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CHAPTER

ONE

Introduction

The maximum principle is a remarkable feature of various differential equations
and inequalities. We can derive it for linear as well as for certain nonlinear
problems. It is best known and analyzed in the context of the second order
partial differential equations of elliptic and parabolic types. However, it is not
only a mathematical statement, the maximum principle reflects in the nature
through certain properties of specific physical fields. For example, quantities like
temperature, concentration, pressure, density, etc. possess naturally nonnegative
values. Interestingly, thanks to the validity of the maximum principle, solutions
of the corresponding mathematical models possess nonnegative values, too.

The maximum principle is known and studied from the very beginning of the
development of the differential equations. It was already known to Gauss in 1839.
Modern studies of the maximum principle were initiated by the pioneering work
of Eberhard Hopf [40] in 1927. Monographs [65] and [35] from the second half of
the 20th century are now considered as classical. From the recent texts on this
topic, we can recommend [33] and [66].

Concerning the numerics, it is natural to attempt a construction of such nu-
merical methods that reflect the natural property of the maximum principle even
on the discrete level. Thus, we speak about the discrete maximum principle
(DMP) or equivalently about a monotone numerical method. The first numerical
method, where the DMP was studied, was the finite difference method. Papers
[4, 5, 15, 16, 79], etc. present the first DMP results in this context. These results
were later generalized to the finite element method, see for example [18, 22, 70, 77],
etc.

The proofs of the DMP are based on monotone matrices and mostly on the
theory of M-matrices. Monograph [78] is fundamental and pioneering in this field.
However, the more modern books [3, 32] can be recommended as well.

The goal of this thesis is to present a more or less complete survey of the DMP
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results for the linear second-order elliptic partial differential equations discretized
by the lowest-order and the higher-order finite element methods. The DMP for
the lowest-order finite elements is quite well understood, it is studied for several
decades and many results have been already published. Therefore, the aim of this
thesis is to survey these results and present them in a unified way. Nevertheless,
the style of the presentation, the general theoretical framework, as well as several
results are original.

On the other hand, the situation for the higher-order finite elements is much
less clear. The literature is scarce and the results are mostly negative [39]. How-
ever, at least for simple problems certain positive results are possible and this
thesis presents mostly the author’s original contributions to this field.

Certainly, the DMP for linear elliptic problems discretized by the finite el-
ement method is not the only topic of interest. There exists a variety of re-
sults for nonlinear problems [43, 44, 45], etc., and for the parabolic problems
[27, 28, 29, 30, 31, 34, 41, 75, 81, 82], etc. Other numerical methods like the finite
differences [4, 5, 15, 16, 79], the finite volumes [11, 62], mixed methods [26, 60],
the collocation methods [85], etc. are analyzed as well. There are also approaches,
where special methods are constructed such that the resulting numerical scheme
always yields the DMP, see e.g. [13, 84]. In addition, the validity of the DMP
is connected to the stability of the finite element method and to the L∞ error
estimates [2, 70]. The problem of the DMP can also be handled by the theory of
reproducing kernels [1]. However, in this thesis we will not address these topics
and we will concentrate on the linear elliptic problems discretized by the finite
element method only.

The thesis is organized as follows. After this introductory chapter we proceed
with Chapter 2, where we briefly discuss the maximum principle for linear second-
order elliptic problems. We define the problem, state the maximum principle, its
equivalent variants, and introduce the Green’s function. Chapter 3 is devoted to
the general theory of the DMP in the finite element method. First, the finite ele-
ment method is recalled, the DMP and the discrete Green’s function (DGF) are
defined, and the relationship between the DMP and the DGF is proved. A special
attention is paid to the treatment of nonhomogeneous Dirichlet boundary condi-
tions. Chapters 4 and 5 form the core parts of the thesis. Chapter 4 surveys the
DMP results for the lowest-order finite elements. We introduce the fundamental
theoretical framework and treat the one-dimensional case separately. From the
variety of possible geometric types of finite elements in higher dimension we treat
the simplicial elements, the block finite elements (Cartesian products of inter-
vals), and the right-triangular prisms. Chapter 5 concerns the higher-order finite
elements. We present several theoretical one-dimensional results and a variety
of two-dimensional numerical experiments. Most of the original results are re-
produced from publications of the author and his co-authors. The most relevant
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author’s papers are attached as Appendices B–I, see also the list at the very end
of the thesis. Herewith I declare that my share in these publications and the
share of my co-authors is approximately equal.

1.1 List of notation
Within the thesis we use the standard mathematical notation. In order to increase
the readability we denote the vectors in bold. For the reader’s convenience we
present a list of used mathematical symbols which are not explained within the
thesis.

R set of real numbers
Rd d-dimensional Euclidean space
⊂ subset (or subspace)
∪ union
∩ intersection
Ω closure of the set Ω ⊂ Rd

|x| absolute value
a · b Euclidean scalar (dot) product of vectors a and b
A> transposed matrix (or vector)
⇒ implication
⇔ equivalence
div divergence, div q = ∂q1/∂x1 + · · ·+ ∂qd/∂xd

∇ gradient, ∇u = (∂u/∂x1, . . . , ∂u/∂xd)
>

∆ Laplace operator, ∆u = ∂2u/∂x2
1 + · · ·+ ∂2u/∂x2

d

measd d-dimensional Lebesgue measure (often abbreviated as meas)
a.a. almost all (up to a set of zero measure)
a.e. almost everywhere (up to a set of zero measure)
ess sup essential supremum, ess supu = inf {% ∈ R : meas{x : u(x) > %} = 0}
ess inf essential infimum, ess inf u = sup {% ∈ R : meas{x : u(x) < %} = 0}
C positive generic constant

(it may have different values in different occurrences)



CHAPTER

TWO

Maximum principles for elliptic problems

The main purpose of this chapter is to present the studied elliptic problem and
to introduce the notation, essential hypotheses, and definitions. Naturally, we
stress the maximum principle. We point out its variants and relationships among
them.

First, we formulate the general diffusion-convection-reaction linear elliptic
problem with mixed boundary conditions of Dirichlet, Neumann, and Newton
(often called Robin) type. We present the classical (strong) formulation of this
problem and then we concentrate on its weak formulation. The emphasis on the
weak formulation is clearly motivated by the subsequent discretization by the
finite element method.

We have made an attempt to explicitly formulate all assumptions needed for
the well posedness of the weak formulation. The reason is the self-consistency of
the text and mainly the fact that these assumptions are also fundamental for the
maximum principle.

Subsequently, we present the maximum principle and its variants – the mini-
mum principle, the conservation of nonnegativity, and the comparison principle.
The equivalence of all these variants is proved. Although the maximum principles
in the classical and in the weak form are essentially the same, we present these
two forms separately. The reason is the fundamental difference in the proofs of
the maximum principle.

This chapter is concluded by a section devoted to the Green’s function. We
show the fundamental statement that the nonnegativity of the Green’s function
is equivalent with the validity of the maximum principle. A discrete analogy of
this statement is a core result we build upon in the subsequent chapters, where
the discrete maximum principle is analyzed.

The results presented in this chapter are mostly well known and they can
be found in many textbooks. We used mainly the monographs [53, 54, 61] as a
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2.1. LINEAR SECOND-ORDER ELLIPTIC PROBLEMS 7

source for the elliptic problems, the books [35, 65] for the maximum principles,
and publications [19, 37, 55, 59, 73] for the Green’s function.

2.1 Linear second-order elliptic problems
Let us consider a linear second-order elliptic problem of finding u ∈ C1(Ω)∩C2(Ω)
such that

− div(A∇u) + b ·∇u+ cu = f in Ω, (2.1)
u = gD on ΓD, (2.2)

αu+ (A∇u) · n = gN on ΓN, (2.3)

where Ω ⊂ Rd, d ∈ {1, 2, . . . }, is a bounded domain with Lipschitz boundary, n is
the unit outer normal to the boundary ∂Ω, the sets ΓD and ΓN are relatively open
in ∂Ω, disjoint, and ΓD∪ΓN = ∂Ω. We remind that a subset Γ ⊂ ∂Ω is relatively
open if for every x ∈ Γ there exists a ball B such that x ∈ B and B ∩ ∂Ω ⊂ Γ.
The sets ΓD and ΓN are assumed to have a finite number of components and
Lipschitz boundary relative to ∂Ω. The matrix of diffusivities A(x) ∈ Rd×d, the
vector of convection b(x) ∈ Rd, the scalar reaction coefficient c(x) ∈ R, and the
right-hand side f(x) ∈ R are in general functions of x ∈ Ω, gD(s) is a function of
s ∈ ΓD, and α(s) ∈ R, gN(s) ∈ R, A(s), b(s) are functions of s ∈ ΓN. Further,
we assume that

c− 1

2
div b ≥ 0 in Ω and α +

1

2
b · n ≥ 0 on ΓN (2.4)

and that the matrix A is uniformly positive definite, i.e. there exists λmin > 0
such that

(A(x)ξ) · ξ ≥ λmin|ξ|2, ∀ξ ∈ Rd, ∀x ∈ Ω, (2.5)

where λmin > 0 and |ξ| = (ξ · ξ)1/2 stands for the Euclidean norm of ξ ∈ Rd.
In general, we consider matrix A as nonsymmetric. Problem (2.1)–(2.3) is well-
posed in the classical sense under additional smoothness assumptions on the data
and on the domain. However, we will not specify these assumptions here, since
we will concentrate on the concept of weak solutions.

2.2 Weak solution
The weak formulation of problem (2.1)–(2.3) is naturally stated in the framework
of the Sobolev space H1(Ω) of square integrable functions whose distributional
derivatives are square integrable as well. The norm in H1(Ω) is denoted by ‖·‖1,Ω.
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Similarly the norm in the Lebesgue space L2(Ω) is denoted by ‖·‖0,Ω. Sometimes,
if there is no danger of confusion, we write simply ‖·‖1 or ‖·‖0 for these norms.

Before we introduce the weak formulation, let us recall the fundamental prop-
erties of functions from the Sobolev space H1(Ω). First, the trace theorem states
that there exists unique linear continuous operator γ : H1(Ω) 7→ L2(∂Ω) such
that γz = z|∂Ω for all z ∈ C∞(Ω). The function γv ∈ L2(∂Ω) is called a trace of
v ∈ H1(Ω). For simplicity, we will write v instead of γv in what follows. In fact,
the trace theorem states that there exists a constant C > 0 such that

‖v‖0,∂Ω ≤ C ‖v‖1,Ω ∀v ∈ H1(Ω). (2.6)

The second fundamental property is the following Friedrichs’ inequality

‖v‖2
1,Ω ≤ C

(
‖∇v‖2

0,Ω + ‖v‖2
0,Γ

)
∀v ∈ H1(Ω), (2.7)

where C is a positive constant and Γ 6= ∅ is a relatively open subset of ∂Ω. The
final fundamental property we will need is the following variant of the Friedrichs’
inequality

‖v‖2
1,Ω ≤ C

(
‖∇v‖2

0,Ω + ‖v‖2
0,B

)
∀v ∈ H1(Ω), (2.8)

where B ⊂ Ω is a ball. Notice that we do not consider the empty set as a ball.
The proofs of these properties can be found for example in [20] and [61].

In order to introduce the weak formulation of problem (2.1)–(2.3), we assume
A ∈ [L∞(Ω)]d×d, b ∈ [L∞(Ω)]d, div b ∈ L∞(Ω), c ∈ L∞(Ω), f ∈ L2(Ω), gD ∈
L2(ΓD), gN ∈ L2(ΓN), and α ∈ L∞(ΓN). Further, we consider the so-called
Dirichlet lift of gD, i.e. let g̃D ∈ H1(Ω) be a function with traces on ΓD equal
to gD. Without a danger of confusion we denote the Dirichlet lift g̃D also by
gD. Further, we assume conditions (2.4) to be satisfied a.e. in Ω and a.e. on ΓN,
respectively, and the uniform positive definiteness (2.5) for a.a. x ∈ Ω. Finally,
let

V = {v ∈ H1(Ω) : v = 0 on ΓD in the sense of traces}. (2.9)

We say that u ∈ H1(Ω) is a weak solution of (2.1)–(2.3) if u = u0 + gD, where
u0 ∈ V and

a(u0, v) = F(v)− a(gD, v) ∀v ∈ V, (2.10)

where

a(u, v) =

∫
Ω

[(A∇u) ·∇v + (b ·∇u)v + cuv] dx+

∫
ΓN

αuv ds, (2.11)

F(v) =

∫
Ω

fv dx+

∫
ΓN

gNv ds. (2.12)



2.2. WEAK SOLUTION 9

It is easy to verify that the boundedness of the coefficients A, b, c and the
trace theorem (2.6) imply the continuity of the bilinear form a, i.e. there exists a
contant C > 0 such that

|a(u, v)| ≤ C ‖u‖1,Ω ‖v‖1,Ω ∀u, v ∈ V. (2.13)

The crucial condition for the existence of the weak solution and also for the
validity of the maximum principle (see Theorem 2.3 below) is the V -ellipticity of
the bilinear form a(·, ·). We say that the bilinear form a(·, ·) is V -elliptic if there
exists a contant C > 0 such that

a(v, v) ≥ C ‖v‖2
1,Ω ∀v ∈ V. (2.14)

The following lemma proves this V -ellipticity.

Lemma 2.1. Let the matrix A be uniformly positive definite for a.a. x ∈ Ω, see
(2.5), let coefficients b, c, and α satisfy conditions (2.4) a.e. in Ω and a.e. on
ΓN, respectively, and let at least one of the following conditions be satisfied:

(a) ΓD is a relatively open subset of ∂Ω,

(b) there exists a constant c0 and a ball B ⊂ Ω such that

c− 1

2
div b ≥ c0 > 0 a.e. in B,

(c) there exists a constant α0 and a relatively open subset Γ0
N of ΓN such that

α +
1

2
b · n ≥ α0 > 0 a.e. on Γ0

N.

Then the bilinear form a(·, ·) is V -elliptic.

Proof. Let v ∈ V be arbitrary. Since 2v∇v = ∇(v2), we can use the Green’s
theorem to obtain∫

Ω

(b ·∇v)v dx =
1

2

∫
Ω

b ·∇(v2) dx = −1

2

∫
Ω

(div b)v2 dx+
1

2

∫
ΓN

b · nv2 ds.

Consequently,

a(v, v) =

∫
Ω

[
(A∇v) ·∇v +

(
c− 1

2
div b

)
v2

]
dx+

∫
ΓN

(
α +

1

2
b · n

)
v2 ds

≥ λmin ‖∇v‖2
0,Ω +

∫
Ω

(
c− 1

2
div b

)
v2 dx+

∫
ΓN

(
α +

1

2
b · n

)
v2 ds,

(2.15)
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where we use the uniform positive definiteness (2.5) of A. Conditions (a)–(c),
estimate (2.15), and the nonnegativity of all the three terms on the right-hand
side of (2.15) can be used in the following way to prove the V -ellipticity of a(·, ·).

If condition (a) is satisfied, we can use the Friedrichs’ inequality (2.7) with
Γ = ΓD to obtain

a(v, v) ≥ λmin ‖∇v‖2
0,Ω ≥ C ‖v‖2

1,Ω .

If condition (b) is satisfied, we can use the inequality (2.8) to derive

a(v, v) ≥ λmin ‖∇v‖2
0,Ω + c0

∥∥v2
∥∥

0,B
≥ C ‖v‖2

1,Ω .

Finally, if condition (c) is satisfied, then inequality (2.7) with Γ = Γ0
N yields

a(v, v) ≥ λmin ‖∇v‖2
0,Ω + α0

∥∥v2
∥∥

0,Γ0
N
≥ C ‖v‖2

1,Ω .

Let us note that the continuity (2.13), the V -ellipticity (2.14) of the bilin-
ear form a(·, ·), and the continuity of the linear functional F(·) guarantee the
existence of a unique weak solution to problem (2.10). This weak solution is
independent of the particular choice of the Dirichlet lift gD.

2.3 Maximum principles in the classical sense
In this section we consider the classical formulation (2.1)–(2.3). Throughout this
section we assume f ∈ C(Ω), gD ∈ C(ΓD), gN ∈ C(ΓN), and for the corresponding
classical solution we consider u ∈ C1(Ω) ∩ C2(Ω). We will also use the positive
and negative parts of a real function v, i.e. we define v+ = (|v| + v)/2 and
v− = (|v| − v)/2. Clearly, v+ ≥ 0, v− ≥ 0, v = v+ − v−, and v+ = max{0, v},
v− = −min{0, v}.
Definition 2.1. Problem (2.1)–(2.3) satisfies the maximum principle if

f ≤ 0 and gN ≤ 0 ⇒ max
Ω

u ≤ max
ΓD

u+.

Definition 2.2. Problem (2.1)–(2.3) satisfies the minimum principle if

f ≥ 0 and gN ≥ 0 ⇒ min
Ω
u ≥ min

ΓD

(−u−).

Definition 2.3. Problem (2.1)–(2.3) conserves nonnegativity if

f ≥ 0, gD ≥ 0, and gN ≥ 0 ⇒ u ≥ 0.
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Definition 2.4. Let u1 be the solution to problem (2.1)–(2.3) with right-hand
side f1 and boundary data gD,1, gN,1 and similarly let u2 be the solution for f2,
gD,2, and gN,2. We say that problem (2.1)–(2.3) satisfies the comparison principle
if

f1 ≥ f2, gD,1 ≥ gD,2, and gN,1 ≥ gN,2 ⇒ u1 ≥ u2.

Theorem 2.2. Let the coefficients c and α be nonnegative. Then the following
statements are equivalent

(i) Problem (2.1)–(2.3) satisfies the maximum principle.
(ii) Problem (2.1)–(2.3) satisfies the minimum principle.

(iii) Problem (2.1)–(2.3) conserves nonnegativity.
(iv) Problem (2.1)–(2.3) satisfies the comparison principle.

Proof. The proof is essentially the same as the proof of Theorem 2.4 below which
shows the equivalence of these principles in the weak sense.

Theorem 2.3. Let the coefficients c and α be nonnegative. Then problem (2.1)–
(2.3) satisfies the maximum principle.

The standard proof of the maximum principle for elliptic problems is based
on the fact that u ∈ C2(Ω) and it can be found at many places in both linear and
nonlinear settings, see e.g. [35, 57, 65, 66].

2.4 Maximum principles in the weak sense
The situation with the maximum (and the other) principles in the weak setting is
essentially the same as in the classical setting. The differences are of the technical
character only. In the definitions we have to take into account the fact that the
data are defined up to a set of zero measure. The proof of the equivalence of
the considered principles is practically the same in both settings. However, the
proofs of the maximum principles themselves differ. The standard proofs in the
classical sense utilize substantially the C2 continuity of the solution. This cannot
be done in the weak setting. Therefore, we present at the end of this section a
proof of the maximum principle for the weak solution. Similar proofs are given
e.g. in [44, 51, 52, 80], but not for the general linear elliptic problem (2.10). In the
following definitions we assume that u ∈ H1(Ω) is a solution of problem (2.10)
corresponding to f ∈ L2(Ω), gD ∈ L2(ΓD), and gN ∈ L2(ΓN).

Definition 2.5. Problem (2.10) satisfies the maximum principle if

f ≤ 0 a.e. in Ω and gN ≤ 0 a.e. on ΓN ⇒ ess sup
Ω

u ≤ ess sup
ΓD

u+.
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Definition 2.6. Problem (2.10) satisfies the minimum principle if

f ≥ 0 a.e. in Ω and gN ≥ 0 a.e. on ΓN ⇒ ess inf
Ω

u ≥ ess inf
ΓD

(−u−).

Definition 2.7. Problem (2.10) conserves nonnegativity if

f ≥ 0 a.e. in Ω, gD ≥ 0 a.e. on ΓD, and gN ≥ 0 a.e. on ΓN

⇒ u ≥ 0 a.e. in Ω.

Definition 2.8. Let u1 ∈ H1(Ω) be the solution to problem (2.10) with right-
hand side f1 and boundary data gD,1, gN,1 and similarly let u2 ∈ H1(Ω) be the
solution for f2, gD,2, and gN,2. We say that problem (2.10) satisfies the comparison
principle if

f1 ≥ f2 a.e. in Ω, gD,1 ≥ gD,2 a.e. on ΓD, and gN,1 ≥ gN,2 a.e. on ΓN

⇒ u1 ≥ u2 a.e. in Ω.

Theorem 2.4. Let c ≥ 0 a.e. in Ω and α ≥ 0 a.e. on ΓN. Then the following
statements are equivalent

(i) Problem (2.10) satisfies the maximum principle.
(ii) Problem (2.10) satisfies the minimum principle.
(iii) Problem (2.10) conserves nonnegativity.
(iv) Problem (2.10) satisfies the comparison principle.

Proof. First, we prove the implication (i) ⇒ (ii). Let f ≥ 0 a.e. in Ω and let
gN ≥ 0 a.e. on ΓN. If u ∈ H1(Ω) is the weak solution corresponding to f , gN, and
gD then −u is the weak solution of the same problem with −f , −gN, and −gD.
Using the maximum principle with −f ≤ 0 and −gN ≤ 0, we conclude

ess inf
Ω

u = − ess sup
Ω

(−u) ≥ − ess sup
ΓD

(−u)+ = ess inf
ΓD

(−u−).

In order to prove (ii) ⇒ (iii), we consider the solution u ∈ H1(Ω) of (2.10)
corresponding to f ≥ 0 a.e. in Ω, gD ≥ 0 a.e. on ΓD, and gN ≥ 0 a.e. on ΓN. The
minimum principle immediately implies that

ess inf
Ω

u ≥ ess inf
ΓD

(−u−) = ess inf
ΓD

(−g−D) = 0.

The implication (iii) ⇒ (iv) readily follows from the linearity of the problem.
Indeed, considering ui, fi, gD,i, and gN,i, i = 1, 2, as Definition 2.8 requires, we
observe that u = u1 − u2 is a solution of (2.10) corresponding to f = f1 − f2,
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gD = gD,1 − gD,2, and gN = gN,1 − gN,2. Since f ≥ 0 a.e. in Ω, gD ≥ 0 a.e. on ΓD,
and gN ≥ 0 a.e. on ΓN, the conservation of nonnegativity implies u ≥ 0 a.e. in Ω.

Finally, we prove the implication (iv)⇒ (i). Let u ∈ H1(Ω) be the solution of
(2.10) corresponding to f ≤ 0 a.e. in Ω, gN ≤ 0 a.e. on ΓN, and a certain gD, i.e.
we have u = gD a.e. on ΓD. Let us set g = ess supΓD

u = ess supΓD
gD. Now we

distinguish two cases. First, if g ≤ 0 then necessarily gD ≤ 0 a.e. on ΓD and we use
the comparison principle to obtain u ≤ 0 a.e. in Ω. Thus, u ≤ 0 = ess supΓD

u+

a.e. in Ω, which is the statement of the maximum principle. Second, if g > 0 then
we consider the constant solution u1 = g of (2.10) with f1 = cg, gD,1 = g, and
gN,1 = αg. Since f1 ≥ 0 ≥ f a.e. in Ω, gD,1 ≥ gD a.e. on ΓD, and gN,1 ≥ 0 ≥ gN

a.e. on ΓN, we apply the comparison principle to conclude that u1 ≥ u a.e. in Ω.
Hence, ess supΓD

u+ = g = u1 ≥ u a.e. in Ω, which is again the statement of the
maximum principle.

Remark 2.1. If the assumptions c ≥ 0 a.e. in Ω and α ≥ 0 a.e. on ΓN in The-
orem 2.4 are not satisfied, then we can still easily prove equivalences (i) ⇔ (ii)
and (iii) ⇔ (iv) as well as the implication (ii) ⇒ (iii). We can actually use the
above proof. However, if the coefficients satisfy (2.4) only and if they are not
nonnegative then the converse implication (ii) ⇐ (iii) is, in general, not valid.

This remark can be stated also in the classical setting – see Theorem 2.2 –
and also on the discrete level – see Theorem 3.1 below.

Theorem 2.5. Let c ≥ 0 a.e. in Ω, α ≥ 0 a.e. on ΓN, and let the bilinear
form a(·, ·) be V -elliptic, see (2.14). Then problem (2.10) satisfies the maximum
principle.

Proof. Let us consider problem (2.10) with f ≤ 0 a.e. in Ω, gN ≤ 0 a.e. on
ΓN and with the corresponding solution u ∈ H1(Ω). Let g = ess supΓD

u+ and
v(x) = (u(x) − g)+. Since the positive part w+ is a continuous mapping from
H1(Ω) into itself, see e.g. [36, p. 29], the function v lies in H1(Ω). Further, clearly,
g ≥ 0, v ≥ 0 a.e. in Ω, v = 0 on ΓD in the sense of traces, and u = v+g whenever
v does not vanish. These facts together with assumptions (2.4) and with the
V -ellipticity of a(·, ·) enable us to estimate

0 ≥
∫

Ω

fv dx+

∫
ΓN

gNv ds

=

∫
Ω

[(A∇u) ·∇v + b ·∇u v + cuv] dx+

∫
ΓN

αuv ds

=

∫
Ω

[(A∇v) ·∇v + b ·∇v v + c(v + g)v] dx+

∫
ΓN

α(v + g)v ds

= a(v, v) +

∫
Ω

cgv dx+

∫
ΓN

αgv ds ≥ a(v, v) ≥ C ‖v‖2
1,Ω ≥ 0.

Hence v = 0 a.e. in Ω and thus u ≤ g a.e. in Ω.
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2.5 Green’s function

Let us consider the weak formulation (2.10) of problem (2.1)–(2.3). If the coeffi-
cients A, b, c, the domain Ω ⊂ Rd, and the parts ΓD and ΓN are fixed then any
triplet (f, gD, gN) ∈ L2(Ω) × L2(ΓD) × L2(ΓN) yields the unique weak solution
u ∈ H1(Ω). This defines an operator G̃ : L2(Ω)×L2(ΓD)×L2(ΓN) 7→ H1(Ω) such
that G̃(f, gD, gN) = u. The operator G̃ is inverse to the differential operator (2.10)
and it is called the Green’s operator. The existence, uniqueness, compactness, and
other properties of this operator are well described and proved in [61].

The Green’s operator for problem (2.10) can be often expressed as the follow-
ing integral operator, see e.g. [65, p. 88],

u(y) =

∫
Ω

f(x)G(x,y) dx+

∫
ΓN

gN(s)G(s,y) ds−
∫
ΓD

gD(s)n>A(s)∇sG(s,y) ds,

(2.16)
where y ∈ Ω and ∇sG(s,y) denotes the gradient of G(s,y) with respect to its
first variable. This identity is known as the Kirchhoff-Helmholtz representation
formula and the kernel G(x,y) of the involved integral operators is called the
Green’s function. It is often convenient to consider G as a function of one variable
only and therefore, we use the notation Gy(·) = G(·,y) for y ∈ Ω.

The Green’s function G(x,y) has a singularity for x = y. In addition, in
order to enforce the finite values of integrals in (2.16), it is natural to consider

Gy ∈ L1(Ω), Gy ∈ L1(ΓN), and n>A∇Gy ∈ L1(ΓD). (2.17)

Under these regularity conditions the integrals in (2.16) are well defined for f ∈
L∞(Ω), gN ∈ L∞(ΓN), and gD ∈ L∞(ΓD).

