in C, there is some � < 2jajk+l in C with C � 8i< jajl f(i) =(�)i. Thus C � 8x<2jajk ; �(x)$ 9i< jajl (�)i = x. This is a �0 formula, sois also true in N . Hen
e S is 
oded in N , by �. �A
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