Let us note that the requirement of the additional L∞-regularity on the data f ,
gD, and gN is necessary. The natural L2-regularity is not sufficient because Gy 6∈
L2(Ω) in general, and integrals in (2.16) might be infinite. For an example we refer
to (2.21) below, where we present the fundamental solution and subsequently the
Green’s function for the Poisson problem.

If the Green’s operator can be expressed in the integral form (2.16) and if the
Green’s function Gy(·) = G(·,y) is sufficiently regular, then it can be regarded as
a solution to the differential equation adjoint to (2.1) with the Dirac distribution
δy on the right-hand side and with homogeneous boundary conditions:

− div(A>∇Gy)− div(Gyb) + cGy = δy in Ω, (2.18)
Gy = 0 on ΓD, (2.19)

(α + b · n)Gy + n>A>∇Gy = 0 on ΓN. (2.20)
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The equality (2.18) is understood in the sense of distributions.
Anyway, the rigorous proof of the existence and uniqueness of the Green’s

function for the general problem (2.1)–(2.3) is a delicate mathematical problem
and requires additional technical assumptions. In [55, Ch. 11] the C2 regularity
of the boundary ∂Ω is assumed, the H2 regularity of the elliptic problem (2.10) is
exploited, and subsequently the existence and uniqueness of the Green’s function
is established. The Green’s function on a general domain Ω is then obtained as a
limit of the Green’s functions on an expanding sequence of C2 domains Ωn such
that ∪nΩn = Ω. Nevertheless, the homogeneous Dirichlet boundary conditions
only are considered there.

Book [59] provides the existence and uniqueness of the Green’s function for
problem (2.1)–(2.3) with smooth coefficients, homogeneous Dirichlet boundary
conditions only, and for piecewise smooth polyhedral-like domains Ω ⊂ R3. Sim-
ilarly, paper [37] proves the existence and uniqueness of the Green’s function for
d ≥ 3, for coefficients A ∈ [L∞(Ω)]d×d, b = 0, and c = 0 and again for homoge-
neous Dirichlet boundary conditions only. Completely different and quite general
approach based on the theory of distributions is presented in [67].

On the other hand, in a special case of one dimension there are practically
no technicalities and the Green’s function can be defined very naturally, see e.g.
[19]. This discrepancy between the one- and the higher-dimensional case can be
explained by the fact that the Sobolev space H1(Ω) is embedded in the space of
continuous functions C(Ω) for dimension d = 1 and not for d > 1.

In addition, in certain special cases even the explicit formulas for the Green’s
function exist. These explicit formulas are very useful in physics and engineering,
because they enable to gain a lot of information about the corresponding problem
and its solutions. The engineering approach to Green’s function is well described
in [73] and in [23], where a variety of explicit expressions of Green’s functions in
special cases can be found.

As an example, let us present the well-known case of the Poisson problem.
Equation (2.1) collapses to the Poisson equation for A = I, b = 0, and c = 0.
Poisson equation possesses the following well-known fundamental solution:

F (x,y) =


1

2π
ln

1

|x− y| for d = 2,

1

(d− 2)κd

1

|x− y|d−2
for d ≥ 3,

(2.21)

where κd stands for the (d−1)-dimensional measure of the unit sphere in Rd and
| · | denotes the Euclidean norm. It can be easily shown that for all y ∈ Rd the
fundamental solution Fy(·) = F (·,y) is a harmonic function in any domain not
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containing the point y. In addition it satisfies the equality

−∆Fy = δy in Ω

for all y ∈ Ω in the sense of distributions. In order to incorporate the boundary
conditions (2.2)–(2.3), we consider for all y ∈ Ω the following problem with the
homogeneous right-hand side:

−∆Ny = 0 in Ω,

Ny = Fy on ΓD,

αNy + n ·∇Ny = αFy + n ·∇Fy on ΓN.

Since y 6∈ ∂Ω, there is no singularity in the boundary conditions, this problem is
well-posed, and it possesses a unique solution Ny. Thus, we finally put G(x,y) =
F (x,y)−N(x,y), where N(x,y) = Ny(x). This Gy(·) = G(·,y) clearly satisfies
(2.18)–(2.20) (with A = I, b = 0, and c = 0) and hence it is the Green’s function
yielding the representation formula (2.16).

We finish this section by the well-known equivalence between the nonnega-
tivity of the Green’s function and the validity of the maximum principle. This
equivalence is mentioned e.g. in [15, 19, 48] for homogeneous Dirichlet bound-
ary conditions and it is presented in [65, p. 88] for the general mixed boundary
conditions. For the reader’s convenience we state it and prove it again here.

Theorem 2.6. Let us consider problem (2.10) with f ∈ L∞(Ω), gN ∈ L∞(ΓN),
and gD ∈ L∞(ΓD). Let the Green’s operator corresponding to problem (2.10) admit
the integral form (2.16) and let the Green’s function Gy(·) = G(·,y) satisfy the
regularity (2.17) for a.a. y ∈ Ω. In addition, let Gy(s) = 0 for a.a. s ∈ ΓD,
see (2.19). Further, let for a.a. y ∈ Ω an open set ω exist such that ΓD ⊂ ω,
ΓN ∩ ω = ∅, measd(ω) > 0, y 6∈ ω, and Gy ∈ C1(ω ∩ Ω). Then problem (2.10)
satisfies the conservation of nonnegativity if and only if G(x,y) ≥ 0 for a.a.
(x,y) ∈ Ω2 and for a.a. (x,y) ∈ ΓN × Ω.

Proof. Let us first assume that problem (2.10) satisfies the conservation of non-
negativity. Then we can take gD = 0, gN = 0 in Definition 2.7, and by (2.16) we
obtain

u(y) =

∫
Ω

f(x)G(x,y) dx ≥ 0 ∀f ∈ L∞(Ω), f ≥ 0,

for a.a. y ∈ Ω. Therefore, Gy(x) ≥ 0 for a.a. x ∈ Ω. Similarly, the conservation of
nonnegativity with f = 0, gD = 0, and arbitrary gN ≥ 0 yields the nonnegativity
of Gy(x) for a.a. x ∈ ΓN.

The converse implication follows from (2.16) as well. If we assume the non-
negativity of G(x,y) for a.a. (x,y) ∈ Ω2 and the nonnegativity of G(x,y) for
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a.a. (x,y) ∈ ΓN × Ω, then inequalities∫
Ω

f(x)G(x,y) dx ≥ 0 and
∫

ΓN

gN(s)G(s,y) ds ≥ 0 (2.22)

hold trivially for any f ∈ L∞(Ω), f ≥ 0, and any gN ∈ L∞(ΓN), gN ≥ 0.
Further, the assumption Gy ∈ C1(ω ∩ Ω) enables us to utilize the classical

definition of the directional derivative

n>A∇Gy(s) = lim
t→0−

Gy(s+ tµ)−Gy(s)

t
,

where µ = A>n. Now, we realize that n>µ = µ>n = n>An > 0 by (2.5). Thus,
the angle between µ and the normal vector n is acute and the point s + tµ lies
inside the domain Ω for all sufficiently small t < 0. Therefore, Gy(s + tµ) ≥ 0
and since Gy(s) = 0 for s ∈ ΓD we conclude that n>A∇Gy(s) ≤ 0 for s ∈ ΓD.
Thus, the inequality

−
∫

ΓD

gD(s)n>A(s)∇Gy(s) ds ≥ 0 (2.23)

holds true for any gD ∈ L∞(ΓD), gD ≥ 0. Finally, inequalities (2.22) and (2.23)
used in (2.16) finish the proof.

We note that especially the assumption Gy ∈ C1(ω ∩ Ω) of Theorem 2.6 is
somewhat artificial. On the other hand, the Green’s function Gy(x) is known to
be smooth in any subdomain of Ω not-containing arbitrarily small neighborhood
of the singular point x = y. Thus, the assumption Gy ∈ C1(ω ∩ Ω) is realistic.
For an illustration we refer to the above example of the Poisson problem, where
all the technical assumptions of Theorem 2.6 are satisfied. Finally, we note that
conditions for the nonnegativity of the Green’s function are studied in [48].



CHAPTER

THREE

Discrete maximum principles in the finite element
method

The previous chapter described the qualitative properties of the solution of linear
second-order partial differential equations like the maximum, minimum, and com-
parison principles. If the (continuous) problem is discretized then it is natural to
consider the discrete counterparts of these (continuous) principles. This chapter
defines the discrete maximum principles (DMP) and shows that they possess the
same properties as the continuous principles including the relationship with the
discrete Green’s function.

Let us point out that all statements of this chapter are valid for a general
continuous and V -elliptic bilinear form a on a Hilbert space V , see (2.13) and
(2.14), and for a general linear and continuous operator F on V . In particular,
it is not necessary to assume the particular form (2.11) and (2.12) of a and F .

This chapter is organized as follows. Section 3.1 gives a brief summary of
the finite element method. Section 3.2 defines the discrete qualitative properties
of the finite element solution and presents their equivalence. In Section 3.3 the
discrete Green’s function is defined and the equivalence of its nonnegativity and
of the DMP is proved.

3.1 Finite element method

The finite element method (FEM) is a standard method in the numerical analysis
of partial differential equations. Its detailed description can be found in many
textbooks, see e.g. [10, 17, 71]. In what follows, we summarize the FEM very
briefly in order to introduce the necessary notation and properties needed in the
subsequent analysis of the DMP.

18
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On the continuous level, the weak solution is naturally defined in H1(Ω) and
the Dirichlet boundary conditions are represented by the subspace V ⊂ H1(Ω),
see (2.9). On the discrete level, we need a compatible discretization of these
spaces. To construct such a compatible discretization it is usually necessary to
approximate the domain Ω somehow. Most often a polytopic approximation of Ω
is used. Nevertheless, here we will not describe this topic and we will just assume
that there are finite dimensional spaces Vh and Xh such that

Vh ⊂ V, Xh ⊂ H1(Ω), Vh ⊂ Xh ⊂ C(Ω). (3.1)

The space Xh is used for the approximation of the Dirichlet lift. Hence, let
gD,h ∈ Xh be an approximation of the lift gD ∈ H1(Ω). The values of gD,h on
ΓD are obtained in a suitable way (often as the nodal interpolation or as the
L2(ΓD)-projection of gD into Xh) and the values in the interior nodes are often
taken as zeros. However, the particular choice of gD,h is not important at this
point. For the purposes of this chapter, we consider arbitrary gD,h ∈ Xh.

The FEM is a special case of the well-known Galerkin method. We say that
uh = u0

h + gD,h is a Galerkin solution of (2.10) if u0
h ∈ Vh and

a(u0
h, vh) = F(vh)− a(gD,h, vh) ∀vh ∈ Vh, (3.2)

where the bilinear form a and the linear functional F are given by (2.11) and
(2.12), respectively. For a fixed discrete Dirichlet lift gD,h there exists the unique
Galerkin solution uh.

Considering a basis ϕ1, ϕ2, . . . , ϕN0 , where N0 = dimVh, and expressing the
solution u0

h as a linear combination of the basis functions as

u0
h(x) =

N0∑
j=1

zjϕj(x),

problem (3.2) is equivalent to a system of linear algebraic equations

Az = F ,

where z = (z1, z2, . . . , zN0)> and the stiffness matrix A ∈ RN0×N0 and the load
vector F ∈ RN0 have entries

Aij = a(ϕj, ϕi) and Fi = F(ϕi)− a(gD,h, ϕi), i, j = 1, 2, . . . , N0. (3.3)

Notice that the V -ellipticity of the bilinear form a implies the nonsingularity of
A. Even more, it implies the positive definiteness

z>Az > 0 for all z ∈ RN0

, z 6= 0. (3.4)
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In order to handle the approximation of the Dirichlet lift gD,h, we append
the basis ϕ1, ϕ2, . . . , ϕN0 of Vh by functions ϕN0+1, ϕN0+2, . . . , ϕN such that these
functions all together form a basis in Xh. We define a space V ∂

h as a linear span
of the basis functions ϕN0+1, ϕN0+2, . . . , ϕN . Hence, Xh = Vh ⊕ V ∂

h , where ⊕
denotes the direct sum, dimXh = N , dimVh = N0, and dimV ∂

h = N∂. Clearly,
N = N0 +N∂. For further reference, we also set ϕ∂k = ϕN0+k for k = 1, 2, . . . , N∂.
See Figure 3.1 for an illustration.

ϕ∂
1 ϕ∂

2

V ∂
h = span {ϕ∂

1 , ϕ
∂
2}

ϕ1 ϕ2 ϕ3

Vh = span {ϕ1, ϕ2, ϕ3}

Figure 3.1: Notation for the interior and boundary basis functions – a 1D illus-
tration.

For the subsequent analysis of the discrete Green’s function and the DMP, we
will utilize the matrix A∂ ∈ RN0×N∂ with entries

A∂ik = a(ϕ∂k , ϕi), i = 1, 2, . . . , N0, k = 1, 2, . . . , N∂. (3.5)

The FEM can be regarded as a special case of the Galerkin method, where
the space Xh and the basis functions ϕ1, ϕ2, . . . , ϕN are constructed with the aid
of a triangulation of the domain Ω in such a way that the corresponding stiffness
matrices A and A∂ are sparse.

The finite element triangulation (or partition or mesh) of Ω is a finite set
Th = {Ki : i = 1, 2, . . . ,M} of subdomains – elements – Ki ⊂ Ω with the
following properties, see e.g. [17, 53]:

(T 1)
⋃M
i=1 Ki = Ω,

(T 2) each K ∈ Th is a closed set and its interior K0 is nonempty,

(T 3) all pairs of distinct elements K1, K2 ∈ Th satisfy K0
1 ∩K0

2 = ∅,
(T 4) the boundary ∂K is Lipschitz for all K ∈ Th.
In the subsequent chapters, we will limit ourselves to polytopic domains Ω ⊂ Rd.
In that case we will consider polytopic finite element meshes which are required
to have the following additional properties:

(T 5) all elements K ∈ Th are polytopic and convex,
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(T 6) each face of any element K ∈ Th lies either on the boundary ∂Ω or it is a
face of another element K∗ ∈ Th,

(T 7) interiors of all faces of all elements in Th are disjoint with ΓD ∩ ΓN.

Anyway, having the finite element mesh Th satisfying properties (T 1)–(T 4),
we can split the bilinear and linear forms a and F into local contributions:

a(u, v) =
∑
K∈Th

aK(u, v) and F(v) =
∑
K∈Th

FK(v) ∀u, v ∈ H1(Ω), (3.6)

where in accordance with (2.11) and (2.12) we put

aK(u, v) =

∫
K

[(A∇u) ·∇v + (b ·∇u)v + cuv] dx+

∫
∂K∩ΓN

αuv ds,

FK(v) =

∫
K

fv dx+

∫
∂K∩ΓN

gNv ds.

These local bilinear forms aK and the above introduced basis functions of Vh
and V ∂

h can be used to define the local stiffness matrices (some authors call them
element stiffness matrices) AK ∈ RN0×N0 and A∂,K ∈ RN0×N∂ as

A
K

ij = aK(ϕj, ϕi), i, j = 1, 2, . . . , N0,

A
∂,K

ik = aK(ϕ∂k , ϕi), i = 1, 2, . . . , N0, k = 1, 2, . . . , N∂.

However, if the basis functions are defined using the standard finite element ma-
chinery, then any given elementK is contained in supports of a few basis functions
only and, therefore, the corresponding local stiffness matrices AK and A∂,K have
many zero entries. Thus, they can be condensed into matrices with smaller di-
mension by leaving out their zero entries. To perform formally this condensation,
we have to introduce the connectivity mappings.

Let us define sets I(K), I0(K), and I∂(K) of indices of basis functions whose
support contains the element K:

I(K) = {i ∈ N : 1 ≤ i ≤ N, K ⊂ suppϕi},
I0(K) = {j ∈ N : 1 ≤ j ≤ N0, K ⊂ suppϕj},
I∂(K) = {k ∈ N : 1 ≤ k ≤ N∂, K ⊂ suppϕ∂k}.

We denote by NK , N0
K , and N∂

K the numbers of indices in the sets I(K), I0(K),
and I∂(K), respectively. Clearly, I0(K) ⊂ I(K) and NK = N0

K + N∂
K . By con-

nectivity mappings we understand arbitrary but fixed one-to-one mappings ιK :
{1, 2, . . . , NK} 7→ I(K), ι0K : {1, 2, . . . , N0

K} 7→ I0(K), and ι∂K : {1, 2, . . . , N∂
K} 7→
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I∂(K) such that ιK(m) = ι0K(m) for m = 1, 2, . . . , N0
K and ιK(N0

K + m) =
N0 + ι∂K(m) for m = 1, 2, . . . , N∂

K . These connectivity mappings are of a practical
significance and they play an important role in many finite element codes, see
e.g. [21, 71, 72].

The connectivity mappings enable us to define the shape functions as ϕKm =
ϕi|K with i = ιK(m), K ∈ Th, m = 1, 2, . . . , NK . In particular, we set ϕK,∂q =
ϕK
N0

K+q
= ϕ∂j |K with j = ι∂K(q), K ∈ Th, q = 1, 2, . . . , N∂

K . Afterall, we use
the shape functions to define the entries of the condensed local stiffness matrices
AK ∈ RN0

K×N0
K and A∂,K ∈ RN0

K×N∂
K as

AKmn = A
K

ιK(m),ιK(n) = aK
(
ϕKn , ϕ

K
m

)
, m, n = 1, 2, . . . , N0

K , (3.7)

A∂,Kmq = A
∂,K

ιK(m),ιK(q) = aK
(
ϕK,∂q , ϕKm

)
, m = 1, . . . , N0

K , q = 1, . . . , N∂
K . (3.8)

Using (3.6) and the above definitions, we can express the entries of the (global)
matrices A and A∂ as follows

Aij =
∑
K∈Th

aK(ϕj, ϕi) =
∑
K∈Th

A
K

ij =
∑

{K∈Th:i,j∈I0(K)}
AK
ι−1
K (i),ι−1

K (j)
, (3.9)

A∂ik =
∑
K∈Th

aK(ϕ∂k , ϕi) =
∑
K∈Th

A
∂,K

ij =
∑

{K∈Th:i∈I0(K), k∈I∂(K)}
A∂,K
ι−1
K (i),(ι∂K)−1(k)

,

(3.10)

where i, j = 1, 2, . . . , N0 and k = 1, 2, . . . , N∂. Further on we will solely use the
condensed local stiffness matrices AK and A∂,K and we will call them simply local
(stiffness) matrices.

Nevertheless, the subsequent results do not need any special information about
the space Vh, its basis, and the local stiffness matrices. All the remaining results in
this chapter concern the general Galerkin solution. However, the refined analysis
of the DMP presented in the next chapters will be based on the computations of
entries of the local stiffness matrices.

3.2 Discrete maximum principles
This section presents natural discrete analogues of the qualitative properties given
in Definitions 2.1–2.4. Here and in the sequel we assume that Vh contains contin-
uous functions only.

Definition 3.1. Let the spaces Vh and Xh be fixed. Problem (3.2) satisfies the
discrete maximum principle if

f ≤ 0 a.e. in Ω and gN ≤ 0 a.e. on ΓN ⇒ max
Ω

uh ≤ max
ΓD

u+
h .
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Definition 3.2. Let the spaces Vh and Xh be fixed. Problem (3.2) satisfies the
discrete minimum principle if

f ≥ 0 a.e. in Ω and gN ≥ 0 a.e. on ΓN ⇒ min
Ω
uh ≥ min

ΓD

(−u−h ).

Definition 3.3. Let the spaces Vh and Xh be fixed. Problem (3.2) satisfies the
discrete conservation of nonnegativity if

f ≥ 0 a.e. in Ω, gD,h ≥ 0 a.e. on ΓD, and gN ≥ 0 a.e. on ΓN ⇒ uh ≥ 0.

Definition 3.4. Let the spaces Vh and Xh be fixed. Let uh,1 ∈ Xh be the
solution to problem (3.2) with right-hand side f1 and boundary data gD,h,1, gN,1

and similarly let uh,2 ∈ Xh be the solution for f2, gD,h,2, and gN,2. We say that
problem (3.2) satisfies the discrete comparison principle if

f1 ≥ f2 a.e. in Ω, gD,h,1 ≥ gD,h,2 a.e. on ΓD, and gN,1 ≥ gN,2 a.e. on ΓN

⇒ uh,1 ≥ uh,2.

Theorem 3.1. Let the space Xh contain all constant functions. Let c ≥ 0 a.e.
in Ω and α ≥ 0 a.e. on ΓN. Then the following statements are equivalent.

(i) Problem (3.2) satisfies the discrete maximum principle.
(ii) Problem (3.2) satisfies the discrete minimum principle.

(iii) Problem (3.2) satisfies the discrete conservation of nonnegativity.
(iv) Problem (3.2) satisfies the discrete comparison principle.

Proof. The proof is analogous to the proof of Theorem 2.4 above.

The validity of the DMP is not automatic. It depends not only on the problem
and its parameters but also on the used discretization method and its parameters.
In our case it is the finite element space Vh and consequently the underlined
triangulation. The standard results about the DMP for the linear finite elements,
see Chapter 4, usually define a class of spaces Vh (or equivalently a class of
triangulations) for which the DMP is satisfied.

However, this is not the only possibility how to transfer the maximum principle
to the discrete level. Another option, equally natural, is to consider the given
nonnegative data f , gD, and gN to be fixed and seek a suitable class of spaces
Vh (or triangulations) specific for the given data such that the corresponding
solution uh ∈ Vh is nonnegative. The author of this thesis is not aware of any
source, where this approach is mentioned or treated. This is an interesting open
problem and a topic for further research.
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3.3 Discrete Green’s function
In the context of the FEM a natural discrete analog of the Green’s function, the
discrete Green’s function (DGF), can be defined. The DGF has been introduced
already in [16, 19]. We point out also the analysis [22] of the DGF for the
lowest-order finite elements. The DGF possesses the analogous properties as the
Green’s function for the continuous problem including the equivalence of the DMP
with the nonnegativity of the DGF. This section defines the DGF and proves its
properties.

Let us recall the assumption that Vh is a finite dimensional space containing
continuous functions, see (3.1).

Definition 3.5. Let y ∈ Ω and let Gh,y ∈ Vh be the unique solution of the
problem

a(vh, Gh,y) = vh(y) ∀vh ∈ Vh. (3.11)

The function Gh(x,y) = Gh,y(x), (x,y) ∈ Ω2, is called the discrete Green’s
function (DGF).

The above definition does not handle the action of the Dirichlet data gD. In
order to handle this action, we consider the elliptic projection Π0

h : Xh 7→ Vh.
The elliptic projection Π0

hwh ∈ Vh of a wh ∈ Xh is uniquely determined by the
requirement

a(wh − Π0
hwh, vh) = 0 ∀vh ∈ Vh. (3.12)

The DGF Gh and the elliptic projection Π0
h enable us the following characteriza-

tion of the Galerkin solution.

Theorem 3.2. The Galerkin solution uh ∈ Xh to problem (3.2) satisfies the
following representation formula

uh(y) = F(Gh,y) + gD,h(y)− (Π0
hgD,h)(y). (3.13)

Proof. By (3.11) with vh = u0
h + Π0

hgD,h, (3.12), and (3.2) we immediately obtain

u0
h(y) + (Π0

hgD,h)(y) = a(u0
h + Π0

hgD,h, Gh,y) = F(Gh,y).

Hence, the statement follows from the fact that uh = u0
h + gD,h.

Remark 3.1. Using the particular form (2.12) of the linear functional F we can
express the representation formula (3.13) as

uh(y) =

∫
Ω

f(x)Gh(x,y) dx+

∫
ΓN

gN(s)Gh(s,y) ds+ gD,h(y)− (Π0
hgD,h)(y).

(3.14)
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Here, we clearly observe the explicit dependence of the solution uh on the data f ,
gD,h, and gN. Furthermore, we can compare (3.14) with the Kirchhoff-Helmholtz
representation formula (2.16) to see the difference between the continuous and
discrete case.

The following theorem states the main result of this section: the equivalent
conditions for the validity of the DMP.

Theorem 3.3. Problem (3.2) satisfies the discrete conservation of nonnegativity
if and only if

(a) Gh(x,y) ≥ 0 ∀(x,y) ∈ Ω2,

(b) gD,h(y)− (Π0
hgD,h)(y) ≥ 0 for all gD,h ∈ V ∂

h , gD,h ≥ 0 in Ω, y ∈ Ω.

Proof. The fact that conditions (a) and (b) imply the discrete conservation of
nonnegativity is an immediate consequence of (3.14). Notice that the nonnega-
tivity of Gh,y on ΓN is guaranteed by the continuity of Gh in Ω2. The converse
implication follows from (3.14), too. Indeed, taking y ∈ Ω, gN = 0, and gD,h = 0,
the conservation of nonnegativity yields

uh(y) =

∫
Ω

f(x)Gh(x,y) dx ≥ 0

for any f ∈ L2(Ω) such that f ≥ 0 a.e. in Ω. Thus, Gh,y ≥ 0 a.e. in Ω and
since Gh,y is continuous, it is nonnegative everywhere in Ω. Condition (b) follows
trivially from the conservation of nonnegativity and from (3.14) with f = 0 and
gN = 0.

3.4 Expressing the discrete Green’s function in a
basis

The Green’s function on the continuous level can be explicitly found in exceptional
cases only. In contrast, on the discrete level, the DGF can always be computed
– at least theoretically. Practically, we can compute it only if the size of the
discrete problem (the dimension N0) allows it. The following theorem shows an
explicit expression for the DGF in terms of the inverse of the stiffness matrix A,
see (3.3). We point out that a version of this result based on eigenfunctions of
the discrete Laplacian was published already in 1970 in [16] and [19]. Anyway,
for the reader’s convenience we present its proof here, although it can be found
in [83], too.
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Theorem 3.4. Let ϕ1, ϕ2, . . . , ϕN0 be a basis in Vh and let A be the corresponding
stiffness matrix given by (3.3). Then the DGF can be expressed as follows

Gh(x,y) =
N0∑
i=1

N0∑
j=1

ϕi(y)(A−1)ijϕj(x). (3.15)

Proof. The DGF Gh,y is defined as an element of Vh, hence, it can be expanded
as a linear combination of the basis functions

Gh,y(x) =
N0∑
j=1

dj(y)ϕj(x). (3.16)

Using this expansion in (3.11) tested by all the basis functions, we obtain

ϕi(y) = a

(
ϕi,

N0∑
j=1

dj(y)ϕj(x)

)
=

N0∑
j=1

dj(y)Aji, i = 1, 2, . . . , N0.

Since the stiffness matrix is nonsingular, we can multiply this identity by the
inverse matrix to express the coefficients dk(y):

dk(y) =
N0∑
i=1

ϕi(y)(A−1)ik, k = 1, 2, . . . , N0.

Inserting this into (3.16), we obtain (3.15).

The error of the elliptic projection Π0
hgD,h needed in the representation formula

(3.14) can be expressed in a similar way as the DGF, using the basis functions
and the stiffness matrices.

Theorem 3.5. Let Xh = Vh ⊕ V ∂
h , let ϕ1, ϕ2, . . . , ϕN0 be a basis in Vh, let

ϕ∂1 , ϕ
∂
2 , . . . , ϕ

∂
N∂ be a basis in V ∂

h , and let the matrices A and A∂ be given by
(3.3) and (3.5), respectively. Let the approximation of the Dirichlet lift gD,h ∈ Xh

be expressed as

gD,h(y) =
N∂∑
`=1

c∂`ϕ
∂
` (y) +

N0∑
i=1

c0
iϕi(y) ∀y ∈ Ω. (3.17)

Then

gD,h(y)− Π0
hgD,h(y) =

N∂∑
`=1

c∂`
[
ϕ∂` (y)− Π0

hϕ
∂
` (y)

] ∀y ∈ Ω, (3.18)
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where the elliptic projection of the basis functions ϕ∂` can be expressed as

Π0
hϕ

∂
` (y) =

N0∑
i=1

N0∑
j=1

ϕi(y)(A−1)ijA
∂
j` ∀y ∈ Ω, ` = 1, 2, . . . , N∂. (3.19)

Proof. The equality (3.18) follows immediately from the linearity of the elliptic
projection Π0

h and from the fact that Π0
hϕi = ϕi, because ϕi ∈ Vh for all i =

1, 2, . . . , N0. To prove (3.19), we express Π0
hϕ

∂
` as

Π0
hϕ

∂
` =

N0∑
i=1

d`iϕi. (3.20)

This expansion in the definition of the elliptic projection (3.12) yields

N0∑
i=1

d`ia(ϕi, ϕj) = a(ϕ∂` , ϕj) ∀j = 1, 2, . . . , N0.

Consequently, by (3.3) and (3.5) we can express the coefficients d`i in terms of
the inverse matrix to the stiffness matrix A as follows

d`i =
N0∑
j=1

(A−1)ijA
∂
j`.

The statement (3.19) follows by substitution of this into (3.20).

Remark 3.2. The statements (3.15) and (3.19) of Theorems 3.4 and 3.5 can be
written in a more compact way using the matrix notation. If the basis functions
are arranged into vectors ϕ = (ϕ1, ϕ2, . . . , ϕN0)> and ϕ∂ = (ϕ∂1 , ϕ

∂
2 , . . . , ϕ

∂
N∂ )>,

then (3.15) and (3.19) can be expressed as

Gh(x,y) = ϕ(x)>A−>ϕ(y),(
Π0
hϕ

∂
)

(y) = (A∂)>A−>ϕ(y).

Remark 3.3. Formula (3.15) implies that not only Gh,y = Gh(·,y) ∈ Vh for all
y ∈ Ω but also that Gh,x = Gh(x, ·) ∈ Vh for all x ∈ Ω.

Theorems 3.3–3.5 represent the general concept for investigation of the DMP
in the FEM. Theorem 3.3 shows the equivalence of the DMP with the nonnegativ-
ity of the DGF and with the nonnegativity of the error of the elliptic projection of
the discrete Dirichlet lift. Theorems 3.4 and 3.5 provide explicit formulas for the
DGF and for the error of the elliptic projection. In certain cases these formulas
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enable to deduce certain sufficient conditions for the nonnegativity of the DGF
and consequently for the validity of the DMP. In the case of the lowest-order
FEM the investigation of the nonnegativity of the DGF is equivalent to the in-
vestigation of the monotonicity of the corresponding matrices. This is treated in
Chapter 4. In the case of the higher-order FEM, not only the matrices but also
the basis functions play a crucial role as it will be presented in Chapter 5.



CHAPTER

FOUR

Survey of discrete maximum principles for the
lowest-order finite elements

This chapter provides a survey of the discrete maximum principle (DMP) re-
sults for problem (2.1)–(2.3) discretized by the lowest-order finite elements. This
case covers the most often used approximations of the solution u, namely the
continuous and piecewise linear approximation on simplices and the continuous
and multilinear approximation on blocks (Cartesian products of intervals). The
nonnegativity of such an approximation in a domain Ω ⊂ Rd is equivalent to the
nonnegativity of its nodal values. This is a fundamental property which makes
the analysis of the DMP much simpler for the lowest-order finite elements in
comparison with the higher-order finite elements.

The DMP for the lowest-order finite elements is already studied for several
decades. The first DMP results in the context of the FEM appeared in 1970s,
see [18, 63]. Later, other publications appeared [22, 70, 77] etc. This chapter
summarizes the known DMP results in a unified way, using the general concept
developed above.

The DMP results in the case of linear finite elements are based on several
statements from the matrix theory which are presented in Section 4.1. At first,
general DMP results are summarized in Section 4.2. The subsequent statements
are based on these general results. Section 4.3 completely characterizes the DMP
for problem (2.1)–(2.3) in one dimension. Section 4.4 introduces the two- and
higher-dimensional cases. Section 4.5 provides general conditions for the validity
of the DMP on simplicial meshes in any dimension higher than one. Section 4.6
attempts the same for the case of block-meshes. In this case, however, the suffi-
cient conditions for the DMP have to be investigated individually for dimension
two, three, and higher. See Subsections 4.6.1, 4.6.2, and 4.6.3, respectively. Two
artificial examples showing the validity of the DMP on block-meshes in extreme

29
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cases are described in Subsection 4.6.4. Section 4.7 presents the result obtain
for prismatic meshes. Finally, Section 4.8 mentions various generalization of the
standard results.

4.1 Selected results from the matrix theory
As we will see in Theorem 4.4 below, the analysis of the DMP is based on the
nonnegative and monotone matrices. We recall that a real matrix A is said to
be nonnegative if all its entries are nonnegative and it is denoted by inequality
A ≥ 0, i.e. this inequality is understood componentwise. Similarly, we use A ≤ 0
for nonpositive matrices. A matrix A ∈ RN×N is said to be monotone if it is
nonsingular and A−1 ≥ 0. Further, we introduce a special notation for the off-
diagonal part of a matrix.

Definition 4.1. Let A ∈ RN×N be a real square matrix. The off-diagonal part
of A is a matrix B ∈ RN×N with entries Bii = 0 for i = 1, 2, . . . , N and Bij = Aij
for i 6= j, i, j = 1, 2, . . . , N . We denote the off-diagonal part of A by off-diag(A).

For the DMP, the crucial class of matices are the M-matrices. A matrix
A ∈ RN×N is said to be M-matrix if off-diag(A) ≤ 0 and if it is nonsingular and
A−1 ≥ 0. Clearly, M-matrices form a subclass of the monotone matrices. Their
significance for the DMP stems from the following well-known theorem.

Theorem 4.1. Let a matrix A ∈ RN×N be positive definite, see (3.4), and let
off-diag(A) ≤ 0. Then A is M-matrix, i.e. A−1 ≥ 0.

Proof. Using Lemma 4.2 below, it follows from [32, Thm. 5.1, p. 114].

Let us note that Theorem 4.1 is a generalization of the well-known result of
Varga [78, p. 85] to nonsymmetric matrices.

In the special case of tridiagonal matrices, we can prove even the equivalence
in Theorem 4.1. This equivalence is proved in Lemma 4.3 below, but first we
introduce Lemma 4.2 which summarizes important facts about the nonsymmetric
and positive definite matrices. Although these facts are quite well known and they
(or their modifications) can be found for example in [32], we present their proof for
the reader’s convenience. Further, let us recall a few definitions. Formally, we say
that a matrix A ∈ RN×N is tridiagonal if all its entries Aij with |i−j| ≥ 2 vanish.
We also remind that having a nonempty subset of indices M ⊂ {1, 2, . . . , N}
then a principal submatrix A(M,M) of a square matrix A ∈ RN×N contains only
entries Aij with i ∈ M and j ∈ M . The determinant of A(M,M) is called the
principal minor of A.

Lemma 4.2. Let a matrix A ∈ RN×N be positive definite, see (3.4). Then



4.1. SELECTED RESULTS FROM THE MATRIX THEORY 31

(a) A is nonsingular,

(b) any real eigenvalue of A is positive,

(c) detA > 0,

(d) all principal minors of A are positive,

(e) all principal minors of A−> are positive.

Proof. (a) If A were singular then there would exist a vector x ∈ RN , x 6= 0 such
that Ax = 0. Thus, x>Ax = 0 contradicts the assumption of the lemma.

(b) Let us consider λ ∈ R, x ∈ RN , x 6= 0 such that Ax = λx. Then
0 < x>Ax = λx>x. Since x>x > 0, we conclude that λ > 0.

(c) Let λ1, λ2, . . . , λN be all eigenvalues of A, (some of them may coincide,
depending on their multiplicity). If the eigenvalue λi, i = 1, 2, . . . , N , is real,
then λi > 0 by (b). The complex eigenvalues appear in pairs with their complex
conjugate, i.e. if λi is complex then there exists j ∈ {1, 2, . . . , N} such that
λj = λi. Hence, λiλj ≥ 0. Since detA = λ1λ2 . . . λN , we obtain detA ≥ 0 and by
(a) we have detA > 0.

(d) Let ∅ 6= M ⊂ {1, 2, . . . , N}, let #M be the number of elements of M ,
let x(M) ∈ R#M be arbitrary nonzero vector, and let x ∈ RN be the vector
x(M) augmented by zeros, i.e. its entries xi, i ∈ M coincide with entries of
x(M) and its other entries are zero. Clearly, x is nonzero and 0 < x>Ax =
x(M)>A(M,M)x(M). Thus, the principal submatrix A(M,M) has the same
positive definiteness property as the matrix A and all statements (a)–(c) apply
to A(M,M) as well.

(e) Let y ∈ RN , y 6= 0 be arbitrary. Then y>A−>y = y>A−>AA−1y =
x>Ax > 0, where x = A−1y 6= 0. Thus, we can use the statement (d) for
A−>.

Lemma 4.3. Let a matrix A ∈ RN×N be tridiagonal and positive definite. Then
A is monotone if and only if off-diag(A) ≤ 0.

Proof. First, consider the case off-diag(A) ≤ 0. By Lemma 4.2 we see that any
real eigenvalue of A is positive. Thus, by Theorem 4.1 the matrix A is M-matrix
and hence monotone.

To prove the converse implication, we introduce the following notation for the
entries of the tridiagonal matrix A

A =


a1 b1 0

c1 a2
. . .

. . . . . . bN−1

0 cN−1 aN

 .
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The minor Ci,i+1 of the entry Ai,i+1 can be expressed as

Ci,i+1 = det



0

Li−1
...

bi−1

0 . . . 0 ci bi+1 . . . 0
0
... Ri+2

0


,

where

Li−1 =


a1 b1

c1 a2
. . .

. . . . . . bi−2

ci−2 ai−1

 , Ri+2 =


ai+2 bi+2

ci+2 ai+3
. . .

. . . . . . bN−1

cN−1 aN

 .

Expanding the determinant Ci,i+1 with respect to its i-th row gives

Ci,i+1 = ci det

(
Li−1 0

0 Ri+2

)
− bi+1 detD,

where

D =



0

Li−1
...

bi−1

0 . . . 0 0 bi+2 . . . 0
0
... Ri+3

0


.

The first i columns ofD are linearly dependent, because they have nonzero entries
in the first i− 1 positions only. Therefore, detD = 0.

Thus, if A is monotone then A−1 ≥ 0, the entry (A−1)i+1,i of A−1 is nonnega-
tive and we have

0 ≤ (A−1)i+1,i = −Ci,i+1

detA
= − ci

detA
det

(
Li−1 0

0 Ri+2

)
.

By Lemma 4.2 the determinants of A and of its principal submatrices Li−1 and
Ri+2 are positive and, thus, ci ≤ 0. Similar analysis of the minor Ci+1,i of the
entry Ai+1,i shows that bi ≤ 0.



4.2. GENERAL FRAMEWORK 33

4.2 General framework
The general results about the DMP and the DGF described in Sections 3.2–3.4
can be well used for the lowest-order finite elements. Even more, the above men-
tioned advantageous property of the lowest-order finite elements enables to refine
the general results presented above. To formalize the advantageous property,
we assume the same notation as in Section 3.1. We consider the finite dimen-
sional spaces Xh = Vh ⊕ V ∂

h , with N0 = dimVh, N∂ = dimV ∂
h and with a basis

ϕ1, ϕ2, . . . , ϕN0 of Vh and with a basis ϕ∂1 , ϕ∂2 , . . . , ϕ∂N∂ of V ∂
h . For these basis

functions we assume the following properties

N0∑
i=1

ciϕi(x) ≥ 0 ∀x ∈ Ω ⇔ ci ≥ 0 ∀i = 1, 2, . . . , N0, (4.1)

N∂∑
`=1

c∂`ϕ
∂
` (x) ≥ 0 ∀x ∈ Ω ⇔ c∂` ≥ 0 ∀` = 1, 2, . . . , N∂. (4.2)

Let us notice that the standard (Lagrangian) lowest-order finite element basis
functions, like piecewise linear functions on simplices or piecewise multi-linear
functions on blocks, satisfy these properties.

The special properties (4.1) and (4.2) enable to reformulate the general result
stated in Theorem 3.3. In the lowest-order case the role of the DGF is played by
the inverse of the stiffness matrix A.

Theorem 4.4. Let the finite dimensional spaces Vh and V ∂
h possess basis func-

tions ϕ1, ϕ2, . . . , ϕN0 and ϕ∂1 , ϕ∂2 , . . . , ϕ∂N∂ with properties (4.1) and (4.2). Then
problem (3.2) satisfies the discrete conservation of nonnegativity if and only if

A−1 ≥ 0 and − A−1A∂ ≥ 0,

where matrices A and A∂ are defined in (3.3) and (3.5).

Proof. The proof follows from Theorems 3.3–3.5 and from the facts that in the
lowest-order case (i) the DGF Gh is nonnegative if and only if A−1 ≥ 0 and (ii)
the error of the elliptic projection gD,h − Π0

hgD,h is nonnegative for all gD,h ≥ 0,
gD,h ∈ V ∂

h if and only if −A−1A∂ ≥ 0.
The equivalence (i) follows from the expression (3.15) and from the property

(4.1). Indeed, the DGF Gh can be expressed as a linear combination of basis
functions as follows

Gh(x,y) =
N0∑
i=1

γi(x)ϕi(y), where γi(x) =
N0∑
j=1

(A−1)ijϕj(x).
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Hence, property (4.1) yields that Gh(x,y) ≥ 0 for all (x,y) ∈ Ω2 if and only if
γi(x) ≥ 0 for all i = 1, 2, . . . , N0 and all x ∈ Ω. Using the property (4.1) again,
we obtain that γi(x) ≥ 0 for all i = 1, 2, . . . , N0 and all x ∈ Ω if and only if
(A−1)ij ≥ 0 for all i, j = 1, 2, . . . , N0.

To prove the equivalence (ii) we proceed as follows. According to (4.2) and
(3.18), the statement

gD,h − Π0
hgD,h ≥ 0 ∀gD,h ≥ 0, gD,h ∈ V ∂

h

is equivalent to

N∂∑
`=1

c∂`
[
ϕ∂` − Π0

hϕ
∂
`

] ≥ 0 ∀c∂` ≥ 0, ` = 1, 2, . . . , N∂.

This is further equivalent to

ϕ∂` − Π0
hϕ

∂
` ≥ 0 ∀` = 1, 2, . . . , N∂.

However, by (3.19) we can express the difference ϕ∂`−Π0
hϕ

∂
` as a linear combination

ϕ∂` +
∑N0

i=1Di`ϕi with Di` = −∑N0

j=1(A−1)ijA
∂
j`. Such a linear combination is

nonnegative by (4.1) and (4.2) if and only if Di` ≥ 0 for all i = 1, 2, . . . , N0 and
` = 1, 2, . . . , N∂.

The above theorem provides an equivalent characterization of the DMP by
means of the global stiffness matrices. However, a detailed investigation of the
inverse A−1 and of the product A−1A∂ might be complicated. This can be avoided
for the price of losing the necessity of the obtained conditions. The following
theorem provides a sufficient condition formulated in terms of entries of A and
A∂ only.

Theorem 4.5. Let the finite dimensional spaces Vh and V ∂
h possess basis func-

tions ϕ1, ϕ2, . . . , ϕN0 and ϕ∂1 , ϕ∂2 , . . . , ϕ∂N∂ with properties (4.1) and (4.2). Let A
and A∂ be the stiffness matrices given by (3.3) and (3.5). If

off-diagA ≤ 0 and A∂ ≤ 0,

then problem (3.2) satisfies the discrete conservation of nonnegativity.

Proof. The statement follows immediately from Theorems 4.4 and 4.1, because
the stiffness matrix A is positive definite, see (3.4).

The verification of the nonpositivity of the entries of the (global) matrices A
and A∂ can be made even more convenient by checking the local matrices AK
and A∂,K only. The next theorem formulates a sufficient condition for the DMP
in terms of these local matrices.
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Theorem 4.6. Let the finite dimensional spaces Vh and V ∂
h possess basis func-

tions ϕ1, ϕ2, . . . , ϕN0 and ϕ∂1 , ϕ∂2 , . . . , ϕ∂N∂ with properties (4.1) and (4.2). Let Th
be a finite element mesh and AK and A∂,K, K ∈ Th, be the local stiffness matrices
introduced in (3.7) and (3.8). If

off-diagAK ≤ 0 and A∂,K ≤ 0 ∀K ∈ Th,
then problem (3.2) satisfies the discrete conservation of nonnegativity.
Proof. The statement follows directly from Theorem 4.5 and from (3.9) and
(3.10).

4.3 One dimension
This section concentrates on problem (2.1)–(2.3) in one spatial dimension. In
this simple case we succeed to prove a sufficient and necessary condition for
the validity of the DMP. Such a result is exceptional, because the usual DMP
results provide sufficient conditions only. Furthermore, we are able to find such a
condition for the general non-symmetric elliptic problem with general boundary
conditions, which is again unusual in the field of the DMP.

Using the special one-dimensional notation, problem (2.1)–(2.3) can be rewrit-
ten as follows

−(Au′)′ + bu′ + cu = f in Ω, (4.3)
u = gD on ΓD, (4.4)

αu+Au′n1D = gN on ΓN, (4.5)

where the prime denotes the derivative with respect to x ∈ Ω, the domain is
an open interval Ω = (a∂, b∂), and ΓD, ΓN are empty, or one-point, or two-point
subsets of ∂Ω = {a∂, b∂} such that ΓD ∪ ΓN = {a∂, b∂} and ΓD ∩ ΓN = ∅. We use
the special symbol n1D to cover all possible combinations of the subsets ΓD and
ΓN by a single notation. The meaning of this symbol is the following

n1D(x) =
{ −1 for x = a∂,

1 for x = b∂.

The derivatives of u at the end-points of Ω are understood as onesided.
The general weak formulation of this problem is presented in Section 2.2,

see (2.10). Using the one-dimensional notation, the bilinear form a(·, ·) and the
right-hand side functional F can be expressed as

a(u, v) =

∫
Ω

(Au′v′ + bu′v + cuv) dx+

∫
ΓN

αuv ds, (4.6)

F(v) =

∫
Ω

fv dx+

∫
ΓN

gNv ds. (4.7)
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We recall that the integral over a finite point-set is defined as a sum. Hence, for
example if ΓN = {a∂, b∂} then∫

ΓN

gNv ds = gN(a∂)v(a∂) + gN(b∂)v(b∂).

Integral over an empty set is understood as zero.
To ensure the correctness of the above setting and also the unique solvabil-

ity of the corresponding weak formulation, we assume the validity of the one-
dimensional analogues of the general requirements introduced in Sections 2.1–2.2.
Namely, we assume

A ≥ λmin > 0 in Ω, c− 1

2
b′ ≥ 0 in Ω, α +

1

2
b ≥ 0 on ΓN. (4.8)

We also assume the V -ellipticity of the bilinear form a, see Lemma 2.1.
To introduce the finite element solution of the one-dimensional problem, we

consider a partition a∂ = x0 < x1 < · · · < xM−1 < xM = b∂ of the interval Ω
and define the finite elements Kk = [xk−1, xk], k = 1, 2, . . . ,M , with hk = xk −
xk−1. The finite element solution uh lies in the space of continuous and piecewise
linear functions Xh = {vh ∈ H1(Ω) : vh|Ki

∈ P1(Ki), i = 1, 2, . . . ,M}, where
P1(Ki) stands for the space of linear functions in the interval Ki. The Dirichlet
boundary conditions are represented by a subspace Vh ⊂ Xh which contains
functions vanishing on ΓD. It is natural to define the approximate Dirichlet lift
gD,h ∈ Xh as a function which vanishes at all interior nodes xi, i = 1, 2, . . . ,M−1,
and on ΓN, and which is equal to gD on ΓD. Thus, such a gD,h belongs to the
complement V ∂

h of Vh in Xh (the spaces satisfy Xh = Vh⊕V ∂
h ). The general finite

element formulation is presented in (3.2). For the reader’s convenience, we present
this formulation again, but now having in mind the special one-dimensional case.
We seek uh ∈ Xh such that uh = u0

h + gD,h and u0
h ∈ Vh satisfies

a(u0
h, vh) = F(vh)− a(gD,h, vh) ∀vh ∈ Vh, (4.9)

where a and F are given by (4.6)–(4.7).
For the subsequent considerations we introduce the standard finite element

basis ϕ0, ϕ1, . . . , ϕM of Xh. This basis is uniquely determined by the δ-property
ϕj(xi) = δji for j, i = 0, 1, 2, . . . ,M , where δji stands for Kronecker’s tensor. The
basis function ϕ0 and ϕM corresponding to the end-points a∂ and b∂ of Ω belong
either to Vh or to V ∂

h depending on the type of the prescribed boundary condition
at the particular point.

Nevertheless, in order to formulate the sufficient and necessary condition for
the validity of the DMP we first introduce the following constants on each element
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Kk, k = 1, 2, . . . ,M :

Ak =
1

hk

∫
Kk

A(x) dx, (4.10)

bLk =

∫
Kk
b(x)ϕk−1(x) dx∫
Kk
ϕk−1(x) dx

=
2

hk

∫
Kk

b(x)ϕk−1(x) dx, (4.11)

bRk =

∫
Kk
b(x)ϕk(x) dx∫
Kk
ϕk(x) dx

=
2

hk

∫
Kk

b(x)ϕk(x) dx, (4.12)

ck =

∫
Kk
c(x)ϕk−1(x)ϕk(x) dx∫
Kk
ϕk−1(x)ϕk(x) dx

=
6

hk

∫
Kk

c(x)ϕk−1(x)ϕk(x) dx. (4.13)

Notice that we utilized the facts that∫
Kk

ϕk−1(x)ϕk(x) dx =
hk
6

and
∫
Kk

ϕk−1(x) dx =

∫
Kk

ϕk(x) dx =
hk
2
.

Notice also, that if the coefficients A, b, and c are piecewise constant with respect
to the considered partition then Ak, bLk = bRk , and ck equal to the constant values
of the respective coefficients on the element Kk.

The constants (4.10)–(4.13) can be used to express the integrals needed for
evaluation of the off-diagonal entries of the stiffness matrix:∫

Kk

A(x)ϕ′k−1(x)ϕ′k(x) dx = −Ak
hk
,∫

Kk

b(x)ϕ′k−1(x)ϕk(x) dx = −b
R
k

2
,∫

Kk

b(x)ϕ′k(x)ϕk−1(x) dx =
bLk
2
,∫

Kk

c(x)ϕk−1(x)ϕk(x) dx = ck
hk
6
.

Consequently,

a(ϕk, ϕk−1) = −Ak
hk

+
bLk
2

+ ck
hk
6
, (4.14)

a(ϕk−1, ϕk) = −Ak
hk
− bRk

2
+ ck

hk
6
. (4.15)

We clearly see that both a(ϕk, ϕk−1) and a(ϕk−1, ϕk) are nonpositive if and only
if

ckh
2
k + 3hk max{bLk ,−bRk } ≤ 6Ak.
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This is the sufficient and necessary condition for the validity of the DMP. The
precise statement is formulated in the following theorem.

Theorem 4.7. Let the coefficients of problem (4.3)–(4.5) satisfy (4.8) and let
the bilinear form (4.6) be V -elliptic. Then the lowest-order finite element dis-
cretization (4.9) satisfies the discrete conservation of nonnegativity if and only if
the condition

ckh
2
k + 3hk max{bLk ,−bRk } ≤ 6Ak (4.16)

holds for all k = 1, 2, . . . ,M .

Proof. Let ϕ1, ϕ2, . . . , ϕN0 be the finite element basis functions in Vh. Then the
stiffness matrix A ∈ RN0×N0 has entries Aij = a(ϕj, ϕi), i, j = 1, 2, . . . , N0. Since
the bilinear form (4.6) is V elliptic, the stiffness matrix is positive definite, see
(3.4). In addition, the matrix A∂ has the following form provided both end-points
a∂, b∂ are on ΓD

A∂ =

(
a(ϕ1, ϕ0) 0 . . . 0

0 . . . 0 a(ϕM , ϕM−1)

)>
∈ RN0×2. (4.17)

If the end-point a∂ or b∂ (or both) is not on ΓD then the corresponding row is
missing in A∂.

Hence, if condition (4.16) holds for all k = 1, 2, . . . ,M and if we recall that the
off-diagonal entries of A are given by (4.14)–(4.15), then clearly off-diag(A) ≤ 0.
Furthermore, condition (4.16) is satisfied also for elements adjacent to ΓD (for
k = 1 and/or k = M) and, therefore, A∂ ≤ 0. Thus, Theorem 4.5 yields the
discrete conservation of nonnegativity.

To prove the converse implication we use Theorem 4.4 to obtain that A−1 ≥ 0
and −A−1A∂ ≥ 0. Since the stiffness matrix is tridiagonal and it is positive
definite (3.4), we conclude by Lemma 4.3 that off-diag(A) ≤ 0. The nonpositivity
of the off-diagonal entries of A yields the validity of the condition (4.16) at least
for k = 2, 3, . . . ,M − 1. If a∂ 6∈ ΓD then ϕ0 is in Vh and condition (4.16) holds
also for k = 1. Similarly, if b∂ 6∈ ΓD then (4.16) holds also for k = M .

However, if a∂ ∈ ΓD then 0 ≤ (−A−1A∂)11 = −(A−1)11a(ϕ0, ϕ1), where we
use the special structure (4.17) of A∂. Since (A−1)11 > 0 (see Lemma 4.2), we
obtain a(ϕ0, ϕ1) ≤ 0 and consequently, the validity of the condition (4.16) for
k = 1. Similarly, if b∂ ∈ ΓD we obtain (4.16) for k = M .

Theorem 4.7 states the main result of this section. It is exceptional among
the results about the DMP, because it provides an equivalent condition for the
DMP. The usual results about the DMP provide sufficient conditions only. In
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addition, condition (4.16) is very easy to verify, especially if the coefficients A, b,
and c are piecewise constant.

Theorem 4.7 enables us to make several conclusions. For example, if the
convection and reaction coefficients b and c vanish, then condition (4.16) is auto-
matically satisfied and the DMP holds true on any mesh. If coefficients b or c are
nonzero, then the mesh must be sufficiently fine in order to satisfy the DMP. The
bigger coefficients b or c and the smaller A the finer mesh must be considered.
Further interesting property of the condition (4.16) is its locality. If the values
of b or c are high with respect to A in certain subdomain of Ω then the mesh
must be correspondingly fine in this subdomain. On the other hand, if b and c
are small with respect to A elsewhere, then the mesh can be coarse there.

Theorem 4.7 presents the complete characterization of the DMP for linear
elliptic problems in one dimension discretized by the lowest-order finite element
method. For given coefficients A, b, and c, condition (4.16) determines the finite
element meshes yielding the DMP. Let us point out that this condition is universal
for any type of boundary conditions considered.

Practically, condition (4.16) enables us to design sufficiently fine finite element
meshes such that the DMP is satisfied. In addition, if the coefficients b and c
are constant (or piecewise constant), then condition (4.16) is trivial to check.
However, we have to admit, that condition (4.16) might be not practical to check
in the case of general variable coefficients b and c. In this case we can recommend
to use the following lemma.

Lemma 4.8. Let us assume the hypothesis of Theorem 4.7. If

ck = ess sup
x∈Kk

c(x) and bk = ess sup
x∈Kk

|b(x)|, k = 1, 2, . . . ,M,

then the lowest-order finite element discretization (4.9) satisfies the discrete con-
servation of nonnegativity provided the condition

ckh
2
k + 3hkbk ≤ 6Ak

holds for all k = 1, 2, . . . ,M .

Proof. The statement follows immediately from Theorem 4.7, because ck ≤ ck
and max{bLk ,−bRk } ≤ bk for all k = 1, 2, . . . ,M .

Transformation to a problem without convection

Interestingly, the general problem (4.3)–(4.5) can be transformed to a problem
with vanishing convection coefficient b. It is natural to present this transformation
for the classical formulation.
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Theorem 4.9. Let us consider one-dimensional problem (4.3)–(4.5) with coeffi-
cients A ∈ C1(Ω), b, c, f ∈ C(Ω) and with A > 0. Then u ∈ C2(Ω) ∩ C1(Ω) is a
classical solution to problem (4.3)–(4.5) if and only if the function u is a classical
solution to problem

−(Âu′)′ + ĉu = f̂ in Ω, (4.18)
u = gD on ΓD, (4.19)

α̂u+ Âu′n1D = ĝN on ΓN, (4.20)

where

Â(x) = exp

(∫ x

0

b(t)−A′(t)
A(t)

dt

)
, (4.21)

ĉ = cÂ/A, f̂ = fÂ/A, α̂ = αÂ/A, and ĝN = gNÂ/A.

Proof. Differentiating the product Au′ in (4.3) and dividing by the positive num-
ber A, allows us to rewrite the equality (4.3) equivalently as

−u′′ + b−A′
A u′ +

c

Au =
f

A in Ω.

Differentiating (4.21) we find out that

−Â
′

Â =
b−A′
A .

Substituting this into the above equality and multiplying by the positive quantity
Â, we obtain (4.18). The equivalence of (4.5) with (4.20) follows immediately by
multiplication by Â/A.

Results of Theorem 4.7 can be applied to the transformed problem (4.18)–
(4.20) to conclude that a finite element discretization of problem (4.18)–(4.20)
satisfies the DMP if and only if

ĉkh
2
k ≤ 6Âk, ∀k = 1, 2, . . . ,M.

However, we point out that in general the finite element solution uh of the original
problem (4.3)–(4.5) differs from the finite element solution ûh of the transformed
problem (4.18)–(4.20) even if the same partition of the domain Ω is used.
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4.4 Two- and higher-dimensional case

The investigation of the DMP for two- (and higher-) dimensional linear elliptic
problems discretized by the lowest-order finite element method is based on Theo-
rems 4.5 and 4.6 which provide sufficient conditions for the validity of the DMP. In
contrast to the one-dimensional case, the stiffness matrix is no longer tridiagonal
and there is no simple equivalent characterization of monotone stiffness matrices.
Therefore, we cannot utilize Theorem 4.4 and we lose the equivalent conditions
for the DMP. The monotonicity of the stiffness matrix is most often guaran-
teed by various sufficient conditions yielding nonpositivity of entries of matrices
off-diag(A) and A∂, see Theorem 4.5, or of the local matrices off-diag(AK) and
A∂,K , see Theorem 4.6. These sufficient conditions are usually of a geometrical
nature and are specific for particular shapes of the used finite elements.

There are two natural shapes of elements which can be used in arbitrary di-
mension: simplices and blocks (Cartesian products of intervals). The case of the
lowest-order (linear) finite elements on simplices is analyzed in Section 4.5, while
the case of the lowest-order (multi-linear) finite elements on blocks is treated in
Section 4.6. We will see that these two cases substantially differ from the per-
spective of the conditions for the discrete maximum principle. While for simplices
there exists a universal condition which is valid in arbitrary dimension d ≥ 2, the
conditions for blocks depend substantially on the dimension. For d = 2 we have
the nonnarrowness condition [14] for rectangles. For d = 3 it is possible to satisfy
the DMP in exceptional cases, but for d ≥ 4 it is practically never possible.

Besides simplices and blocks, there are other types of elements specific for the
particular dimension. For d = 3 the right triangular prisms have certain practical
relevance. We analyze the DMP for these prisms in Section 4.7. Another type of
practically used elements are pyramids (one rectangular base and four triangular
faces). Pyramids are important in hybrid three-dimensional meshes, where the
tetrahedral and block meshes have to be joined together face-to-face. This cannot
be done without pyramids and triangular prisms, in general. However, pyramidal
elements are technically complicated and the DMP on them has not been analyzed
yet.

In the sequel, we will analyze the following simplified version of problem (2.1)–
(2.3):

− div(λ∇u) + cu = f in Ω, (4.22)
u = gD on ΓD, (4.23)

αu+ λ∇u · n = gN on ΓN. (4.24)

In comparison with the general diffusion-convection-reaction problem (2.1)–(2.3),
we consider in (4.22)–(4.24) no convection (b = 0) and the general anisotropic
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tensor A in the diffusion term is replaced by an isotropic coefficient λ, i.e. we
have set A(x) = λ(x)I. We continue to assume the general requirements de-
scribed in Sections 2.1–2.2. Namely, the assumption (2.5) of the uniform positive
definiteness of A turns into to boundedness of λ from below

0 < λmin ≤ λ(x) for all x ∈ Ω

and assumptions (2.4) simplify to c ≥ 0 in Ω and α ≥ 0 on ΓN.
Remark 4.1. Successful approximate solution of the general problem (2.1)–(2.3)
with nonvanishing convection coefficient b by the finite element method is a subtle
problem, because it requires special stabilization approaches [46, 68]. It is not
the goal of this thesis to investigate this case and therefore, we consider b = 0 in
(4.22)–(4.24). The interested reader is referred to [84]. Similarly, the treatment
of the general anisotropic tensor A ∈ Rd×d is complicated and we refer to [56] for
details.

4.5 Simplicial finite elements
Let us consider the domain Ω ⊂ Rd, d ≥ 2, to be polytopic and to be covered
by a polytopic finite element mesh Th consisting of d dimensional simplices, see
Section 3.1.

We consider a set of all vertices of all simplices in Th and we call it a set of
nodal points. We distinguish the interior and Newton nodal points x1,x2, . . . ,xN0

lying in Ω∪ΓN and the Dirichlet nodal points xN0+1,xN0+2, . . . ,xN lying on ΓD.
We recall that ΓD and ΓN are considered as relatively open in ∂Ω. According to
the notation of the basis functions, we also put x∂k = xN0+k, k = 1, 2, . . . , N∂, for
the Dirichlet nodal points.

The lowest-order finite element space Xh is defined as

Xh = {wh ∈ H1(Ω) : wh|K ∈ P1(K) for all simplices K ∈ Th},
where P1(K) stands for the space of linear functions on the simplex K. The
functions in Xh are necessarily continuous and each of them is uniquely deter-
mined by its values in the nodal points. In accordance with Section 3.1, we
consider the subspace Vh ⊂ Xh of functions vanishing on ΓD and the space V ∂

h

such that Xh = Vh⊕V ∂
h . The standard lowest-order finite element basis functions

ϕ1, ϕ2, . . . , ϕN0 in Vh are uniquely determined by the δ-property

ϕi(xj) = δij, i, j = 1, 2, . . . , N0,

where δij stands for the Kronecker’s tensor and xi, i = 1, 2, . . . , N0, are the
interior and Newton nodal points of the mesh Th. Similarly, the standard finite
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element basis functions ϕ∂1 , ϕ∂2 , . . . , ϕ∂N∂ in V ∂
h are uniquely determined by the

δ-property
ϕ∂k(x

∂
` ) = δk`, k, ` = 1, 2, . . . , N∂,

where x∂i , i = 1, 2, . . . , N∂, are the Dirichlet nodal points of Th.
The general finite element scheme described in Section 3.1 fits well also for

the lowest-order case. In particular, the lowest-order finite element solution of
problem (4.22)–(4.23) is given as uh = u0

h + gD,h with u0
h ∈ Vh determined by the

requirement
a(u0

h, vh) = F(vh)− a(gD,h, vh) ∀vh ∈ Vh, (4.25)

where the bilinear form a and the linear functional F are

a(u, v) =

∫
Ω

[(λ∇u) ·∇v + cuv] dx+

∫
ΓN

αuv ds, (4.26)

F(v) =

∫
Ω

fv dx+

∫
ΓN

gNv ds.

From the point of view of the DMP the simplicial finite elements have advan-
tageous properties. Namely, there exist simple formulas for the key integrals used
for computation of the entries of the local stiffness matrices. However, in order
to present these formulas, we have to introduce certain notation.

Let K ∈ Th be a simplex. We denote its vertices by xK` , ` = 1, 2, . . . , NK ,
NK = d+1. The connection between the vertices of the simplex K and the nodes
of the mesh Th is provided by the connectivity mapping: xK` = xi for i = ιK(`),
` = 1, 2, . . . , NK . We denote by F` and Fm the two facets of the simplex K
opposite the vertices xK` and xKm, respectively. We define the interior dihedral
angle α`m between F` and Fm as α`m = π − α∗`m, where α∗`m is the angle between
the outward normals n` and nm to facets F` and Fm. Following [9], we write
cos(F`, Fm) for cosα`m. By |K|, |F`|, and |Fm| we understand the d-dimensional
volume of the simplex K and the (d−1)-dimensional volumes of its facets F` and
Fm. Further, the altitudes of the simplex K over its facets F` and Fm are denoted
by η` and ηm. Clearly, η` = d|K|/|F`|. With this notation we can express the key
integrals as follows

∫
K

∇ϕK` ·∇ϕKm dx =


1

η2
`

|K| for ` = m,

−cos(F`, Fm)

η`ηm
|K| for ` 6= m,

(4.27)

∫
K

ϕK` ϕ
K
m dx =

1 + δ`m
(d+ 1)(d+ 2)

|K|, (4.28)
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where `,m = 1, 2, . . . , NK and the shape functions ϕK` = ϕιK(`) are defined in the
simplex K only, they are linear in K, and they vanish at all vertices of K except
for xK` , where they have the value 1.

The validity of formula (4.27) can be readily seen from the fact that ∇ϕK` =
−n`/η`. Its proof is published in [7, 84]. The special cases of d ≤ 3 are well
known, see e.g. [50]. The formula (4.28) comes from [17, p. 201], see also [8]. In
addition, the equality (4.28) is a special case of the quadrature formula for the
barycentric monomials in simplices, see Lemma A.1 in Appendix A.

Now, we can present the basic result about the DMP for problem (4.22)–(4.24).
For each element K ∈ Th and for each pair of indices ` 6= m, `,m = 1, 2, . . . , NK ,
we define the following quantities

λK =

∫
K
λ(x) dx

|K| , cK`m =

∫
K
c(x)ϕKm(x)ϕK` (x) dx∫
K
ϕKm(x)ϕK` (x) dx

(4.29)

and

αK`m =

{ ∫
∂K∩ΓN

α(s)ϕKm(s)ϕK` (s) ds∫
∂K∩ΓN

ϕKm(s)ϕK` (s) ds
if measd−1(∂K ∩ ΓN) > 0,

0 otherwise.
(4.30)

In order to formulate the following lemma, we introduce further notation. Let
γK`m = xK` x

K
m be the edge (the line segment) between the vertices xK` and xKm of

a simplex K ∈ Th. Let ωK`m = {F : F ⊂ ∂K, F ⊂ ΓN, γK`m ⊂ F} be the set of
those facets of the element K who lie on ΓN and who share the common edge
γK`m. Finally, let us put |ωK`m| =

∑
F∈ωK

`m
|F |. If ωK`m = ∅ we set |ωK`m| = 0.

Lemma 4.10. Let K ∈ Th be a d-dimensional simplicial element. Let the local
stiffness matrix AK be given by (3.7) with the bilinear form a defined by (4.26).
Then off-diagAK ≤ 0 if and only if condition

cK`m
(d+ 1)(d+ 2)

η`ηm +
αK`m

d(d+ 1)

|ωK`m|
|K| η`ηm ≤ λK cos(F`, Fm), (4.31)

holds true for all ` 6= m, `,m = 1, 2, . . . , N0
K.

Proof. From (4.27), (4.28), (4.29), and (4.30) we directly compute all the off-
diagonal entries of the local stiffness matrix:

AK`m =

∫
K

λ∇ϕKm ·∇ϕK` dx+

∫
K

cϕKmϕ
K
` dx+

∫
∂K∩ΓN

αϕKmϕ
K
` ds

= −λK cos(F`, Fm)

η`ηm
|K|+ cK`m

1

(d+ 1)(d+ 2)
|K|+ αK`m

1

d(d+ 1)

∑
F∈ωK

`m

|F |

for all ` 6= m, `,m = 1, 2, . . . , N0
K .
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Here, we recall that NK = N0
K + N∂

K , where N0
K stands for the number of

vertices of K lying in Ω ∪ ΓN and N∂
K for the number of vertices of K lying on

ΓD. This corresponds exactly to the definitions given in Section 3.1.

Lemma 4.11. Let K ∈ Th be a d-dimensional simplicial element. Let the local
stiffness matrix A∂,K be given by (3.8) with the bilinear form a defined by (4.26).
Then A∂,K ≤ 0 if and only if condition (4.31) holds for all ` = 1, 2, . . . , N0

K and
m = N0

K + 1, N0
K + 2, . . . , NK.

Proof. The proof follows the same steps as the proof of Lemma 4.10.

Corollary 4.12. Let us consider the lowest-order simplicial finite element dis-
cretization (4.25) of problem (4.22)–(4.24) as described above. If the condition
(4.31) is satisfied for all simplices K ∈ Th and all indices ` 6= m, ` = 1, 2, . . . , N0

K

and m = 1, 2, . . . , NK, then problem (4.25) satisfies the discrete conservation of
nonnegativity.

Proof. The statement follows immediately from Theorem 4.6 and Lemmas 4.10
and 4.11.

Corollary 4.12 represents the main result of this section. It gives a sufficient
condition for the validity of the discrete conservation of nonnegativity and hence
also for the validity of the DMP, see Theorem 3.1. This result generalizes the
standard results and especially the result [9] in several respects. In contrast
to the standard results we consider general mixed Dirichlet/Newton boundary
conditions, general variable coefficient λ, and the general variable coefficient α.
In addition, Lemmas 4.10 and 4.11 show both sufficient and necessary conditions
for the proper sign properties of the local matrices, while in the literature usually
sufficient conditions only are presented.

In case of the Poisson problem with mixed Dirichlet and Neumann boundary
conditions (c = 0, α = 0), the crucial condition (4.31) reduces to

cos(F`, Fm) ≥ 0. (4.32)

This corresponds to the well-known requirement of nonobtuseness of all dihedral
angles in the simplicial partition Th. If c 6= 0 and α = 0, then condition (4.31)
simplifies to the condition derived in [9]. However, here we extend its validity
also for Neumann type boundary conditions.

Practically, condition (4.31) is very easy to verify provided the coefficients c
and α are piecewise constant. Indeed, in this case the values cK`m and αK`m coincide
with the constant value of the respective coefficient for all `,m = 1, 2, . . . , NK .
Nevertheless, in the general case of variable coefficients c and α the computation
of the values cK`m and αK`m and their subsequent utilization in (4.31) might not be



46 CHAPTER 4. SURVEY OF DMP FOR THE LOWEST-ORDER FE

practical. If this is the case, we can recommend to compute the maximal value
of c and α on each element K ∈ Th:

cK = ess sup
x∈K

c(x) and αK = ess sup
s∈∂K∩ΓN

α(s)

and use the following lemma.

Lemma 4.13. Under the assumptions of Corollary 4.12, problem (4.25) satisfies
the discrete conservation of nonnegativity if

cK

(d+ 1)(d+ 2)
η`ηm +

αK

d(d+ 1)

|ωK`m|
|K| η`ηm ≤ λK cos(F`, Fm) (4.33)

holds true for all ` 6= m, ` = 1, 2, . . . , N0
K, m = 1, 2, . . . , NK.

Proof. The statement follows immediately from Corollary 4.12, because cK`m ≤ cK

and αK`m ≤ αK for all K ∈ Th.
Remark 4.2. The validity of the DMP on simplicial meshes requires at least the
nonobtuseness conditions (4.32). However, construction of nonobtuse simplicial
meshes might be complicated especially in higher dimensions.

If the Hadwiger conjecture is valid then any polytope in Rd can be partitioned
into nonobtuse simplices (all dihedral angles are at most π/2) [6]. The Hadwiger
conjecture is known to be valid for d ≤ 5 and, thus, for d ≤ 5 we have a guaran-
tee of the existence of a nonobtuse simplicial partion of any polytope. However,
this partition is not face-to-face in general. The existence of a face-to-face parti-
tion of any polytope into nonobtuse simplices is an open problem even in three
dimensions.

Moreover, if c or α do not vanish then condition (4.31) requires the dihedral
angles to be acute in order to satisfy the discrete conservation of nonnegativity.
However, division of a space (or certain polytopes) in Rd into acute simplices is
even more problematic. A face-to-face acute simplicial partition of the space Rd

for d ≥ 5 does not exists [49]. Existence of such a partition in R4 is still an
open problem. Even in R3 this is not a simple problem. For example a face-
to-face acute simplicial partition of a slab [25] and a cube [76] was successfully
constructed quite recently. On the other hand, an acute triangulation of any
two-dimensional polygon can always be constructed [12, 58, 86].

4.6 Block finite elements
In this section, we analyze the discrete maximum principle for the finite element
formulation (4.25) of problem (2.1)–(2.3) on block finite elements. To employ
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the special Cartesian product structure of the used elements, we assume in this
section that the coefficients λ, c, and α are in the following product form:

λ(x) =
d∏

k=1

λk(xk), c(x) =
d∏

k=1

ck(xk), and α(x) =
d∏

k=1

αk(xk), (4.34)

where x = (x1, x2, . . . , xd).
Further, let the domain Ω ⊂ Rd, d ≥ 2, be partitioned into a finite element

mesh Th consisting of blocks K (Cartesian products of intervals). We assume
the mesh Th to satisfy the requirements (T 1)–(T 7) from Section 3.1 and in the
analogy with the previous section we consider the notion of nodes for the vertices
of blocks in Th. Further, we consider the lowest-order finite element space

Xh = {vh ∈ H1(Ω) : vh|K ∈ Q1(K) ∀K ∈ Th},
where Q1(K) stands for the space of the multilinear functions on the block K. As
above, we consider the standard finite element basis functions of Xh. These are
uniquely determined by the requirement ϕi(xj) = δij, i, j = 1, 2, . . . , N , where
δij stands for the Kronecker’s tensor, N = dimXh, and xj are the nodes of the
mesh Th.

Each blockK ∈ Th is a Cartesian product of intervals, i.e.K = I1×I2×· · ·×Id
and Ik = [z0

k, z
1
k]. We denote by hk = z1

k−z0
k the length of Ik for all k = 1, 2, . . . , d

and by |K| = h1h2 · · ·hd the volume of K. On each interval Ik, k = 1, 2, . . . , d,
we consider a pair of linear functions

`0
k(x) =

z1
k − x
hk

and `1
k(x) =

x− z0
k

hk
, x ∈ Ik.

Clearly, `jk(z
i
k) = δij for i, j = 0, 1.

The 2d vertices of the d-dimensional blockK are zKj = (zj11 , z
j2
2 , . . . , z

jd
d ), where

the elements of the binary multiindex j = (j1, j2, . . . , jd) are zeros and ones only,
i.e. jk ∈ {0, 1}, k = 1, 2, . . . , d. Each vertex zKj of the block K corresponds to a
shape function ϕKj defined as

ϕKj (x) =
d∏

k=1

`jkk (xk), where x = (x1, x2, . . . , xd) ∈ K (4.35)

and j is a binary multiindex. Clearly, ϕKj (zKi ) = δij , where i and j are binary
multiindices and δij = 1 if i = j and δij = 0 otherwise. The connection between
the shape functions ϕKj and the basis functions ϕi, i = 1, 2, . . . , N , is straight-
forward: if the node xi of the partition Th is a vertex of K then K lies in the
support of ϕi and ϕi|K = ϕKj , where i and j are such that xi = zKj .
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Further, we will compute the crucial integrals needed in the local stiffness
matrices (3.7) and (3.8) in terms of the following moments of the coefficients λ,
c, and α:

λ
K,k

=

∫
Ik
λk(x) dx

hk
, λK,kij =

∫
Ik
λk(x)`ik(x)`jk(x) dx∫
Ik
`ik(x)`jk(x) dx

, (4.36)

cK,kij =

∫
Ik
ck(x)`ik(x)`jk(x) dx∫
Ik
`ik(x)`jk(x) dx

, αK,kij =

∫
Ik
αk(x)`ik(x)`jk(x) dx∫
Ik
`ik(x)`jk(x) dx

,

where K ∈ Th, k = 1, 2, . . . , d, and i, j = 0, 1. Notice the symmetries λK,kij = λK,kji ,
cK,kij = cK,kji , and αK,kij = αK,kji for all k = 1, 2, . . . , d and i, j = 0, 1.

We point out that by (4.28) the integrals in denominators are∫
Ik

`ik(x)`jk(x) dx =
hk
6

(1 + δij) (4.37)

and, thus, formulas (4.36) can be simplified. For further reference we also define
the following quantities

λ̃K,nij = λ
K,n

d∏
k=1
k 6=n

λK,kikjk
, c̃Kij =

d∏
k=1

cK,kikjk
, and α̃K,n,`ij = αn(z`n)

d∏
k=1
k 6=n

αK,kikjk

for binary multiindices i, j, for n = 1, 2, . . . , d, and for ` = 0, 1. Further, we
recall that the local bilinear form aK corresponding to (4.26) is in the context of
block finite elements given by

aK(ϕKj , ϕ
K
i ) =

∫
K

λ∇ϕKi ·∇ϕKj dx+

∫
K

cϕKi ϕ
K
j dx+

∫
∂K∩ΓN

αϕKi ϕ
K
j ds

for suitable binary multiindices i and j. Since we trivially compute (`ik)
′ =

(−1)i/hk for all i = 0, 1 and k = 1, 2, . . . , d, we can express the partial derivatives
of ϕKj as

∂ϕKj
∂xn

(x1, x2, . . . , xd) =
(−1)jn

hn

d∏
k=1
k 6=n

`jkk (xk), n = 1, 2, . . . , d.
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Consequently,∫
K

λ∇ϕKi ·∇ϕKj dx =

∫
K

(
d∏

k=1

λk(xk)

)
d∑

n=1

(−1)in

hn

(−1)jn

hn

d∏
k=1
k 6=n

`ikk (xk)`
jk
k (xk) dx

=
d∑

n=1

(−1)in+jn

h2
n

λ
K,n

hn

d∏
k=1
k 6=n

∫
Ik

λk(xk)`
ik
k (xk)`

jk
k (xk) dxk

=
|K|
6d−1

d∑
n=1

(−1)in+jn

h2
n

λ
K,n

d∏
k=1
k 6=n

λK,kikjk
(1 + δikjk)

=
|K|
6d−1

(
d∏

k=1

(1 + δikjk)

)
d∑

n=1

(−1)in+jn

h2
n

λ̃K,nij

1

1 + δinjn
, (4.38)

where we use (4.37). Similarly, we can compute∫
K

cϕKi ϕ
K
j dx =

d∏
k=1

∫
Ik

c(xk)`
ik
k (xk)`

jk
k (xk) dxk =

|K|
6d

c̃Kij

d∏
k=1

(1 + δikjk). (4.39)

In order to express the integral coming from the Newton boundary condition,
we have to introduce a suitable notation for the faces of the block K ∈ Th. If
K = I1 × I2 × · · · × Id with In = [z0

n, z
1
n], n = 1, 2, . . . , d, then its faces can be

expressed as F `
(n) = I1× · · · × In−1×{z`n}× In+1× · · · × Id, where n = 1, 2, . . . , d

and ` = 0, 1. Further, we define the indicator of the Newton type boundary:
ωK,n` = 1 if the face F `

(n) lies on ΓN and ωK,n` = 0 otherwise. This helps us to
express the boundary integral in aK as follows∫

∂K∩ΓN

αϕKi ϕ
K
j ds =

d∑
n=1

1∑
`=0

ωK,n`

∫
F `

(n)

αϕKi ϕ
K
j ds

=
d∑

n=1

1∑
`=0

ωK,n` αn(z`n)`inn (z`n)`jnn (z`n)
d∏

k=1
k 6=n

∫
Ik

αk(xk)`
ik
k (xk)`

jk
k (xk) dxk

=
d∑

n=1

1∑
`=0

ωK,n` αn(z`n)δin`δjn`
1

hn

|K|
6d−1

d∏
k=1
k 6=n

αK,kikjk
(1 + δikjk)

=
|K|
6d−1

(
d∏

k=1

(1 + δikjk)

)
d∑

n=1

ωK,nin

δinjn
2hn

α̃K,n,inij , (4.40)
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where we used in the last step the fact that if δinjn 6= 0 then 1/(1 + δinjn) = 1/2.
Formulas (4.38)–(4.40) enable us to characterize the nonpositivity of the en-

tries of the local stiffness matrix off-diagAK and AK,∂, see (3.7) and (3.8). This
characterization, however, depends strongly on the dimension d.

4.6.1 Dimension two

We first investigate the case d = 2. In order to formulate the following lemma,
we introduce a suitable notation. For d = 2 and n = 1, 2 we define the quantity

Bn =
1

2λ
K

n min{λK,n00 , λK,n11 }

[
λ
K

n λ
K,n
01 +

1

3
cK,n01 max{cK,n00 , cK,n11 }h2

n

+ max{ωK,n0 αn(z0
n), ωK,n1 αn(z1

n)}αK,n01 hn

]
, (4.41)

where n = 3 − n has the opposite value than n, i.e. if n = 1 then n = 2 and if
n = 2 then n = 1.

Lemma 4.14. Let d = 2 and let the coefficients λ, c and α be in the form (4.34).
Let K ∈ Th, K = I1 × I2, be a rectangular element and let h1 and h2 stand for
the lengths of I1 and I2, respectively. Then aK(ϕKj , ϕ

K
i ) ≤ 0 for all 2-dimensional

binary multiindices i 6= j if and only if

B1 ≤ h2
1

h2
2

≤ 1

B2

(4.42)

and
1

6
cK,101 c

K,2
01 ≤

λ
K

1 λ
K,2
01

h2
1

+
λ
K

2 λ
K,1
01

h2
2

. (4.43)

Proof. Using (4.38)–(4.40) with d = 2, we express the value aK(ϕKj , ϕ
K
i ) as

aK(ϕKj , ϕ
K
i ) =

|K|
6

(1 + δi1j1)(1 + δi2j2)×[
(−1)i1+j1

(1 + δi1j1)h
2
1

λ
K

1 λ
K,2
i2j2

+
(−1)i2+j2

(1 + δi2j2)h
2
2

λ
K

2 λ
K,1
i1j1

+
1

6
cK,1i1j1

cK,2i2j2

+ωK,1i1

δi1j1
2h1

α1(zi11 )αK,2i2j2
+ ωK,2i2

δi2j2
2h2

α2(zi22 )αK,1i1j1

]
.

By the direct examination, we obtain that the two values of aK(ϕKj , ϕ
K
i ) given

by i = (0, 0), j = (1, 0) and i = (1, 1), j = (0, 1) are nonpositive if and only
if B1 ≤ h2

1/h
2
2. Similarly, these values for i = (1, 0), j = (1, 1) and i = (0, 0),
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j = (0, 1) are nonpositive if and only if h2
1/h

2
2 ≤ 1/B2. Finally, these values

for i = (0, 0), j = (1, 1) and i = (1, 1), j = (0, 0) are identical and they are
nonpositive if and only if condition (4.43) holds true. The other combination of
indices i and j coincide with one of the previous cases, because of the symmetry
aK(ϕKj , ϕ

K
i ) = aK(ϕKi , ϕ

K
j ).

Hence, we conclude that all values aK(ϕKj , ϕ
K
i ) for i 6= j are nonpositive if

and only if conditions (4.42) and (4.43) hold true.

Lemma 4.15. Let us consider all the assumptions of Lemma 4.14. If the coef-
ficients λ, c, and α are piecewise constant, i.e. if λ(x) = λK, c(x) = cK, and
α(x) = αK for all x ∈ K, then

Bn = Bconst
n =

1

2
+

1

6

cK
λK

h2
n +

1

2
max{ωK,n0 , ωK,n1 }αK

λK
hn, n = 1, 2, (4.44)

and the values aK(ϕKj , ϕ
K
i ) for all i 6= j are nonpositive if and only if

Bconst
1 ≤ h2

1

h2
2

≤ 1

Bconst
2

. (4.45)

Moreover, if λ is piecewise constant and c = 0 and α = 0, then the values
aK(ϕKj , ϕ

K
i ) for all i 6= j are nonpositive if and only if

1

2
≤ h2

1

h2
2

≤ 2. (4.46)

Proof. If the coefficients λ, c, and α are piecewise constant, then it is straightfor-
ward that formula (4.41) reduces to (4.44). The sufficiency and the necessity of
conditions (4.45) comes from Lemma 4.14 and from the fact that (4.43) follows
from (4.42) in the case of piecewise constant coefficients. Indeed, if Bconst

1 ≤ h2
1/h

2
2

then
1

6

cK
λK

h2
1 ≤

h2
1

h2
2

and condition (4.43) immediately follows.
Finally, if λ is piecewise constant and c = 0 and α = 0, then Bconst

n = 1/2 and
(4.45) simplifies to (4.46).

Corollary 4.16. Let us consider problem (4.22)–(4.24) for d = 2 discretized
by the rectangular finite elements with the coefficients in the form (4.34). If
conditions (4.42) and (4.43) are satisfied for all rectangles K ∈ Th, then the
discretization (4.25) satisfies the discrete maximum principle.

Proof. The statement follows immediately from Theorem 4.6, Lemma 4.14, the
definition of the local stiffness matrices (3.7) and (3.8), and from Theorem 3.1.



52 CHAPTER 4. SURVEY OF DMP FOR THE LOWEST-ORDER FE

Corollary 4.17. Let the assumptions of Corollary 4.16 hold true and let the
coefficients λ, c, and α be piecewise constant. If condition (4.45) is satisfied
for all rectangles K ∈ Th, then the discretization (4.25) satisfies the discrete
maximum principle.

In addition, if λ is piecewise constant and c = 0 and α = 0 and if condition
(4.46) is satisfied for all rectangles K ∈ Th then the discretization (4.25) satisfies
the discrete maximum principle.

Proof. The statement follows immediately from Theorem 4.6, Lemma 4.15, the
definition of the local stiffness matrices (3.7) and (3.8), and from Theorem 3.1.

Lemmas 4.14 and 4.15 provide sufficient and necessary conditions for the non-
positivity of the contributions to the off-diagonal entries of the local stiffness ma-
trices AK and AK,∂, while Corollaries 4.16 and 4.17 use them in a straightforward
way to formulate sufficient conditions for the validity of the discrete maximum
principle. We have to admit that conditions (4.42)–(4.43) are too complicated for
any practical utilization. However, in the case of piecewise constant coefficients
these conditions considerably simplify, see (4.45). Let us point out that the non-
narrowness condition (4.46) for the validity of the DMP for Poisson problem was
derived already in [14].

Similarly as for simplices, conditions (4.42)–(4.43), (4.45), and (4.46) limit
the shape (not the size) of the elements. In case of rectangles, these conditions
limit the aspect ratio. The rectangles have to be close to the square. We can also
clearly observe the general fact that if the coefficients c or α are nonzero, then
their effect decreases as the size of the elements decreases.

4.6.2 Dimension three

Let us proceed with the three-dimensional case. Lemma 4.18 and Corollary 4.19
below state that the discrete maximum principle on 3D block finite elements is
satisfied only if all the elements are cubes and c and α vanish. However, this state-
ment is true for the piecewise constant coefficient λ, only. In general, if we admit
variable λ it is possible under certain circumstances to obtain the nonpositivity
of matrices off-diagAK and AK,∂ and consequently the conservation of nonneg-
ativity. Nevertheless, the special circumstances leading to the conservation of
nonnegativity are very artificial with no practical use. Below in Subsection 4.6.4
we present Example 4.1 showing that for any block finite element mesh in any
dimension d ≥ 2 there exists a coefficient λ such that the discrete maximum
principle is satisfied.

Lemma 4.18. Let us consider problem (2.1)–(2.3) and its finite element dis-
cretization (4.25) with d = 3 and Th being a block partition of the domain Ω ⊂ R3.
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Let the coefficient λ be piecewise constant with respect to Th. Let K ∈ Th,
K = I1 × I2 × I3, be a block element and let h1, h2, h3 stand for the lengths
of I1, I2, I3, respectively. Finally, let the shape functions ϕKi on K be given by
(4.35). Then aK(ϕKj , ϕ

K
i ) ≤ 0 for all three-dimensional binary multiindices i 6= j

if and only if

h1 = h2 = h3 and c = 0 a.e. in K and α = 0 a.e. on ∂K ∩ ΓN. (4.47)

Proof. Let λK be the constant value of λ on K ∈ Th. If conditions (4.47) are
satisfied, then (4.38) implies

aK(ϕKj , ϕ
K
i ) = λK

|K|
36

(
3∏

k=1

(1 + δikjk)

)
1

h2
1

3∑
n=1

(−1)in+jn

1 + δinjn
. (4.48)

The term (−1)in+jn/(1+ δinjn) is equal either to −1 if in 6= jn or to 1/2 if in = jn.
Since i 6= j, there exists ` ∈ {1, 2, 3} such that i` 6= j` and we can estimate

3∑
n=1

(−1)in+jn

1 + δinjn
≤ −1 +

3∑
n=1
n6=`

1

2
= 0. (4.49)

Combination of (4.48) and (4.49) proves nonpositivity of aK(ϕKj , ϕ
K
i ) for all mul-

tiindices i 6= j.
To prove the converse implication we assume that aK(ϕKj , ϕ

K
i ) ≤ 0 for all

multiindices i 6= j. Since the local bilinear form aK is a sum of the integrals
(4.38)–(4.40) and since the integrals (4.39) and (4.40) are nonnegative, the value
of (4.38) must be nonpositive. For example, if i = (0, 0, 0) and j = (1, 0, 0) then∫

K

λ∇ϕKi ·∇ϕKj dx = λK
|K|
9

(
− 1

h2
1

+
1

2h2
2

+
1

2h2
3

)
. (4.50)

Clearly, the integral (4.38) is nonpositive for i = (0, 0, 0) and j = (1, 0, 0), j =
(0, 1, 0), j = (0, 0, 1), respectively, only if

−h−2
1 + h−2

2 /2 + h−2
3 /2 ≤ 0,

h−2
1 /2− h−2

2 + h−2
3 /2 ≤ 0,

h−2
1 /2 + h−2

2 /2− h−2
3 ≤ 0.

The first inequality together with the sum of the second and the third one yields
0 ≤ h−2

1 − h−2
2 /2− h−2

3 /2 ≤ 0 and, hence, 2h−2
1 = h−2

2 + h−2
3 . Similarly, we obtain

2h−2
2 = h−2

1 + h−2
3 and 2h−2

3 = h−2
1 + h−2

2 . These three equalities easily imply
h1 = h2 = h3.
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However, if h1 = h2 = h3 then the value of (4.50) is zero. Consequently, the
nonpositivity of aK(ϕKj , ϕ

K
i ) and the nonnegativity of (4.39) and (4.40) yields

c = 0 a.e. in K and α = 0 a.e. on ∂K ∩ ΓN. The other possible values of
multiindices i and j can be treated analogously.

Corollary 4.19. Let the coefficient λ be piecewise constant. The discretization
(4.25) of problem (2.1)–(2.3) based on the lowest-order block finite elements in
three dimensions satisfies the discrete maximum principle provided all elements
K ∈ Th are cubes and c = 0 a.e. in Ω and α = 0 a.e. on ΓN.

Proof. Lemma 4.18 and Theorem 4.6 yields the conservation of nonnegativity,
which is equivalent to the discrete maximum principle due to Theorem 3.1.

Let us note that the result of Corollary 4.19 was derived already in [45].

4.6.3 Dimensions four and higher

For block elements, in dimensions higher than three, in the case of piecewise con-
stant coefficient λ there are always positive entries in the local stiffness matrices
off-diagAK and AK,∂ – even on hypercubes. This observation was made already
in [45]. Below, we formulate this observation in a rigorous way in the context of
the general problem (2.1)–(2.3).

Lemma 4.20. Let us consider problem (2.1)–(2.3) and its finite element dis-
cretization (4.25) with d ≥ 4 and Th being a block partition of the domain Ω ⊂ Rd.
Let the coefficient λ be piecewise constant with respect to Th and let the shape func-
tions ϕKi on K be given by (4.35). Then for any d-dimensional binary multiindex
i there exists another d-dimensional binary multiindices j such that i 6= j and
aK(ϕKj , ϕ

K
i ) > 0.

Proof. Let K ∈ Th, K = I1×I2×· · ·×Id, be a block element and let h1, h2, . . . , hd
stand for the lengths of I1, I2, . . . , Id, respectively. Without loss of generality we
consider h1 ≥ h2 ≥ · · · ≥ hd. Given a d-dimensional binary multiindices i, we
define the multiindex j as j = (i1, i2, . . . , id), where i1 = 1− i1 has the opposite
value than i1, i.e. if i1 = 0 then i1 = 1 and if i1 = 1 then i1 = 0. Since
aK(ϕKj , ϕ

K
i ) is a sum of integrals (4.38)–(4.40), we obtain for these i and j the

following expression

aK(ϕKj , ϕ
K
i ) ≥

∫
K

λ∇ϕKi ·∇ϕKj dx = λK
|K|
3d−1

(
− 1

h2
1

+
d∑

n=2

1

2h2
n

)
.

The positivity of this expression is immediate from the following estimate

− 1

h2
1

+
d∑

n=2

1

2h2
n

≥ − 1

h2
1

+
d− 1

2h2
1

=
d− 3

2h2
1

> 0,
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where the last inequality holds true for d ≥ 4.

A direct consequence of this lemma is that Theorem 4.6 cannot be used to
prove the validity of the DMP. Moreover, applying Lemma 4.20 to all elements
sharing the longest edge in the block partition Th, we end up with a positive off-
diagonal entry in the global stiffness matrix A and, thus, Theorem 4.5 cannot be
employed for the proof of the DMP as well. Subsequently, numerical experiments
indicate that the global stiffness matrix A is not monotone for d ≥ 4 not even
on meshes consisting of hypercubes. In view of Theorem 4.4, it seems that the
discrete maximum principle is not satisfied for d ≥ 4 and for piecewise constant
coefficient λ on any block finite element mesh.

The numerical experiments leading to this conclusion were published in [A2].
This paper is attached to this thesis as Appendix C.

4.6.4 Artificial examples

We conclude this section by a few examples showing that the discrete maximum
principle on block finite elements can be satisfied in certain artificial case.

Example 4.1. Let us consider any block finite element mesh Th in arbitrary
dimension d ≥ 2. For this mesh we construct the coefficient λ in such a way that
for c = 0 and α = 0 the discrete maximum principle is satisfied.

Let K = I1 × I2 × · · · × Id be any element in Th. On Ik = [z0
k, z

1
k] with hk =

z1
k − z0

k, k = 1, 2, . . . , d, we construct the function λk(x) as shown in Figure 4.1.
Its formal definition is as follows:

λk(x) =

{
U for x ∈ [z0

k, z
0
k + δhk] ∪ [z1

k − δhk, z1
k],

L for x ∈ (z0
k + δhk, z

1
k − δhk), (4.51)

where a sufficiently small value of δ ∈ (0, 1/4) will be fixed later and

U =
1

2δ + δ2
, L =

1− 2δU

1− 2δ
=

δ

(2 + δ)(1− 2δ)
.

These values are chosen in such a way that
∫
Ik
λk(x) dx = hk and L → 0 for

δ → 0.
From definition (4.36) we clearly see that

λ
K,k

= 1.

Furthermore, using the facts that

2

3
< δU <

1

2
and 0 < L < δ for δ ∈ (0, 1/4)
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z0
k z0

k + δhk z1
k − δhk z1

k

L

U
λk

Figure 4.1: The graph of the piecewise constant function λk.

together with the values

`0
k(z

0
k + δhk) = `1

k(z
1
k − δhk) = 1− δ,

`0
k(z

1
k − δhk) = `1

k(z
0
k + δhk) = δ,

`0
k

(
z1
k + z0

k

2

)
= `1

k

(
z1
k + z0

k

2

)
=

1

2
,

we obtain the following estimates

1 < λK,k00 = λK,k11 < 3 and 3δ < λK,k01 < 8δ. (4.52)

Hence, let us consider two distinct d-dimensional binary multiindices i and j
and the corresponding shape functions ϕKi and ϕKj , see (4.35). If c = 0 and α = 0
then the value of aK(ϕKj , ϕ

K
i ) is given by (4.38). We consider the sets of indices

P = {k : ik = jk, 1 ≤ k ≤ d} and N = {k : ik 6= jk, 1 ≤ k ≤ d} and we denote
by #P and #N the numbers of their elements, respectively. This enables us to
express the integral (4.38) as follows

∫
K

λ∇ϕKi ·∇ϕKj dx =
|K|
6d−1

2#P

∑
n∈P

1

2h2
n

λ
K,n

 ∏
k∈P\{n}

λK,k00

(∏
k∈N

λK,k01

)

−
∑
n∈N

1

h2
n

λ
K,n

(∏
k∈P

λK,k00

) ∏
k∈N\{n}

λK,k01

 ,
where we use the symmetric definition (4.51) of λk(x) which yields λK,k00 = λK,k11 .
The estimates (4.52) then lead to∫

K

λ∇ϕKi ·∇ϕKj dx ≤ δ#N−1

[
3#P−18#N

2
δ
∑
n∈P

1

h2
n

− 3#N−1
∑
n∈N

1

h2
n

]
< 0,
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x1x2

x3x4

h

h

α2h

α2h

αh αh

α3h α3hK1

K2 K3

K4

Figure 4.2: A pattern of four rectangles. It can be periodically repeated to
produce more complex meshes.

where the last inequality holds true for sufficiently small δ. Hence, for sufficiently
small δ we obtain negative entries of the local stiffness matrices off-diagAK and
AK,∂ and Theorems 4.6 and 3.1 yield the discrete maximum principle.

Let us note that this construction can be utilized even in the case of nonvan-
ishing coefficients c and α. However, in this case we have to consider in addition
a sufficiently fine uniform refinement of the given block finite element mesh Th in
order to satisfy the discrete maximum principle.

Example 4.2. In two dimensions, we showed that the discrete maximum prin-
ciple is satisfied if the rectangular elements are nonnarrow, see Lemma 4.15 and
condition (4.46). However, this result is based on the local stiffness matrices and
on Theorem 4.6. Using Theorem 4.5 we can show that certain rectangles in the
mesh can be more narrow than condition (4.46) admits and the discrete maximum
principle still holds.

In order to construct such an example, we will consider the Poisson problem
in a domain Ω ⊂ R2, i.e. problem (4.22)–(4.24) with λ = 1, c = 0, ΓN = ∅,
ΓD = ∂Ω, and gD = 0. We assume that the finite element mesh Th is constructed
by a periodic repetition of the pattern shown in Figure 4.2. The aspect ratio (the
ratio of the lengths of sides) of the top-left rectangle K1 is α3 and the aspect ratio
of the other three rectangles K2, K3, K4 is α. We assume the domain Ω such that
it can be covered by this mesh.

The parameter α is considered in [1/
√

2, 1]. This choice guarantees that the
matrices off-diagAK and AK,∂ are nonpositive for elements K = K2, . . . , K4, see
Lemma 4.15. However, if α is sufficiently small (below 1/ 6

√
2) then α3 is below



58 CHAPTER 4. SURVEY OF DMP FOR THE LOWEST-ORDER FE

1/
√

2 and there is a positive entry in the local stiffness matrices. On the other
hand, if α is not too small then this positive contribution to the global stiffness
matrix will be overcome by a negative contribution from a neighboring element,
the global stiffness matrix will be M-matrix and Theorem 4.5 will guarantee the
validity of the DMP.

To prove this, we consider the piecewise bilinear basis functions ϕ1, . . . , ϕ4

corresponding to vertices x1, . . . ,x4, see Figure 4.2. By (4.38) we have

a(ϕ1, ϕ4) =

∫
K1

∇ϕ1 ·∇ϕ4 dx =
α3h2

6

(−1

h2
− 1

α6h2

)
.

This is clearly nonpositive. Similarly, for another pair of basis functions we obtain
a negative entry in the global stiffness matrix:

a(ϕ1, ϕ3) =

∫
K1∪K4

∇ϕ1 ·∇ϕ3 dx

=
α3h2

3

( −1

α6h2
+

1

2h2

)
+
α5h2

3

( −1

α6h2
+

1

2α4h2

)
≤ 1

3
(−1 +

1

2
− 1 +

1

2
) = −1

3
,

where we use the fact that α ≤ 1. Finally,

a(ϕ1, ϕ2) =

∫
K1∪K2

∇ϕ1 ·∇ϕ2 dx =
α3h2

3

(−1

h2
+

1

2α6h2

)
+
αh2

3

(−1

h2
+

1

2α2h2

)

=
1

6α3

(−2α6 − 2α4 + α2 + 1
)
. (4.53)

This is nonpositive if and only if

−2α6 − 2α4 + α2 + 1 = −
(
α2 − 1/

√
2
)(

2α4 +
(

2 +
√

2
)
α2 +

√
2
)
≤ 0.

The last inequality holds true if and only if α2 ∈ [1/
√

2, 1]. Thus, (4.53) is
nonpositive for all α ∈ [1/ 4

√
2, 1].

The other pairs of basis functions lead to the same values of the already
computed ones. Namely,

a(ϕ2, ϕ3) = a(ϕ1, ϕ4), a(ϕ2, ϕ4) = a(ϕ1, ϕ3), a(ϕ3, ϕ4) = a(ϕ1, ϕ2).

Hence, for α ∈ [1/ 4
√

2, 1], the global stiffness matrix is M-matrix and Theorem 4.5
guarantees the validity of the DMP.

To conclude, if α ∈ [1/ 4
√

2, 1/ 6
√

2), i.e. approximately α ∈ [0.8409, 0.8909),
then the element K1 is more narrow than the nonnarrowness condition (4.46)
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allows, but the DMP is satisfied. Finally, let us point out that this example is
valid for arbitrary choice of the domain and homogeneous Dirichlet boundary
conditions provided they are chosen compatibly with the periodic pattern shown
in Figure 4.2

4.7 Right triangular prisms

The three-dimensional meshes consisting of right-triangular prisms are useful es-
pecially for cylindrical geometries of the computational domains. They are also
needed (together with pyramids) in three-dimensional hybrid meshes to join face-
to-face tetrahedra and blocks.

The validity of the DMP on prismatic meshes was analyzed in detail in [A1].
This paper is attached to this thesis as Appendix B. For the reader’s convenience
we present below the main results of this paper.

Let us consider problem (4.22)–(4.24) with ΓN = ∅, ΓD = ∂Ω, gD = 0, and
λ = 1:

−∆u+ cu = f in Ω, (4.54)
u = 0 on ∂Ω. (4.55)

In order to discretize this problem by the lowest-order FEM, we further consider
the domain Ω to be polytopic and such that it can be covered by a prismatic mesh
Th. The prismatic mesh Th satisfies requirements (T 1)–(T 7) from Section 3.1 and
it consists of right triangular prisms P = T × I with T being a triangle and I an
interval. The corresponding finite element space consists of functions piecewise
linear in both (x1, x2)-plane and in the x3-direction:

Vh =
{
ϕ ∈ H1

0 (Ω) : ϕ(x1, x2, x3)|P =
3∑
i=1

2∑
j=1

zi,jλi(x1, x2)`j(x3), where

zi,j ∈ R, λi(x1, x2) ∈ P1(T ), `j(x3) ∈ P1(I), P ∈ Th, P = T × I
}

(4.56)

with P1(T ) and P1(I) denoting the spaces of linear functions on the triangle T
and on the interval I, respectively. The finite element formulation, see (4.25),
reads: find uh ∈ Vh such that

a(uh, vh) = F(vh) ∀vh ∈ Vh, (4.57)

where the bilinear form a and the linear functional F are given by (4.26).
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In order to formulate the main result of [A1], we have to introduce for each
prism P ∈ Th, P = T × I, quantities

d
(P )
L =

(
2 cotα

(T )
max

|T | − ‖c‖∞,P
3

)−1/2

, (4.58)

d
(P )
U =

(
‖c‖∞,P

6
+

cotα
(T )
mid + cotα

(T )
min

2 |T |

)−1/2

,

where α(T )
max, α(T )

med, and α
(T )
min stand for the maximal, medium, and minimal angle in

the triangular base T of the prism P , respectively. The value d(P )
U is well defined

for any prism P , because α(T )
mid < π/2 and α(T )

min ≤ π/3 hold true for any triangle T .
On the other hand, the value d(P )

L is well defined only if cotα
(T )
max > ‖c‖∞,P |T |/6.

Theorem 4.21. Let us consider problem (4.54)–(4.55). Further, let us assume
a prismatic partition Th of Ω and the corresponding discretization by the lowest-
order prismatic finite elements (4.56)–(4.57). Let d(P )

L , d(P )
U be given by (4.58)

and let d(P ) stand for the altitude of the prism P ∈ Th. If

d
(P )
L ≤ d(P ) ≤ d

(P )
U for all P ∈ Th, (4.59)

then the discretization (4.57) satisfies the discrete maximum principle.

Proof. See [A1].

Paper [A1] further discusses the limitations on angles of the triangular bases of
prisms such that condition (4.59) can be satisfied. Briefly, if c = 0 and prismatic
partition Th satisfies (4.59) then

αTh
max ≤ arctan

√
8 = arccos 1/3 ≈ 70.5288◦,

αTh
min ≥ arctan(

√
5/2) = arccos 2/3 ≈ 48.1897◦,

and |Tmax|
|Tmin| ≤ 2,

where αTh
max and αTh

min denote the maximal and the minimal angle in the triangular
bases over the whole partition Th and similarly, Tmax and Tmin stand for the
triangular bases with maximal and minimal area over the whole partition Th,
respectively.

We observe that these limitations on both the angles and the areas of the
triangular bases are quite severe. Nevertheless, suitable prismatic partitions pro-
viding the DMP exist and they can be used if the validity of the DMP is desired.



4.8. GENERALIZATIONS OF THE STANDARD APPROACH 61

Finally, let us note that the methodology presented in Section 4.2 can be
easily applied to generalize the statement of Theorem 4.21 to problems with
nonhomogeneous Dirichlet boundary conditions.

Furthermore, the technique used above for simplicial and block finite elements,
see Sections 4.5 and 4.6, can be well used also for prismatic elements to general-
ize condition (4.59) to problems with variable diffusion coefficient λ. Also, this
technique enables us to replace the L∞(K)-norm in (4.58) by the corresponding
moments of c similar to (4.29) or (4.36). This would provide even more general
condition.

4.8 Generalizations of the standard approach

In the above Sections 4.5–4.7 we applied the standard approach described in Sec-
tion 4.2 to obtain sufficient conditions for the validity of the DMP. This approach
is based on the investigation of the local finite element matrices, see Theorem 4.6.
Thinking about generalizations of this approach it is natural to investigate the
global (assembled) finite element matrices and to employ Theorem 4.5.

However, the investigation of the global finite element matrix is more demand-
ing and therefore people usually restrict themselves to simple problems. From
this reason we consider in this section the Poisson equation with homogeneous
Dirichlet boundary conditions.

The corresponding result in 2D for triangular meshes is quite well known.
The global stiffness matrix has nonpositive off-diagonal entries essentially if and
only if the underlined triangulation is of the Delaunay type, see [77, 84] and also
[11, 60]. The point is to have the sum of the two angles opposite each edge of
the triangulation at most π. This is the sufficient and necessary condition for
the global stiffness matrix to have nonpositive off-diagonal entries. Moreover,
this condition means that the triangulation is of the Delaunay type. Paper [69]
shows that the DMP may hold in some cases even if there is an edge with both
opposite angles obtuse. On the other hand, Jan Brandts showed that only one
badly shaped triangle in a triangulation can destroy the validity of the DMP [6].

The result [47] is based on Theorem 4.4 and on a more general sufficient
condition for monotonicity of a matrix [4]. They obtain a sufficient conditions on
the dihedral angles of tetrahedral partitions yielding the DMP. Their condition
allows for angles slightly greater then π/2. They present a numerical experiment,
where the greatest dihedral angle in the tetrahedral mesh is slightly greater than
100◦ and the DMP still holds true.

The author of this thesis is not aware of a publication presenting similar gen-
eralizations for block finite elements. Application of Theorem 4.5 to rectangular
finite elements yields a possibility of having the DMP even if certain narrow rect-
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angles appear in the mesh. This possibility was already discussed in Section 4.6,
Example 4.2. Similar generalization to 3D block finite elements brings no im-
provement of the “cube conditions” from Corollary 4.19. This fact is quite easy to
see, because a contribution to the finite element matrix coming from two trilinear
basis functions corresponding to two nodes connected by an edge can never be
negative, see Lemma 4.18. In the best, it can be zero if all corresponding elements
are cubes.

There are also other approaches how to guarantee the discrete maximum prin-
ciple. In [13] the finite element method is modified in such a way that the resulting
approximation satisfies the DMP on arbitrary meshes. However, a disadvantage
of this approach is the nonlinearity of the resulting numerical scheme. The scheme
is nonlinear even if the underlined partial differential equation is linear.

Let us note that it is possible to find in the literature even less general ap-
proaches than we describe in this thesis. Classical approach of Ph. Ciarlet [15, 18]
essentially requires the corresponding finite element matrix to be irreducibly di-
agonally dominant in order to prove the DMP. This assumption is superfluous
and we present this fact in detail in [38].



CHAPTER

FIVE

Discrete maximum principles for higher-order
finite elements

The analysis of the DMP for higher-order finite elements substantially differs from
the lowest-order case. The crucial point is that the higher-order basis functions do
not satisfy conditions (4.1)–(4.2). Consequently, Theorems 4.4–4.6, the analysis
of the lowest-order finite elements was based on, cannot be used.

The problem is fundamental. In principle, if we express a higher-order poly-
nomial as a linear combination of certain basis functions, it is very complicated to
find conditions on the coefficients which would be equivalent with the nonnegativ-
ity of the polynomial. Such equivalent conditions can be found for quadratic even
cubic polynomials, but the higher the degree the more complicated the conditions
are.

The nonnegative polynomials are connected to the 17th of the 23 famous
Hilbert problems. Originally, people asked if any nonnegative multivariate poly-
nomial can be represented as a sum of squares of polynomials. It turned out
that this is not true. For example, the polynomial z6 + x4y2 + x2y43x2y2z2 is
nonnegative in R3, but cannot be expressed as a sum of squares of polynomials.
Therefore, David Hilbert included among his problems also the following ques-
tion: Given a multivariate polynomial that takes only non-negative values over
the reals, can it be represented as a sum of squares of rational functions? This
problem was solved in 1927 by Emil Artin. The answer is affirmative. For more
information we recommend the book [64].

Anyway, the analysis of the DMP for higher-order finite elements using the
expansion coefficients seems to be untreatable. Therefore, we choose another
approach and analyze directly the discrete Green’s function (DGF). In particular,
to prove the DMP we use Theorem 3.3 and to handle the DGF and the error of
the elliptic projection of the Dirichlet lift we employ Theorems 3.4 and 3.5.

63
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Nevertheless, both the DGF and the error of the elliptic projection of the
Dirichlet lift are complicated objects and, therefore, we will concentrate first on
very simple problems trying to characterize the validity of the DMP and then
extending the results to more complex problems. The introductory Section 5.1
presents the discretization of the 1D Poisson equation by higher-order finite el-
ements. Section 5.2 provides the discrete maximum principle results to 1D dif-
fusion problems with piecewise constant coefficient and with general boundary
conditions. This is a summary of results published in [A3], [A4], and [A5], see
Appendices D–F. The more complicated case of 1D diffusion-reaction problem is
analyzed in Section 5.3. It is a presentation of paper [A6], see Appendix G. In
Section 5.4 we comment the two-dimensional case. Finally, Section 5.5 shows an-
other approach how to handle the DMP in the higher-order case, see [A8] attached
in Appendix I.

5.1 Higher-order finite elements in 1D
Let us consider interval Ω = (a∂, b∂) and a general 1D elliptic problem (4.3)–(4.5)
with general boundary conditions. Its weak formulation reads: find u ∈ H1(Ω)
such that u− gD ∈ V and

a(u, v) = F(v) ∀v ∈ V, (5.1)

where V = {v ∈ H1(Ω) : v = 0 on ΓD}, the bilinear form a(·, ·) and the linear
functional F(·) are defined by (4.6) and (4.7), respectively, and gD is the Dirichlet
lift of the Dirichlet data, see Section 4.3 for the 1D case and Section 3.1 for the
general case.

We will solve this problem by higher-order finite element method. Therefore,
we introduce a partition a∂ = x0 < x1 < · · · < xM−1 < xM = b∂ of the interval Ω
and define elements Kk = [xk−1, xk], k = 1, 2, . . . ,M , with hk = xk − xk−1. For
each element Kk we assign a polynomial degree pk, k = 1, 2, . . . ,M . We set the
higher-order finite element space

Xh = {vh ∈ H1(Ω) : vh|Kk
∈ Ppk(Kk), k = 1, 2, . . . ,M}, (5.2)

where Pp(K) stands for the space of polynomials of degree at most p on interval
K. To incorporate the Dirichlet boundary conditions we introduce a subspace
Vh = Xh∩V . The higher-order finite element solution uh ∈ Xh is then determined
by the requirements uh − gD,h ∈ Vh and

a(uh, vh) = F(vh) ∀vh ∈ Vh, (5.3)

where the approximate Dirichlet lift gD,h is defined in the same way as in Sec-
tion 4.3.
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We construct the basis of Vh in the standard finite element way transforming
the Lobatto shape functions from the reference element K̂ = [−1, 1] to the physical
elements Kk. The Lobatto shape functions, see e.g. [74], are more-less standard
in the higher-order finite elements, but for the reader’s convenience, we recall
their definition and properties.

First, there are two linear shape functions `0(ξ) = (1 − ξ)/2 and `1(ξ) =

(1 + ξ)/2, ξ ∈ K̂. The higher-order shape functions `2, `3, . . . are defined as
antiderivatives of the Legendre polynomials vanishing at both end-points of K̂,
i.e.

`i(ξ) =

√
2i− 1

2

∫ ξ

−1

Pi−1(s) ds, i = 2, 3, . . . , (5.4)

where Pi(ξ) stands for the Legendre polynomial of degree i. Clearly, `i is a
polynomial of degree i for i = 2, 3, . . . , it vanishes at both points ±1, and these
functions are orthonormal in the following sense∫ 1

−1

`′i(ξ)`
′
j(ξ) dξ = δij, i, j = 2, 3, . . . , (5.5)

where δij stands for the Kronecker’s tensor. See Figure 5.1 (left) for an illustra-
tion. It is possible to factor out the root-factor `0(ξ)`1(ξ) = (1− ξ)(1 + ξ)/4 for
each `i, i = 2, 3, . . . , and express

`i+2(ξ) = `0(ξ)`1(ξ)κi(ξ), i = 0, 1, 2, . . . (5.6)

with κi(ξ) being a polynomial of degree i, see Figure 5.1 (right). In the sequel,
we examine the properties of polynomials κi, i = 0, 1, 2, . . . .
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Figure 5.1: Lobatto shape functions `0, `1, . . . , `5 (left) and the corresponding
polynomials κ0, κ1, . . . , κ4 (right).
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The Legendre polynomials are well known [42] to satisfy the following differ-
ential equation of second order:

[
(1− ξ2)P ′i (ξ)

]′
= −i(i+ 1)Pi(ξ), i = 0, 1, 2, . . . .

Integrating this identity and taking into account definition (5.4), we easily find
that

`i+2(ξ) = −1− ξ2

4

√
8(2i+ 3)

(i+ 2)(i+ 1)
P ′i+1(ξ), i = 0, 1, 2, . . . .

Comparing this with (5.6) we conclude that

κi(ξ) = −
√

8(2i+ 3)

(i+ 2)(i+ 1)
P ′i+1(ξ), i = 0, 1, 2, . . . .

Hence, the polynomials κi are just scaled derivatives of the Legendre polynomials.
Furthermore, the derivatives of the Legendre polynomials are known [42] to

be proportional to Jacobi polynomials P (1,1)
i (ξ):

P ′i+1(ξ) =
i+ 2

2
P

(1,1)
i (ξ).

Thus, polynomials κi are proportional to Jacobi polynomials P (1,1)
i which are

orthogonal on [−1, 1] with respect to the weight (1−ξ)(1+ξ). This orthogonality
can be expressed as

∫ 1

−1

`0(ξ)`1(ξ)κi(ξ)κj(ξ) dξ =
4

(i+ 1)(i+ 2)
δij, i, j = 0, 1, 2, . . . .

Another consequence is that the polynomials κi can be generated by the three-
term recurrence formula

i+ 4√
2i+ 7

κi+2(ξ) =
√

2i+ 5 ξ κi+1(ξ)− i+ 1√
2i+ 3

κi(ξ), i = 0, 1, 2, . . . .
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For illustration, this gives us the following identities (see also Figure 5.1)

κ0(ξ) = −
√

6,

κ1(ξ) = −
√

10ξ,

κ2(ξ) = −1

4

√
14(5ξ2 − 1),

κ3(ξ) = −3

4

√
2(7ξ2 − 3)ξ,

κ4(ξ) = −1

8

√
22(21ξ4 − 14ξ2 + 1),

κ5(ξ) = −1

8

√
26(33ξ4 − 30ξ2 + 5)ξ,

κ6(ξ) = − 1

64

√
30(429ξ6 − 495ξ4 + 135ξ2 − 5),

κ7(ξ) = − 1

64

√
34(715ξ6 − 1001ξ4 + 385ξ2 − 35)ξ,

κ8(ξ) = − 1

128

√
38(2431ξ8 − 4004ξ6 + 2002ξ4 − 308ξ2 + 7).

Interestingly, the Lobatto shape functions possess certain orthogonality in the
L2(−1, 1) sense, too:

1∫
−1

`i(ξ)`j(ξ) dξ =



2

(2i+ 1)(2i− 3)
for i = j,

−1

(2i+ 1)
√

(2i− 1)(2i+ 3)
for i = j + 2 and j = i+ 2,

0 otherwise.

with i, j = 2, 3, . . . . In addition, concerning `0 and `1, we have∫ 1

−1

`0(ξ)`2(ξ) dξ =

∫ 1

−1

`1(ξ)`2(ξ) dξ = −
√

6

6
,∫ 1

−1

`0(ξ)`3(ξ) dξ = −
∫ 1

−1

`1(ξ)`3(ξ) dξ =

√
10

30
,∫ 1

−1

`0(ξ)`i(ξ) dξ =

∫ 1

−1

`1(ξ)`i(ξ) dξ = 0 for i = 4, 5, . . . .

Now, let us return back to the finite element discretization. The basis func-
tions of Vh are defined with the aid of the reference mapping

χk(ξ) =
hkξ + (xk + xk−1)

2
, k = 1, 2, . . . ,M. (5.7)
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We distinguish two types of basis functions – the vertex and the bubble functions.
The vertex functions are composed of the transformed (linear) shape functions
`0 and `1, while the bubble functions are just transformations of the higher-order
shape functions `2, `3, etc. For example, vertex function ϕv,xi(x) corresponding
to the node xi of the partition is defined as

ϕv,xi(x) =
{ `1

(
χ−1
i (x)

)
for x ∈ Ki,

`0

(
χ−1
i+1(x)

)
for x ∈ Ki+1,

i = 1, 2, . . . ,M − 1.

Similarly, pk − 1 bubble functions supported in element Kk, k = 1, 2, . . . ,M , are
defined as

ϕb,Kk
j (x) = `j+1

(
χ−1
k (x)

)
, j = 1, 2, . . . , pk − 1. (5.8)

The finite element space Vh naturally splits into two subspaces Vh = V v
h ⊕V b

h ,
where V v

h is the span of the vertex basis functions and V b
h is the span of the bubble

functions. The dimension of V b
h is always N b = dimV b

h =
∑M

k=1(pk−1), while the
dimension of V v

h depends on the prescribed boundary conditions. The Dirichlet
boundary conditions can be prescribed (i) at both end-points, (ii) at one of the
two end-points, or (iii) nowhere. The corresponding dimension N v of V v

h is then
(i) M − 1, (ii) M , or (iii) M + 1.

We denote the basis of V v
h as ϕv1, ϕv2, . . . , ϕvNv and the basis of V b

h as ϕb1,
ϕb2, . . . , ϕ

b
Nb . The basis functions ϕi, i = 1, 2, . . . , N0, N0 = N v + N b, (denoted

without any superscript) correspond to the basis of the entire finite element space
Vh. We consider the first N v functions to be vertex functions and the last N b

functions to be bubbles, i.e.

ϕ1 = ϕv1, . . . , ϕNv = ϕvNv , ϕNv+1 = ϕb1, . . . , ϕNv+Nb = ϕbNb .

5.2 Discrete maximum principle for 1D diffusion
problem

In this section we present a technique which can be successfully used to certain 1D
elliptic problems. These results were already published by the author of this thesis
and his co-authors. In particular, the case of Poisson problem with homogeneous
Dirichlet boundary conditions appeared in [A3], the results for Poisson problem
with mixed Dirichlet-Neumann boundary conditions are in [A4], and paper [A5]
deals with elliptic problems with piecewise constant diffusion coefficients. These
three papers are attached to this thesis as Appendices D–F.

Below we introduce these results in a unified way presenting the most general
case. The framework built up in the previous sections enables us to handle even
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the nonhomogeneous Dirichlet boundary conditions in the systematic manner,
which is a slight novelty with respect to publications [A3], [A4], and [A5].

Let us consider 1D diffusion problem with piecewise constant diffusion coeffi-
cient and with general boundary conditions of Dirichlet and/or Neumann type:

−(Au′)′ = f in Ω = (a∂, b∂), (5.9)
u = gD on ΓD, (5.10)

Au′n1D = gN on ΓN. (5.11)

Clearly, this is a special case of problem (4.3)–(4.5) introduced in Section 4.3.
Therefore, we adopt the same setting and notation as in Section 4.3. Namely,
concerning the types of boundary conditions: ΓD ⊂ ∂Ω, ΓN ⊂ ∂Ω, ΓD∪ΓN = ∂Ω,
ΓD ∩ ΓN = ∅, ∂Ω = {a∂, b∂}. We point out that in the case of pure diffu-
sion problem (5.9)–(5.11) we exclude the possibility of solely Neumann boundary
conditions, because in this case (i.e. if ΓD = ∅ and ΓN = {a∂, b∂}) there is no
uniqueness.

The existence and uniqueness is discussed in Section 4.3, too. Namely, we
adopt the assumptions (4.8), which reduces in this case to

0 < λmin ≤ A in Ω. (5.12)

Furthermore, the diffusion coefficient A is assumed to be piecewise constant and
we denote by Ak the constant value of A in the element Kk ∈ Th, k = 1, 2, . . . ,M
– see Section 4.3 or 5.1 for the definition of the 1D partition Th of the interval Ω.

We discretize problem (5.9)–(5.11) by higher order finite elements as described
above in Section 5.1. The weak formulation is presented in (5.1), finite element
formulation is in (5.3), and the corresponding bilinear form a(·, ·) and linear
functional F(·) are defined in (4.6)–(4.7) with b = c = α = 0.

In particular, we utilize the splitting of the basis functions into the vertex and
bubble functions. First of all, we show in the following lemma that in the pure
diffusion case with piecewise constant diffusion coefficient the vertex and bubble
functions are a-orthogonal.

Lemma 5.1. Let Xh be given by (5.2). Let a(·, ·) be given by (4.6) with b =
c = α = 0. Let ϕv ∈ Xh be any vertex function and let ϕb ∈ Xh be any bubble
function. Then

a(ϕv, ϕb) = 0. (5.13)

Proof. Any vertex function ϕv is supported in at most two elements. Any bubble
function ϕb is supported in a single element only. If meas(suppϕv ∩ suppϕb) = 0
then clearly orthogonality (5.13) holds. Thus, the only remaining option is that
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suppϕv ∩ suppϕb = Kk for some element Kk = [xk−1, xk], k ∈ {1, 2, . . . ,M}.
Orthogonality (5.13) now follows immediately from the integration by parts:

a(ϕv, ϕb) =

∫
Kk

A(ϕv)′(ϕb)′ dx = Ak
[
(ϕv)′ϕb

]xk

xk−1
−Ak

∫ xk

xk−1

(ϕv)′′ϕb dx = 0,

where Ak is constant, and the last equality holds true, because ϕb vanishes at
both end-points xk−1 and xk and because ϕv is linear in Kk.

The splitting of the basis into the vertex and bubble part leads to a natu-
ral two-by-two block structure of the resulting stiffness matrix. Orthogonality
(5.13) implies that the two off-diagonal blocks in this structure vanish. Thus, the
stiffness matrix and its inverse can be expressed as

A =

(
Av 0
0 Ab

)
, A−1 =

(
(Av)−1 0

0 (Ab)−1

)
, (5.14)

where Av ∈ RNv×Nv consists of the a-products of pairs of vertex functions and
Ab ∈ RNb×Nb consits of the a-products of pairs of bubbles. In addition, the matrix
Ab is actually diagonal in this setting.

Lemma 5.2. Let Xh be given by (5.2). Let a(·, ·) be given by (4.6) with b = c =
α = 0. Let ϕbi ∈ Xh and ϕbj ∈ Xh be arbitrary but distinct bubble functions. Then

a(ϕbi , ϕ
b
j) = 0 and a(ϕbi , ϕ

b
i) = 2Ak/hk,

where Ak is the constant value of A in Kk, hk is the diameter of the element Kk,
and Kk is the element the bubble function ϕbi is supported in, k ∈ {1, 2, . . . ,M}.
Proof. If meas(suppϕbi ∩ suppϕbj) = 0 then clearly a(ϕbi , ϕ

b
j) = 0. Thus, let us

suppose that suppϕbi = suppϕbj = Kk for some k ∈ {1, 2, . . . ,M}. Further,
let ϕbi(x) = `p(χ

−1
k (x)) and ϕbj(x) = `q(χ

−1
k (x)) for x ∈ Kk with p 6= q being

polynomial degrees of ϕbi and ϕbj, see (5.8). Then, we can compute

a(ϕbi , ϕ
b
j) = Ak

∫
Kk

(ϕbi)
′(ϕbj)

′ dx = Ak
∫

bK `
′
p`
′
q dξ 2/hK = 0,

where we use the substitution x = χk(ξ) mapping the reference element K̂ =
[−1, 1] to the physical element Kk and the orthogonality (5.5) of the Lobatto
shape functions.

Finally, using the same manipulations we obtain

a(ϕbi , ϕ
b
i) = Ak

∫
bK(`′p)

2 dξ 2/hk = 2Ak/hk.
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Thus, the bubble part Ab of the stiffness matrix A can be expressed as

Ab = diag

(
2A1

h1

, . . . ,
2A1

h1︸ ︷︷ ︸
(p1−1) times

,
2A2

h2

, . . . ,
2A2

h2︸ ︷︷ ︸
(p2−1) times

, . . . ,
2AM
hM

, . . . ,
2AM
hM︸ ︷︷ ︸

(pM−1) times

)
.

Consequently, the inverse (Ab)−1 is trivial and nonnegative. The other block Av
is tridiagonal and the nonnegativity of its inverse was investigated in Section 4.3.
In (4.16) we have found a sufficient condition for the nonnegativity of (Av)−1.
However, here we consider c = b = α = 0 and therefore condition (4.16) reduces
to 0 ≤ 6Ak, which is trivially satisfied for all k = 1, 2, . . . ,M , see (5.12). Thus,
we conclude that (Av)−1 is automatically nonnegative for the pure diffusion case
with piecewise constant diffusion coefficient.

Thanks to the block structure (5.14), the discrete Green’s function (3.15) can
be split into the vertex and bubble part

Gh(x, y) =
N0∑
i=1

N0∑
j=1

ϕi(y)(A−1)ijϕj(x) = Gv
h(x, y) +Gb

h(x, y),

where

Gv
h(x, y) =

Nv∑
i=1

Nv∑
j=1

ϕvi (y)(Av)−1
ij ϕ

v
j (x),

Gb
h(x, y) =

M∑
k=1

hk
2Ak

pk∑
j=2

`j
(
χ−1
k (y)

)
`j
(
χ−1
k (x)

)
.

As we discussed above, the vertex part Gv
h is automatically nonnegative. Since

hk/(2Ak) > 0, the nonnegativity of the bubble part depends solely on the non-
negativity of the polynomials

Kp(ξ, η) =

p−2∑
j=0

κj(η)κj(ξ)

for (ξ, η) ∈ K̂2 and p = 2, 3, . . . . Indeed, this is due to the fact that Gb
h(x, y) is

nonnegative if and only if the polynomial
pk∑
j=2

`j
(
χ−1
k (y)

)
`j
(
χ−1
k (x)

)
= `0(η)`1(η)`0(ξ)`1(ξ)

pk∑
j=2

κj−2(η)κj−2(ξ)

is nonnegative for all ξ = χ−1
k (x) ∈ [−1, 1] and all η = χ−1

k (y) ∈ [−1, 1], see (5.6).
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Unfortunately, polynomials Kp are nonnegative in K̂2 for exceptional values
of p. In particular, for p = 2, 4, and 6 only. For other values of p it is necessary to
investigate under what conditions the nonnegative vertex part Gv

h overweights the
possibly negative part Gb

h such that their sum Gh = Gv
h+Gb

h is nonnegative. The
analysis of this situation was done in [A3] for the Poisson problem with homo-
geneous Dirichlet boundary conditions, in [A4] for Poisson problem with mixed
Dirichlet-Neumann boundary conditions, and in [A5] for the diffusion problem
with piecewise constant diffusion coefficient and homogeneous Dirichlet bound-
ary conditions. These papers are attached to this thesis as Appendices D–F.

The analysis of the nonnegativity of Gh is based on the explicit formula for
the inverse of the vertex part Av of the stiffness matrix. The particular shape
of this formula depends on the boundary conditions. The formula for the pure
Dirichlet boundary conditions is presented in [A3] and in [A5]. Slightly different
formula for the mixed boundary conditions can be found in [A4].

In all three papers from Appendices D–F, we suppose primarily the homoge-
neous Dirichlet boundary conditions for the sake of simplicity. In what follows,
we utilize the methodology presented above and generalize the results obtained in
[A3], [A4], and [A5] to the case of nonhomogeneous Dirichlet boundary conditions.

Theorem 5.3. Let us consider problem (5.9)–(5.11) with piecewise constant co-
efficient A and with the Dirichlet boundary condition prescribed at at least one
of the end-points of Ω. Further, let us consider its higher-order finite element
discretization (5.3). Then

gD,h(y)− (Π0
hgD,h)(y) ≥ 0 for all gD,h ∈ V ∂

h , gD,h ≥ 0 in Ω, y ∈ Ω. (5.15)

Proof. First, let us consider the Dirichlet boundary conditions prescribed at both
end-points of Ω. Then V ∂

h = span{ϕ∂1 , ϕ∂2} with both ϕ∂1 and ϕ∂2 being the piece-
wise linear vertex functions corresponding to the end-points a∂ and b∂ of Ω,
respectively.

Clearly, gD,h ∈ V ∂
h , gD,h =

∑2
m=1 c

∂
mϕ

∂
m, is nonnegative if and only if both c∂1

and c∂2 are nonnegative. Therefore, condition (5.15) is equivalent to the condition
2∑

m=1

c∂m
[
ϕ∂m(y)− Π0

hϕ
∂
m(y)

] ≥ 0 for all c∂m ≥ 0, m = 1, 2, and all y ∈ Ω.

This condition is clearly satisfied if and only if

ϕ∂m(y)− Π0
hϕ

∂
m(y) ≥ 0 for all y ∈ Ω and for both m = 1, 2.

Using Theorem 3.5, we express

ϕ∂m(y)− Π0
hϕ

∂
m(y) = ϕ∂m(y)−

N0∑
i=1

N0∑
j=1

ϕi(y)(A−1)ijA
∂
jm.
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Thanks to orthogonality (5.13), the matrix A∂ has practically the same structure
(4.17) as in the lowest-order case. Namely, the only nonzero entries of A∂ are
A∂11 and A∂Nv ,2. In addition, these two nonzero entries are nonpositive, see (4.14)–
(4.15).

Hence, for m = 1 we obtain

ϕ∂1(y)− Π0
hϕ

∂
1(y) = ϕ∂1(y)−

Nv+Nb∑
i=1

ϕi(y)(A−1)i1A
∂
11

= ϕ∂1(y) +
Nv∑
i=1

ϕvi (y)(Av)−1
i1 (−A∂11) ≥ 0,

where we utilize the fact that the vertex-bubble block of the stiffness matrix A
vanishes – see (5.14), that the vertex functions as well as all entries of (Av)−1 are
nonnegative, and that A∂11 is negative.

For m = 2, we can proceed in practically the same way to obtain nonnega-
tivity of ϕ∂2 − Π0

hϕ
∂
2 . This proves the theorem in the case of Dirichlet boundary

conditions prescribed at both end-points of Ω. If the Dirichlet boundary condition
is prescribed in one end-point only then the proof is analogous.

Now, the statement of Theorem 5.3 can be combined with the nonnegativity
of the discrete Green’s function proved in Appendices D–F. Theorem 3.3 then
provides the validity of the discrete maximum principle. The final conditions,
however, differ for the pure Dirichlet boundary conditions (see Corollary 5.4 be-
low) and for the mixed boundary conditions (see Corollary 5.5 below). Anyway, in
order to present the results of papers from Appendices D–F, we have to introduce
the critical relative element length

H∗rel(p) = 1 +
1

2
min

(ξ,η)∈ bK2

`0(ξ)`0(η)

p−2∑
i=0

κi(ξ)κi(η). (5.16)

This quantity depends on the polynomial degree p and it is given as a minimum
of a bivariate polynomial over a compact set (a square). The computation of
values H∗rel(p) is a nontrivial task, in general. However, in this case, it is possible
to find the values H∗rel(p) analytically for p = 2, 3, 4. For values p = 5, 6, . . . , 100,
we did it numerically with high accuracy. The results are presented in Table 5.1
and in Figure 5.2. See [A3] and [A5] in Appendices D and F for more detail.

Corollary 5.4. Let us consider problem (5.9)–(5.11) with piecewise constant
coefficient A and with the Dirichlet boundary conditions prescribed at both end-
points of Ω, i.e. ΓD = {a∂, b∂} and ΓN = ∅. Further, let us consider higher-order
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p H∗rel(p) p H∗rel(p) p H∗rel(p) p H∗rel(p)
1 1 6 1 11 0.953759 16 0.968695
2 1 7 0.935127 12 0.969485 17 0.967874
3 9/10 8 0.987060 13 0.959646 18 0.969629
4 1 9 0.945933 14 0.968378 19 0.970855
5 0.919731 10 0.973952 15 0.964221 20 0.970814

Table 5.1: Critical relative element length H∗rel(p) for p = 1, 2, 3, . . . , 20.
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Figure 5.2: Critical relative element lengths H∗rel(p) for p = 1, 2, . . . , 100. Circles
indicate the values for p odd and crosses for p even.

finite element discretization (5.3) of this problem. If

hk
Ak ≤ H∗rel(pk)hΩ,A for all k = 1, 2, . . . ,M, (5.17)

with hΩ,A =
∑M

j=1 hj/Aj, then discretization (5.3) satisfies the discrete conserva-
tion of nonnegativity.

Proof. Results presented in paper [A5] (see Appendix F) imply the nonnegativity
of the discrete Green’s function:

Gh(x, y) ≥ 0 ∀(x, y) ∈ Ω2

provided condition (5.17) holds true (see the proof of Theorem 4.2 in [A5]). The-
orem 5.3 provides nonnegativity of the error of the elliptic projection. Thus, both
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assumptions (a) and (b) of Theorem 3.3 are fulfilled and the discrete conservation
of nonnegativity is satisfied.

Corollary 5.5. Let us consider problem (5.9)–(5.11) with piecewise constant coef-
ficient A and with the mixed boundary conditions, i.e. ΓD = {a∂} and ΓN = {b∂}
or vice versa. Further, let us assume higher-order finite element discretization
(5.3) of this problem. If

H∗rel(pk) ≥ 0 for all k = 1, 2, . . . ,M, (5.18)

then discretization (5.3) satisfies the discrete conservation of nonnegativity.

Proof. It goes through the same steps as the proof of Corollary 5.4 with the only
difference that the nonnegativity of the discrete Green’s function is guaranteed
by condition (5.18) – see the proof of Theorem 6.1 in [A4] (Appendix E).

First, notice that in the case of Poisson problem, i.e. for Ak = 1, condition
(5.17) reduces to hk ≤ H∗rel(pk)hΩ with hΩ = b∂−a∂ being the length of Ω. Hence,
condition (5.17) for a general piecewise constant coefficient A can be regarded as
a relation between distorted lengths of elements and the distorted length of the
entire domain Ω. We also point out that this condition is rather weak. It seems
that the smallest value of H∗rel(p) is attained for p = 3 and it is 9/10. Thus, in
the case of Poisson problem the discrete maximum principle is satisfied if there
is no element larger then 9/10 of the length of Ω. Clearly, any “reasonable” mesh
satisfies this condition.

Further notice the fundamental difference of conditions (5.17) and (5.18). The
later one – corresponding to the mixed boundary conditions – is much weaker. It
depends on polynomial degrees pk only and not on the lengths hk of elements. In
addition, Figure 5.2 indicates that it is automatically satisfied for any polynomial
degree pk. In fact, if our computations of values of H∗rel(p) involving root finding
of high-order polynomials are correct and accurate then we actually verified the
validity of (5.18) for all polynomial degrees up to p = 100, see [A3] (Appendix D)
for details.

5.3 Discrete maximum principle for 1D diffusion–
reaction problems

In this section we present a DMP result for 1D diffusion–reaction problem dis-
cretized by higher-order finite elements. In contrast to the pure diffusion case
described above the presence of the reaction term complicates the analysis sub-
stantially. There are two principal difficulties: (i) The bubble functions are not
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a-orthogonal to the vertex functions nor to themselves. (ii) There is no explicit
formula for the inverse of the vertex part of the stiffness matrix. Difficulty (i)
can be overcome by considering the generalized eigenfunctions of the 1D dis-
crete Laplacian as the shape functions. Solution of difficulty (ii) requires suitable
estimates of the entries of the inverse the stiffness matrix.

A detailed analysis of this case was published in [A6]. This paper is attached
to this thesis as Appendix G. In this paper the reaction coefficient is supposed
to be constant and the boundary conditions are considered to be homogeneous
Dirichlet. In what follows, we briefly present the main result of this paper and
generalize it to general non-homogeneous mixed boundary conditions of Dirichlet
and Neumann type and to the piecewise constant reaction coefficient. However,
we point out that these generalizations are quite simple. Especially, the general-
ization to the piecewise constant reaction coefficient is trivial.

Let us consider the following diffusion–reaction problem with general bound-
ary conditions:

−u′′ + cu = f in Ω, (5.19)
u = gD on ΓD, (5.20)

u′n1D = gN on ΓN. (5.21)

Clearly, this is a special case of general problem (4.3)–(4.5) from Section 4.3. The
only difference is that we suppose A = I and b = α = 0, now. We assume the
coefficient c to be piecewise constant and we denote by ck the constant values of
c in Kk. Technically, we adopt all the notation from Section 4.3. In particular,
we consider the weak formulation (5.1) and the finite element formulation (5.3),
where the bilinear form a(·, ·) and the linear functional F(·) are given by (4.6)–
(4.7) with A = I and b = α = 0. Clearly, in the case ΓN = {a∂, b∂} and ΓD = ∅
we assume c > 0 in at least one of the elements in order to preserve the unique
solvability of (5.19)–(5.21).

We suppose the same higher-order finite element approximation as above, see
Section 5.1. However, as we already mentioned, we consider the generalized eigen-
functions of the discrete 1D Laplacian for the bubble functions. Thus, we consider
the reference element K̂ = [−1, 1] and a space Pp0(K̂) of polynomials of degree
at most p on interval K̂ whose values at both end-points of K̂ vanish. Further,
we suppose the eigenfunctions `pi ∈ Pp0(K̂) and the corresponding eigenvalues λpi ,
i = 2, 3, . . . , p, such that∫ 1

−1

(`pi )
′v′ dx = λpi

∫ 1

−1

`pi v dx ∀v ∈ Pp0(K̂).

The p − 1 bubble functions supported in element Kk are then defined as trans-
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formations of `pi+1, i = 1, 2, . . . , p− 1, see (5.7) and (5.8):

ψb,Kk
i (x) = `pi+1

(
χ−1
k (x)

)
, i = 1, 2, . . . , pk − 1.

Hence, the new bubble functions ψb1, ψb2, . . . , ψbNb can be used as a new basis in
V b.

Furthermore, we orthogonalize the vertex basis functions with respect to the
space of bubbles V b. The orthogonalized vertex function ψvi , i = 1, 2, . . . , N v, can
be expressed in the form

ψvi (x) = ϕvi (x)−
pi+1−1∑
j=1

C
Ki+1

1,j ψ
b,Ki+1

j+1 (x)−
pi−1∑
j=1

CKi
2,jψ

b,Ki

j+1 (x). (5.22)

Let us notice that both the original vertex function ϕvi and the orthogonalized
vertex function ψvi are supported in elements Ki+1 and Ki provided they cor-
respond to an interior vertex. If the vertex function corresponds to a bound-
ary vertex then it is supported in one element only and one of the two sums
in (5.22) is missing. In addition, the coefficients CKi

m,j in (5.22) can be com-
puted as CKi

m,j = ζB
pi

mj(1 + ζµpi

j )−1, ζ = cih
2
i , B

pi

mj =
∫ 1

−1
`m−1`

pi

j+1 dx/2, and
µpi

j = 1/(4λpi

j+1), for m = 1, 2, j = 1, . . . , pi, i = 1, 2, . . . ,M . See Appendix G for
details.

Thus, the new basis functions ψv1 , ψv2 , . . . , ψvNv and ψb1, ψb2, . . . , ψbNb are a-
orthogonal in the same way as the standard basis functions in the case of Poisson
problem, see Lemmas 5.1 and 5.2. In particular,

a(ψvi , ψ
b
j) = 0 ∀i = 1, 2, . . . , N v, and j = 1, 2, . . . , N b,

and
a(ψbi , ψ

b
j) = 0 ∀i 6= j, i, j = 1, 2, . . . , N b.

Nevertheless, it turns out that the new vertex functions ψvi do not remain non-
negative, in general. The nonnegativity of ψvi depends on the size of the quantity
ζ = ckh

2
k for all values of k such that ψvi is supported in Kk. Simply, ψvi is non-

negative for small values of ζ only. In fact, there is a quantity αpk depending on
the polynomial degree pk only such that ψvi is nonnegative in the corresponding
element Kk for ζ ≤ αpk . See [A6, Lemma 6.1] in Appendix G for details and
proofs. See also Table 5.2 below for the approximate values of αp.

Moreover, the nonpositivity of the off-diagonal entries of the vertex block of
the stiffness matrix is not automatic in the reaction-diffusion case. Similarly, as
the nonnegativity of the orthogonalized vertex functions, the nonpositivity of the
off-diagonal entries follows for sufficiently small values of ζ = ckh

2
k. In particular,

there exists a quantity βpk depending on the polynomial degree pk only such
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that a(ψvi , ψ
v
j ) ≤ 0, i 6= j, for ζ ≤ βpk , where k corresponds to the element

Kk = suppψvi ∩ suppψvj . See [A6, Lemma 6.2] in Appendix G for details and
proofs. See also Table 5.2 below for the approximate values of βp.

These properties of the orthogonalized basis functions ψv1 , ψv2 , . . . , ψvNv and
ψb1, ψb2, . . . , ψbNb enable to prove the following direct analogy of Theorem 5.3.

Theorem 5.6. Let us consider problem (5.19)–(5.21) and its higher-order fi-
nite element discretization (5.3). Further let ckh2

k ≤ min{αpk , βpk} for all k =
1, 2, . . . ,M . Then

gD,h(y)− (Π0
hgD,h)(y) ≥ 0 for all gD,h ∈ V ∂

h , gD,h ≥ 0 in Ω, y ∈ Ω.

Proof. The proof goes through the same steps as the proof of Theorem 5.3. The
only difference is that the standard basis functions ϕv1, ϕv2, . . . , ϕvNv and ϕb1, ϕb2,
. . . , ϕb

Nb have to be replaced by the orthogonalized basis functions ψv1 , ψv2 , . . . ,
ψvNv and ψb1, ψb2, . . . , ψbNb as well as the boundary vertex functions ϕ∂1 , ϕ∂2 have to
be replaced by the corresponding orthogonalized boundary functions ψ∂1 , ψ∂2 .

Theorem 5.6 together with the analysis of the nonnegativity of the discrete
Green’s function performed in [A6] enables us to formulate the main DMP result.
For this purpose, we have to utilize a rational function ω̂p(θ, ζ) and two auxiliary
quantities γp and δp, which are defined through ω̂p(θ, ζ) in certain way. For details
see [A6, Section 7.4].

Theorem 5.7. Let us consider problem (5.19)–(5.21) and its higher-order finite
element discretization (5.3). Denote by hk and pk the lengths and the polynomial
degrees of elements Kk, k = 1, 2, . . . ,M . Further, consider θk = hk/(hΩ − hk)
with hΩ = b∂ − a∂ being the length of interval Ω. Let us suppose that in case
δp <∞ inequalities

γp ≥ 3/2 and ω̂p(θ, γpθ + δp) ≥ 0 for θ ∈ (0, 1/2] (5.23)

hold true for all p = pk, k = 1, 2, . . . ,M . Furthermore, in case δpk <∞ assume

hk ≤ hΩ/3 for all k = 1, 2, . . . ,M. (5.24)

If
ckh

2
k ≤ min

{
αpk , βpk , γpkθk + δpk

}
for all k = 1, 2, . . . ,M, (5.25)

then discretization (5.3) satisfies the discrete conservation of nonnegativity.

Proof. We apply Theorem 3.3. Assumption (a) of this theorem follows from the
analysis performed in [A6] – see Corollary 7.1 and Lemma 7.4 in Appendix G.
Assumption (b) is guaranteed by Theorem 5.6 proved above.
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The rather complicated assumptions of Theorem 5.7 deserve certain com-
ments. The main point is that assumption (5.25) only is fundamental. The other
assumptions (5.23) and (5.24) are technical. Especially, assumption (5.23) might
be superfluous, because it can be a priori verified for all values of p. Its veri-
fication for p = 1 and 2 is easy. However, for higher values of p we have not
succeeded to prove it theoretically. Therefore, we verified the validity of (5.23)
computationally. We employed the interval arithmetic and confirmed its validity
for p up to 10. See [A6] in Appendix G for details.

We note that the lowest-order case p = 1 was already analyzed in Section 4.3.
We point out that condition (5.25) for p = 1 reduces to condition (4.16) of
Theorem 4.7 for the considerted diffusion-reaction problem. The difference is
that in the lowest-order case we proved sufficiency and necessity of condition
(4.16), but Theorem 5.7 proves sufficiency only.

Table 5.2: The critical values αp, βp, γp, and δp.

p αp βp γp δp

1 ∞ 6 0 ∞
2 20/3 ∞ 0 ∞
3 38.61 25.89 5.608 0
4 18.91 ∞ 2.936 3.614
5 49.44 59.82 7.799 0
6 37.56 ∞ 7.247 0.887
7 72.82 107.81 9.791 0
8 62.62 ∞ 9.709 0
9 104.09 169.85 11.510 0
10 94.10 ∞ 10.644 0

For the reader’s convenience we also reprint Table 5.2 from [A6]. The table
contains numerically computed values of αp, βp, γp, δp for p = 1, 2, . . . , 10. Ob-
serving these values yields to certain conclusions and hypothesis. First of all,
condition (5.25) for p = 1 and p = 2 reduces to ch2

k ≤ 6 and ch2
k ≤ 6 + 2/3,

respectively. (These values coming from Table 5.2 are exact!) Interestingly, the
limitation for p = 2 is slightly weaker than for p = 1. Since the condition for p = 1
is also sufficient (see Theorem 4.7), we conclude that in this case the quadratic
elements provide the DMP for slightly wider class of meshes than the linear ele-
ments. This is exceptional, however. In general the higher-order finite elements
perform much worse with respect to the DMP than the lowest-order ones.

Further observations concern the values p ≥ 3. It seems that the value of γp
is the smallest for p = 4 and it is well above 3/2. Hence, the first inequality in
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the assumption (5.23) seems to be satisfied for all values of p. Furthermore, the
values in Table 5.2 show that γpθ + δp ≤ min{αp, βp} for θ ∈ (0, 1/2] and for
p = 3, 4, . . . , 10. (Notice that due to assumption (5.24) the quantity θk attains
values in (0, 1/2] only.) The observed trend allows to conjecture that this is the
case for any p > 10, too. If this is true then condition (5.25) can be replaced for
p ≥ 3 by simpler one:

ckh
2
k ≤ γpkθk + δpk for all k = 1, 2, . . . ,M.

It can be shown, see [A6], that for the validity of this condition it suffices to have
ckhΩhk ≤ γpk + δpk . Hence, we can say that the DMP is satisfied provided the
finite element mesh is sufficiently fine.

Finally, the data in Table 5.2 imply that the cubic elements yield the most
strict limitations to the element sizes. Hence, if this is true also for p > 10 and
if the above hypothesis are valid also for arbitrary p > 10, then the following
conjecture holds true.

Conjecture 5.8. Let us consider problem (5.19)–(5.21) and its higher-order fi-
nite element discretization (5.3) based on a finite element mesh consisting ofM el-
ements. Suppose arbitrary distribution of polynomial degrees pk, k = 1, 2, . . . ,M .
Denote by hk the length of the element Kk and set θk = hk/(hΩ − hk), where
hΩ = b∂ − a∂ stands for the length of the interval Ω. If

ckh
2
k/γ

3 ≤ θk ≤ 1/2 for all k = 1, 2, . . . ,M,

where γ3 ≈ 5.608797, then discretization (5.3) of problem (5.19)–(5.21) satisfies
the discrete conservation of nonnegativity.

5.4 Higher-order discrete maximum principle in
two-dimensions

The validity of the DMP for two (and higher) dimensions and for higher-order fi-
nite element approximations is a difficult problem. Up to the author’s knowledge
practically none positive result is known in this field. Therefore, we restrict our-
selves in this section to the Poisson problem with homogeneous Dirichlet bound-
ary conditions.

There is a result [39] from 1981 analyzing a local version of the DMP for
higher-order finite elements. The authors of [39] require the validity of the DMP
on each vertex-patch of elements ω(xi) = {K ∈ Th : xi ∈ K}, where xi is a
vertex in the triangulation Th. This local version of the DMP is stronger than
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the global version we analyze in this thesis, i.e. the validity of the local DMP
implies the validity of the global one. Anyway, they show that the local DMP is
not satisfied for quadratic triangular elements unless the mesh is very special –
consisting of all equilateral triangles or the so-called quadratic mesh consisting of
right-angle triangles. They also note that the local DMP fails for cubic elements
even on the quadratic mesh.

Another result about the DMP for higher-order approximations is published
in [85], but it concerns the collocation method which is not of interest in this
thesis.

Certain numerical experiments about the validity of the DMP for the higher-
order triangular finite elements were published by the author of this thesis in
[A7]. This paper is attached as Appendix H. The experiments are based on the
general theory presented in Chapter 3. In particular, the nonnegativity of the
discrete Green’s function is directly tested. The results indicate that the DMP
is satisfied for quadratic finite elements on meshes consiting of nearly equilateral
triangles and that the DMP is not satisfied at all for the polynomial degree three
and higher.

In this section we review these numerical experiments and present more of
them in order to draw a broader picture of the situation.

In the experiments we consider the Poisson problem in a polygon Ω with
homogeneous Dirichlet boundary conditions:

−∆u = f in Ω, u = 0 in ∂Ω.

Its higher-order finite element discretization fits well to the general framework
presented in Section 3.1, see (3.2). We consider triangular meshes and the corre-
sponding finite element space is

Vh = {vh ∈ H1
0 (Ω) : vh|K ∈ PpK (K) ∀K ∈ Th},

where PpK (K) stands for a space of polynomials of degree at most pK on the tri-
angle K. The polynomial degrees pK are assumed to be a priori given (sometimes
they are considered as inseparable attributes of the mesh Th).

The sufficient and necessary conditions for the validity of the DMP are stated
in Theorem 3.3. Since the discrete Dirichlet lift gD,h vanishes, the condition (a) of
this theorem only applies, i.e. the DMP is satisfied if and only if the corresponding
discrete Green’s function (DGF) is nonnegative. The DGF Gh can be expressed
by formula (3.15). This requires the basis functions of Vh and the inverse of the
corresponding stiffness matrix. If the number of degrees of freedom is low then
we can compute this inverse by standard numerical procedures. Subsequently,
formula (3.15) can be used for the inspection of the nonnegativity of the DGF
Gh.
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Formula (3.15) should be used with care, however. It is advantageous to
utilize the properties of the higher-order basis functions. As in the 1D case, we
split the higher-order basis functions of Vh into two groups. The first consits of
the standard piecewise linear and continuous nodal basis function. We denote
them by ϕv1, ϕ

v
2, . . . , ϕ

v
Nv and call them the vertex functions. In this case, the

number N v denotes the number of interior vertices in the triangulation Th. The
vertex functions have the well-known delta-property

ϕvi (xj) = δij ∀i, j = 1, 2, . . . , N v, (5.26)

where δij stands for the Kronecker’s tensor and xj stand for the interior nodes
(vertices) of the triangulation Th.

The other – non vertex – basis functions are of higher-order and they are
denoted by ϕn1 , ϕn2 , . . . , ϕnNn . Altogether, N v + Nn = dimVh. These higher-order
basis functions consist in 2D of edge functions and bubble functions [72]. The
common property of all higher-order basis functions is the fact that they vanish
at all vertices xj of the triangulation Th.

The union of the vertex and higher-order functions forms a basis of Vh. In
certain situations it will be convenient to denote this basis by ϕ1, ϕ2, . . . , ϕNv+Nn ,
where ϕi = ϕvi for i = 1, 2, . . . , N v and ϕNv+i = ϕni for i = 1, 2, . . . , Nn. As in the
1D case, the presence of these two groups of basis functions leads to a 2×2 block
structure of the stiffness matrix. However, the orthogonalization of the vertex
functions with respect to the higher-order functions, we performed in the 1D
diffusion-reaction case, is a nonlocal operation in 2D. This is due to the presence
of the edge-functions. Hence this orthogonalization is not practical to do and all
the four blocks of the stiffness matrix remain nonzero. Thus, the stiffness matrix
and its inverse have the following form

A =

(
Avv Avn

Anv Ann

)
, A−1 =

(
S−1 −(Avv)−1AvnR−1

−(Ann)−1AnvS−1 R−1

)
,

where Avv ∈ RNv×Nv , Ann ∈ RNn×Nn , etc., S = Avv − Avn(Ann)−1Anv, and
R = Ann − Anv(Avv)−1Avn.

Since all the higher-order basis functions vanish at the vertices xj of the
triangulation we easily obtain by (3.15) and (5.26) the indentity

Gh(xi,xj) = (A−1)ijϕ
v
i (xi)ϕ

v
j (xj) = (A−1)ij = (S−1)ij

for all pairs of interior vertices xi and xj, i = 1, 2, . . . , N v. This clearly shows
that the vertex values of the DGF Gh coincide with the entries of the inverse of
the Schur complement S.

Furthermore, the DGF has a natural structure given by the Cartesian product
of the mesh Th with itself. In particular, if K and L are two elements from Th
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Figure 5.3: A uniform mesh with 64 triangles enumerated in a spiral way (left). A
triangular element characterized by a pair of angles α and β (right). In addition,
sample points for Nspl = 4 are indicated.

and I(K) and I(L) denote the sets of indices of basis functions supported in K
and L, respectively, i.e. I(K) = {i ∈ N : 1 ≤ i ≤ N v + Nn, K ⊂ suppϕi} as in
Section 3.1, then the DGF restricted to K × L is given by

Gh|K×L(x,y) =
∑
i∈I(K)

∑
j∈I(L)

(A−1)ijϕi|K(x)ϕj|L(y), (x,y) ∈ K × L. (5.27)

This formula contains a small number of basis functions and we use it for fast
evaluation of the DGF at a given point.

Experiment 1: Nonnegativity of the DGF

In this experiment we try to reveal how the nonnegativity of the DGF depends
on angles in the finite element triangulation. We consider a triangular domain
Ω covered by the uniform triangular mesh Th consiting of 64 triangles, see Fig-
ure 5.3 (left). The distribution of the polynomial degrees over Th is assumed to
be constant, i.e. pK = p for all K ∈ Th.

We denote by α and β two angles in the triangle Ω and below we test the
dependence of the nonnegativity of the DGF Gh on these angles. The angles α
and β completely determine the shape of Ω and we point out that the size of Ω is
irrelevant for the nonnegativity of Gh. In Figure 5.4 (as well as in the subsequent
figures) the horizontal and vertical axes correspond to the angles α and β. In
each direction we consider 179 discrete values ranging uniformly from 1◦ to 179◦.
We consider points in these axis given by all pairs of these discrete values such
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that α + β < 180◦. Each of these points correspond to a particular shape of the
triangle Ω and we determine its color according to the properties of the DGF Gh

on this domain Ω.
Nevertheless, checking the nonnegativity of the DGF is a difficult task. It is

natural to check it element by element, but the DGF Gh(x,y) restricted to a pair
K,L ∈ Th, x ∈ K, y ∈ L, is a multivariate polynomial and the verification of
nonnegativity of a multivariate polynomial is connected to the 17th Hilbert prob-
lem, as we already mentioned at the beginning this chapter. For our purposes, it
suffices to verify the nonnegativity in an approximate way only. For each triangle
K ∈ Th we introduce a set of sample points sKk` with barycentric coordinates
(k, `,Nspl−k−`)/Nspl, 0 ≤ k+` ≤ Nspl, see Figure 5.3 (right). The total number
of these sample points in an element is (Nspl + 1)(Nspl + 2)/2. Finally, instead of
checking the nonnegativity of Gh everywhere in K×L, we check it for all sample
points (sKk`, s

L
mn) only.

Now, we can explain how do we color the points in Figures 5.4. If the DGF
Gh(x,y) is nonnegative at all sample points over entire Ω2 then the color is black.
If there is a sample point, where Gh is negative, we color the corresponding point
according to the vertex values given by the Schur complement S. If S is M-matrix
then the color is green. If S is monotone but not M-matrix then the color is red.
If S is not monotone and hence, the DGF Gh is negative in some vertex point,
then the color is blue.

However, this coloring is valid for p ≥ 2 only. The lowest-order case p = 1
is exceptional because there are no higher-order basis functions, we have A = S,
and the DMP is satisfied if and only if A is monotone. Therefore, we use the
following colors for p = 1. If A is M-matrix then the color is orange. If A is
monotone but not M-matrix then the color is gray. If A is not monotone then
the color is light blue. Clearly, the orange and gray colors mean the validity of
the DMP for p = 1.

Thus, the black color in Figures 5.4 for p ≥ 2 means that the DMP is probably
satisfied for the corresponding angles α and β. We cannot assure this because the
nonnegativity at all sample points does not guarantee nonnegativity everywhere.
Nevertheless, in order to ensure that the number of sample points is sufficient,
we always perform a series of computations starting with Nspl = 8 and doubling
Nspl until the final results (the pictures) do not change.

Nevertheless, the colors other than black in Figures 5.4 for p ≥ 2 mean that
the DMP is definitely not satisfied. From these results we immediate observe
that the DMP can be satisfied for polynomial degrees p = 1 and p = 2 only. The
higher polynomial degrees do not lead to the DMP for any angles of Ω in this
setting. For polynomial degrees higher than two the DMP is not satisfied even
on the mesh consisting of all equilateral triangles. We also experimented with
other than triangular domains. The resulting figures were similar to those shown
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Figure 5.4: The nonnegativity of the DGF and its dependence on the angles in
the triangulation for polynomial degrees p = 1, 2, . . . , 6.
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in Figure 5.4. Therefore, we dare to conjecture that the DMP is not satisfied in
general for finite elements of order three and higher.

Even for p = 2 the DMP is (hopefully) satisfied in exceptional cases only. Our
experiment indicates that it is satisfied on triangular meshes, where all elements
are close to the equilateral triangle.

However, the results of this experiment do not mean that the higher-order
finite elements are completely hopeless with respect to the DMP. In some sense
they behave well. We observe that the higher polynomial degrees lead to larger
sizes of the green and red areas in Figure 5.4. It means that the vertex values of
the DGF Gh are nonnegative for wider range of angles if the polynomial degree
increases. Hence, the negative values of the DGF are attained somewhere inside
of the elements or on their edges.

Experiment 2: DGF in the boundary and interior regions

The results of the previous experiment are pessimistic in the sense that the DGF
turned out to possess negative values for almost all triangulations in the higher-
order cases. Nevertheless, a closer look to the DGF reveals that the negative
values of the DGF appear close to the boundary of Ω (see Experiment 3 below).
Therefore, we split the domain Ω into the boundary and interior regions. The
boundary region ΩB contains a layer of elements adjacent to the boundary ∂Ω
and the interior region ΩI contains the other (interior) elements. The rigorous
definitions are

ΩB =
⋃
{K ∈ Th : K ∩ ∂Ω 6= ∅}, ΩI =

⋃
{K ∈ Th : K ∩ ∂Ω = ∅}.

In this experiment we try to investigate the nonnegativity of the DGF in
the interior region and its dependence on the angles in the triangulation. More
precisely, we investigate the nonnegativity of Gh(x,y) in Ω2

I and in Ω×ΩI . The
nonnegativity of the DGF in these two domains has certain consequences about
the nonnegativity of the finite element solution in ΩI . We formulate them in the
following theorem.

Theorem 5.9. Let us consider the general elliptic problem (2.10) with homo-
geneous Dirichlet and Neumann boundary conditions, i.e. with gD = 0 on ΓD

and gN = 0 on ΓN. Further, let us consider the corresponding finite element
approximation (3.2) and the DGF Gh given by (3.11). Then the property

f ≥ 0 a.e. in Ω ⇒ uh ≥ 0 in ΩI (5.28)

is equivalent to the nonnegativity of Gh in Ω× ΩI. Similarly, the property

f ≥ 0 a.e. in ΩI and f = 0 a.e. in ΩB ⇒ uh ≥ 0 in ΩI (5.29)

is equivalent to the nonnegativity of Gh in Ω2
I.
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Figure 5.5: A triangle without corners, its triangulation, and the enumeration of
elements in a spiral way.

Proof. This is a direct consequence of the representation formula (3.14).

Properties (5.28) and (5.29) require nonnegativity of the approximate solution
uh in the interior region ΩI only. Therefore, they are clearly weaker variants of
the conservation of nonnegativity (see Definition 3.3) provided the Dirichlet and
Neumann boundary conditions are homogeneous. Under this assumption, the
conservation of nonnegativity implies property (5.28) and property (5.28) implies
(5.29).

Let us note that in this section we experiment with Laplacian only and hence
we can assume the symmetry of the DGF, i.e. Gh(x,y) = Gh(y,x) for all (x,y) ∈
Ω2. Thus, due to this symmetry, the nonnegativity of Gh in Ω×ΩI is equivalent
to the nonnegativity of Gh in Ω2 \ Ω2

B.
In Figure 5.6 we present the results of an experiment similar to Experiment 1.

We consider the triangular domain Ω and construct the DGF Gh for many pairs
of angles α and β in the same way as in Experiment 1. The difference is that
now we color the corresponding points (α, β) according to the nonnegativity of
the DGF in Ω × ΩI and in Ω2

I . In particular, if Gh ≥ 0 in Ω2 then the color is
black. If not and if Gh ≥ 0 in Ω × ΩI then the color is yellow. Otherwise, if
Gh ≥ 0 in Ω2

I then the color is magenta. If none of these conditions is satisfied
then Gh < 0 at some point of Ω2

I and the color is cyan. We point out that the
boundary region ΩB is formed by the elements with indices 1, 2, . . . , 39 and the
interior region ΩI consists of elements with indices 40, 41, . . . , 64.

In contrast to Experiment 1, the results of Experiment 2 depend on the do-
main Ω. More precisely, we identified quite strong dependence on the presence
of corner elements. These elements have all their vertices on the boundary ∂Ω
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Figure 5.6: Nonnegativity of the DGF in the interior region for polynomial degrees
p = 1, 2, . . . , 6. The tested domain is a triangle, see Figure 5.3 (left). We observe
the dependence of this nonnegativity on the angles in the triangulation.
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Figure 5.7: Nonnegativity of the DGF in the interior region for polynomial de-
grees p = 1, 2, . . . , 6. The tested domain is a triangle without corners, see Fig-
ure 5.5. We observe the dependence of this nonnegativity on the angles in the
triangulation.
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– see elements 1, 8, and 15 in Figure 5.3 (left). Therefore, we present also the
results obtained in a domain (and with a triangulation), where these elements are
removed. The modified domain is a triangle without corners and it is depicted
together with the used mesh and with the enumeration of the elements in Fig-
ure 5.5. The results in Figure 5.7 use the same color code as in Figure 5.6. In this
case, the boundary region ΩB is formed by elements 1, 2, . . . , 36 and the interior
region ΩI by elements 37, 38, . . . , 61.

Observing the results in Figures 5.6 and 5.7 we may conclude that the case
p = 1 is again exceptional. The DGF for p = 1 is either nonnegative everywhere
or it has negative values even in the interior region. In the case p = 2 we observe
a small area of black points. Thus, if the angles in the triangulation are close
to 60◦ then the DGF is nonnegative everywhere in Ω2 as we already know from
Experiment 1. Further, we observe no yellow points (the DGF nonnegative in
Ω × ΩI) and we see relatively large magenta area with the DGF nonnegative in
Ω2
I . The triangulations corresponding to this magenta area require the minimal

angle to be greater then roughly 30◦ and allow for the maximal angle to be at
most about 120◦. For higher polynomial degrees (p > 2) we see no black points
(this was already shown in Experiment 1). The yellow area is highly influenced
by the polynomial degree p and by the presence of the corner elements – compare
Figures 5.6 and 5.7. On the other hand, the magenta area is much more stable.
Interestingly, if we concentrate on odd polynomial degrees only, the magenta area
seems to be slightly growing when p is increasing. Similarly, it seems that it is
growing for even polynomial degrees, too. We also observe that the magenta area
for odd polynomial degrees is in general smaller than for even degrees.

From these results we may draw the following conclusions. The yellow area
corresponds to the property (5.28) (any nonnegative f yields uh nonnegative in
the interior region ΩI). This property does not seem to be suitable for further
investigations, because its validity is dramatically changing with the used poly-
nomial degree and with the presence of the corner elements. Nevertheless, for
polynomial degrees 5 and higher our results indicate that this property is sat-
isfied for reasonable wide range of triangulations – say for triangulations with
minimal angle greater than roughly 35◦–40◦ and with the maximal angle smaller
then about 90◦. On the other hand, the magenta area – corresponding to the
property (5.29) – seems to be much more stable with respect to the varying poly-
nomial degree. In addition, we have observed no change of this area when we
removed the corner elements. Furthermore, the magenta area is quite large for
all polynomial degrees p ≥ 2. Therefore, we may conclude that property (5.29)
(i.e. the nonnegativity of uh in the interior region ΩI under the condition that f
vanishes in the boundary region ΩB and it is nonnegative in the interior region ΩI)
seems to be satisfied for a fair range of triangulations and any polynomial degree.
Based on our experiments we can quantify these triangulations as those with the
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minimal angle greater than 30◦–40◦ and with the maximal angle at most roughly
100◦. In general, these angle conditions might be weaken for approximations of
higher orders.

Experiment 3: Visualization of the DGF

To see the behavior of the DGF in more details, we tried to visualize it. It is
quite a hard task, because the graph of the DGF Gh is a five-dimensional object.
Nevertheless, we can consider pairs of elements Ki, Kj ∈ Th, i, j = 1, 2, . . . ,M ,
where M denotes the number of elements in Th. A pair (i, j) corresponds to a
point in planar axis and we can color this point according to certain characteristic
of the DGF Gh in Ki × Kj. In Figures 5.8–5.19 we color the points according
to the minimum of Gh|Ki×Kj

(top-right), mean value of Gh|Ki×Kj
(bottom-left),

and according to the fraction of the area, where Gh is negative, i.e. according
to meas{(x,y) ∈ Ki ×Kj : Gh(x,y) < 0}/meas(Ki ×Kj) (bottom-right). The
top-left panel of these figures illustrates the corresponding domain Ω and the
triangulation. As a benchmark we have chosen the polynomial degree p = 3 in
all these figures. We point out that all these characteristics are not computed
exactly. We use approximations based on the sample points – see Experiment 1.

The first six figures (5.8–5.13) correspond to a triangular domain Ω with
various choices of angles. The subsequent six figures (5.14–5.19) correspond to
the triangular domain without corners. Let us point out the enumeration of
elements presented in top-left panels of these figures. For the triangular domain
the elements adjacent to the boundary have indices 1–39 and the interior elements
have indices 40–64. For the triangular domain without corners the elements
adjacent to the boundary have indices 1–36 and the interior elements have indices
37–61.

A general observation from Figures 5.8–5.19 is that the meshes consisting of
equilateral triangles provide the smallest magnitudes of the negative values and
the smallest areas of negative values. The more the triangles differ from the
equilateral one the more negative the values of Gh are and the larger the areas of
negative values are.

The right panels of Figure 5.8 reveal that Gh is negative in small number of
cases. Namely, the negative values only appear if the two elements in the pair
are adjacent to the boundary and if they are neighboring to each other. This rule
however applies in the case of equilateral triangle only. In the subsequent figures,
we can observe how the area of negative values increases when the extremal angles
differ more and more from 60◦.

We also observe in the bottom-right panels that if the DGF Gh is negative
somewhere in Ki × Kj, Ki, Kj ∈ Th then the area of the domain, where Gh is
negative, is relatively small. If the angles are close to 60◦ then the fraction of this
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Figure 5.8: Visualization of minGh|Ki×Kj
(top-right), mean value of Gh|Ki×Kj

(bottom-left), and of the fraction of the area, where Gh is negative (bottom-
right). The top-left panel shows the domain Ω (a triangle with angles 60◦, 60◦,
60◦) and the triangulation with the enumeration of elements. The polynomial
degree is p = 3.
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Figure 5.9: Visualization of minGh|Ki×Kj
(top-right), mean value of Gh|Ki×Kj

(bottom-left), and of the fraction of the area, where Gh is negative (bottom-
right). The top-left panel shows the domain Ω (a triangle with angles 59◦, 60◦,
61◦) and the triangulation with the enumeration of elements. The polynomial
degree is p = 3.
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Figure 5.10: Visualization of minGh|Ki×Kj
(top-right), mean value of Gh|Ki×Kj

(bottom-left), and of the fraction of the area, where Gh is negative (bottom-right).
The top-left panel shows the domain Ω (a triangle with angles 40◦, 60◦, 80◦) and
the triangulation with the enumeration of elements. The polynomial degree is
p = 3.
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β = 60◦

γ = 100◦
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γ

Figure 5.11: Visualization of minGh|Ki×Kj
(top-right), mean value of Gh|Ki×Kj

(bottom-left), and of the fraction of the area, where Gh is negative (bottom-right).
The top-left panel shows the domain Ω (a triangle with angles 20◦, 60◦, 100◦) and
the triangulation. The enumeration of elements follows the same pattern as in
Figures 5.8–5.10. The polynomial degree is p = 3.
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β = 30◦

γ = 120◦
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γ

Figure 5.12: Visualization of minGh|Ki×Kj
(top-right), mean value of Gh|Ki×Kj

(bottom-left), and of the fraction of the area, where Gh is negative (bottom-right).
The top-left panel shows the domain Ω (a triangle with angles 30◦, 30◦, 120◦) and
the triangulation. The enumeration of elements follows the same pattern as in
Figures 5.8–5.10. The polynomial degree is p = 3.
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γ = 20◦
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γ

Figure 5.13: Visualization of minGh|Ki×Kj
(top-right), mean value of Gh|Ki×Kj

(bottom-left), and of the fraction of the area, where Gh is negative (bottom-right).
The top-left panel shows the domain Ω (a triangle with angles 80◦, 80◦, 20◦) and
the triangulation. The enumeration of elements follows the same pattern as in
Figures 5.8–5.10. The polynomial degree is p = 3.
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Figure 5.14: Visualization of minGh|Ki×Kj
(top-right), mean value of Gh|Ki×Kj

(bottom-left), and of the fraction of the area, where Gh is negative (bottom-
right). The top-left panel shows the domain Ω (a triangle with angles 60◦, 60◦,
60◦ without corners) and the triangulation with the enumeration of elements.
The polynomial degree is p = 3.
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Figure 5.15: Visualization of minGh|Ki×Kj
(top-right), mean value of Gh|Ki×Kj

(bottom-left), and of the fraction of the area, where Gh is negative (bottom-
right). The top-left panel shows the domain Ω (a triangle with angles 50◦, 60◦,
70◦ without corners) and the triangulation with the enumeration of elements.
The polynomial degree is p = 3.



100 CHAPTER 5. DMP FOR HIGHER-ORDER FINITE ELEMENTS

1
2

3

4

5

6

789

10

11

12

13

14
1516 17 18 19 20 21

22

23

24

25

2627

28

29

30

31

32 33 34 35 36
37

38

39

40

41

42

43

44

45 46 47 48 49

50

51

52

53

54

55 56 57
58

59

60 61

α = 40◦
β = 60◦

γ = 80◦

α β

γ

Figure 5.16: Visualization of minGh|Ki×Kj
(top-right), mean value of Gh|Ki×Kj

(bottom-left), and of the fraction of the area, where Gh is negative (bottom-
right). The top-left panel shows the domain Ω (a triangle with angles 40◦, 60◦,
80◦ without corners) and the triangulation with the enumeration of elements.
The polynomial degree is p = 3.
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α = 20◦
β = 60◦

γ = 100◦
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γ

Figure 5.17: Visualization of minGh|Ki×Kj
(top-right), mean value of Gh|Ki×Kj

(bottom-left), and of the fraction of the area, where Gh is negative (bottom-
right). The top-left panel shows the domain Ω (a triangle with angles 20◦, 60◦,
100◦ without corners) and the triangulation. The enumeration of elements follows
the same pattern as in Figures 5.14–5.16. The polynomial degree is p = 3.
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α = 30◦
β = 30◦

γ = 120◦
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γ

Figure 5.18: Visualization of minGh|Ki×Kj
(top-right), mean value of Gh|Ki×Kj

(bottom-left), and of the fraction of the area, where Gh is negative (bottom-
right). The top-left panel shows the domain Ω (a triangle with angles 30◦, 30◦,
120◦ without corners) and the triangulation. The enumeration of elements follows
the same pattern as in Figures 5.14–5.16. The polynomial degree is p = 3.
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α = 80◦
β = 80◦

γ = 20◦
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γ

Figure 5.19: Visualization of minGh|Ki×Kj
(top-right), mean value of Gh|Ki×Kj

(bottom-left), and of the fraction of the area, where Gh is negative (bottom-
right). The top-left panel shows the domain Ω (a triangle with angles 80◦, 80◦,
20◦ without corners) and the triangulation. The enumeration of elements follows
the same pattern as in Figures 5.14–5.16. The polynomial degree is p = 3.
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area to the area of Ki×Kj is in the order of percents. If there are small angles in
the triangulation then this fraction is at most 40%. In addition, the actual size
of the minimum of Gh is relatively small with respect to the maximum of Gh.

A distinctive phenomenon in right panels of Figures 5.8–5.19 is the frequent
presence of vertical and horizontal lines. For example, in Figure 5.9 there are
these lines for i = 15 and for j = 15. This means that there exist negative values
of Gh in K15 ×Kj for all j = 1, 2, . . . , 64 and symmetrically in Ki ×K15 for all
i = 1, 2, . . . , 64. From the colors of these lines we judge that the negativity of Gh

on these lines is quite tiny. Notice that the element K15 is in this case the corner
element corresponding to the smallest angle α = 59◦.

From the performed experiments it seems that for p = 3, Ω being a trian-
gle, and Th being a uniform triangulation of Ω these lines always exist with the
only exception of the equilateral triangle. This is in agreement with results in
Figure 5.6 for p = 3.

In general, we found out that these lines are often caused by the corner ele-
ments corresponding to a vertex of Ω with small angles. If we remove the corner
elements then these lines emerge for dramatically smaller angles only – see Fig-
ures 5.14–5.19.

Next, we can easily compare the visualizations of the DGF Gh in Figures 5.8–
5.19 with the results of Experiment 2 presented in Figures 5.6 and 5.7. We clearly
see the positive and negative values in regions Ω× ΩI and Ω2

I .
The bottom-left panels of Figures 5.8–5.19 show the mean value of Gh in

Ki × Kj. It is of certain interest that these mean values are all nonnegative in
all tested cases. The nonnegativity of the elementwise mean values of the DGF
implies the property presented in the following theorem. This property can be
understood as certain weak version of the discrete conservation of nonnegativity.

Theorem 5.10. Let us consider the general elliptic problem (2.10) with homoge-
neous Dirichlet and Neumann boundary conditions, i.e. with gD = 0 on ΓD and
gN = 0 on ΓN. Further, let us consider the corresponding finite element approxi-
mation (3.2) and the DGF Gh given by (3.11). Furthermore, let the mean values
of the DGF Gh in Ki ×Kj be nonnegative for all Ki ∈ Th and Kj ∈ Th. If the
right-hand side f is piecewise constant and nonnegative in Ω then the correspond-
ing finite element solution uh ∈ Vh is nonnegative in Ω as well.

Proof. This is a direct consequence of the representation formula (3.14) and the
assumptions of the theorem.

However, the mean values of Gh|Ki×Kj
are not always nonnegative. If the an-

gles in the triangulation become sufficiently small (well below 30◦) then even some
of these mean values become negative and the weak variant of the discrete con-
servation of nonnegativity presented in Theorem 5.10 does not apply. The range
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of angles yielding the nonnegative mean values of Gh|Ki×Kj
has been investigated

in Experiment 4 below.

Experiment 4: Nonnegativity of mean values of Gh|Ki×Kj

Motivated by the nonnegativity of the mean values of Gh|Ki×Kj
obtained in Ex-

periment 3, we performed thorough test of this property. We proceed in the same
way as in Experiments 1 and 2. We test all possible combinations of angles α
and β. A pair of angles α and β corresponds to a point in a plain and we color
this point to black if the mean value of Gh|Ki×Kj

is nonnegative for all pairs
Ki, Kj ∈ Th. If this mean value is negative for certain pair Ki×Kj then the color
is gray. We again emphasize that the mean value is not computed exactly. It is
an approximation obtained from the sample points as in Experiment 1.

The results for the triangular domain Ω (see Figure 5.3) and for p = 1, 2, . . . , 6
are presented in Figure 5.20 and the results for the triangular domain without
corners (see Figure 5.5) are in Figure 5.21.

The results for p = 1 in Figures 5.20 and 5.21 are not too surprising. They
coincide with the monotony of the stiffness matrix, see results of Experiment 1
and 2 in Figures 5.4, 5.6, and 5.7.

The results for p ≥ 2 are also similar to the previous results. The black areas
in Figure 5.20 are similar to but different from the red areas in Figure 5.4, i.e. the
cases of nonnegative mean values of the DGF and the cases of nonnegative vertex
values of the DGF are similar but slightly different. The range of angles with the
nonnegative mean value of Gh|Ki×Kj

is fairly large. The shape of the black areas
in Figures 5.20 and 5.21 might suggest certain minimal angle condition for the
nonnegativity of the mean values.

Experiment 5: Dependence of the DGF on the polynomial degree

In this experiment we investigate how the negative values of the DGF behave
with respect to the polynomial degree p. We concentrate on two characteristics
– on the global minimum of Gh over Ω

2 (briefly minGh) and on the measure of
the domain, where the DGF Gh is negative. We express this measure relatively
with respect to the measure of entire Ω2, i.e. we investigate the ratio rneg =
meas{(x,y) ∈ Ω2 : Gh(x,y) < 0}/meas Ω2.

In Figures 5.22 and 5.23 we consider fixed domain Ω, fixed triangulation Th
and we present the dependence of minGh and of rneg on p. Figure 5.22 corresponds
to the triangular domain Ω (see Figure 5.3), while Figure 5.23 shows the results
for the triangular domain without corners (see Figure 5.5). Each graph in these
figures corresponds to a specific choice of angles α and β – see the legends.
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Figure 5.20: Nonnegativity of the mean values of Gh|Ki×Kj
. The domain Ω is a

triangle – see Figure 5.3.



5.4. HIGHER-ORDER DMP IN TWO-DIMENSIONS 107

Figure 5.21: Nonnegativity of the mean values of Gh|Ki×Kj
. The domain Ω is a

triangle without corners – see Figure 5.5.
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Figure 5.22: The dependence of the minimum of Gh in Ω
2 (left) and of the ratio

rneg = meas{Gh < 0}/meas Ω2 (right) on the polynomial degree p. Results for
the triangular domain (see Figure 5.3) and for various angles.

1 2 3 4 5 6 7 8 9 10
−0.05

−0.04

−0.03

−0.02

−0.01

0

polynomial degree p

m
in

G
h

 

 

α = 60◦ β = 60◦
α = 50◦ β = 60◦
α = 40◦ β = 60◦
α = 20◦ β = 60◦
α = 30◦ β = 30◦
α = 80◦ β = 80◦

1 2 3 4 5 6 7 8 9 10
10

−8

10
−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

polynomial degree p

m
ea

s{
G

h
<

0}
/m

ea
sΩ

2

 

 

α = 60◦ β = 60◦
α = 50◦ β = 60◦
α = 40◦ β = 60◦
α = 20◦ β = 60◦
α = 30◦ β = 30◦
α = 80◦ β = 80◦

Figure 5.23: The dependence of the minimum of Gh in Ω
2 (left) and of the ratio

rneg = meas{Gh < 0}/meas Ω2 (right) on the polynomial degree p. Results for
the triangular domain without corners (see Figure 5.5) and for various angles.
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The first observation from the results in Figures 5.22 and 5.23 is that the
behavior of the minGh and of the rneg has the same character for both tested
domains Ω. The actual values of these characteristics are also more-less the same.
Further, we see that for sufficiently high p the minimum of Gh increases and the
measure of the area, where Gh is negative, decreases. However, this increase and
decrease are not monotone. The decrease of rneg is faster than the increase of
minGh – notice the semi-logarithmic scale in the right panels.

Thus, it seems that most often the minimum of Gh is the deepest for p = 3.
However, in certain cases the most negative values are obtained for p = 4 – see
for example the case α = β = 60◦ in Figure 5.23 (left). For polynomial degrees
p = 3 and p = 4 we also observe relatively large domains with negative values of
Gh. However, if there are negative values of Gh for p = 1 or p = 2 (often tiny
negative) then the domain with negative values is even larger.

In general, we can conclude, that the DGF looses its nonnegativity for poly-
nomial degrees p ≥ 2 in the vast majority of cases. However, the actual size of
the negative values is relatively small (in the orders of percents of the positive
maximum). The measure of the domain, where the DGF is negative, is often very
small too. The ratio rneg ranges from 10−5 to 10−1 in our experiments.

Thus, the DMP is not satisfied for absolute majority of cases for higher-order
finite element meshes, but the right-hand side function f leading to the violation
of the DMP have to look “obscure”. The numerical experiments show that a
nonnegative function f yielding a finite element solution uh being negative at
some point has to possess great values in relatively small region (often close to
the boundary) and relatively small values in the rest of the domain Ω. These
requirements on f are the stronger the higher polynomial degrees are considered.

5.5 A weaker type of the discrete maximum prin-
ciple

The numerical experiments presented in the previous section clearly indicate that
the higher-order finite element methods satisfy the DMP in exceptional cases only.
Thus, it is natural to think about weaker concepts. One option how to weaken
the DMP is presented in [A8]. This paper is attached to this thesis in Appendix I.

The idea is to replace the requirement of nonnegativity of f a.e. in Ω by
the nonnegativity of the L2 projection of f onto the corresponding piecewise
polynomial space. The motivation is straightforward – the finite element solution
uh ∈ Vh corresponding to the original right-hand size f is the same as the finite
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element solution corresponding to the L2 projection fh, because∫
Ω

fvh dx =

∫
Ω

fhvh dx ∀vh ∈ Vh.

In what follows we first briefly review the result [A8] attached in Appendix I
and then we present its slight but practical generalization.

For simplicity we consider 1D Poisson problem with homogeneous Dirichlet
boundary conditions:

−u′′ = f in Ω = (a∂, b∂), u(a∂) = u(b∂) = 0.

We consider a finite element partition Th of Ω and the standard piecewise poly-
nomial finite element space

Vh = {vh ∈ H1
0 (Ω) : vh|K ∈ PpK (K), K ∈ Th},

(see Section 5.1 for details) and we define the finite element solution uh ∈ Vh such
that ∫

Ω

u′hv
′
h dx =

∫
Ω

fvh dx ∀vh ∈ Vh. (5.30)

As we mentioned above, the idea is to introduce the L2(Ω) projection of f . It
is defined as the unique fh ∈ Vh such that∫

Ω

(f − fh)vh dx = 0 ∀vh ∈ Vh.

The discretization (5.30) then satisfies the weak DMP if

fh ≤ 0 in Ω ⇒ max
Ω

uh ≤ max
∂Ω

uh = 0.

This is clearly equivalent to the weak conservation of nonnegativity :

fh ≥ 0 in Ω ⇒ uh ≥ 0 in Ω,

cf. Theorem 3.1.
The result in [A8] states that discretization (5.30) satisfies the weak DMP

provided a certain special quadrature rule exists. This result is in principle general
and it can be used in higher-dimension and for problems other than the Poisson
problem. However, the construction of the special quadrature rule is demanding.
In [A8] we present a numerical construction of these quadrature rules in 1D for
polynomial degrees up to p = 10. Thus, for 1D problem (5.30) we have verified
that the finite elements of order up to p = 10 satisfy the weak DMP on arbitrary
meshes.
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A disadvantage of the concept of this weak DMP is its globality. The L2

projection fh is considered in Vh and its construction requires to solve a global
problem with the number of degrees of freedom equal to the dimension of Vh.

Possible remedy is to consider L2 projections local to the elements K ∈ Th.
Let the local L2 projection f̄K ∈ PpK (K) be defined as∫

K

(f − f̄K)ϕ dx = 0 ∀ϕ ∈ PpK (K).

Projections f̄K defined in K ∈ Th can be unified into a single function f̄ defined in
Ω such that f̄(x) = fK(x) for all x ∈ K and all K ∈ Th. Naturally, the function f̄
is piecewise polynomial but in general discontinuous over the element interfaces.

This setting enables us to define another concept of the weak DMP. The
discretization (5.30) satisfies the weak DMP if

f̄ ≤ 0 in Ω ⇒ max
Ω

uh ≤ max
∂Ω

uh = 0. (5.31)

This is again equivalent to the corresponding weak conservation of nonnegativity :

f̄ ≥ 0 in Ω ⇒ uh ≥ 0 in Ω.

The analysis of the proof presented in [A8] reveals that also the weak DMP
(5.31) is satisfied for finite elements of orders up to p = 10 on arbitrary meshes.
The proof in [A8] requires essentially no changes in order to be valid in this new
setting. The quadrature rules constructed there can be taken exactly the same.

The advantage of this new concept is clear. The projection f̄ can be con-
structed much faster than fh by solving a small system on each element K ∈ Th.
Thus, in contrast to the original setting the verification of the assumptions in the
new setting is much more practical.
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Conclusions

This thesis is a result of an attempt to present more-less complete survey of
the DMP results for the linear second-order elliptic partial differential equations
discretized by the lowest-order and the higher-order finite element methods. Up
to the author’s knowledge another survey of this extend and detailness is not
available.

On the other hand, there are other important areas in the field of the DMP,
which attract a lot of attention. One of the biggest is the area of the DMP
for parabolic problems. Parabolic problems provide the same variety of possible
approaches and results as the elliptic problems. A similar survey targetted to the
parabolic case is definitely possible and would be useful. The doctoral thesis [27]
addresses this issue from the perspective of the finite difference method.

The unified and systematic treatment of the topic has enabled not only to
present the issue of the DMP for elliptic problems discretized by the finite el-
ement method in a consistent and hopefully well understandable way but also
to formulate and prove new and original DMP results. This concerns both the
lowest- and the higher-order case.

The DMP for the lowest-order finite elements is already quite well understood.
It is studied for several decades. Nevertheless, we were still able to formulate
and prove new results especially concerning the variable equation coefficients and
treating new types of finite elements. Various examples showing the validity and
the failure of the DMP are original as well.

The higher-order case is understood far less. This thesis presents the author’s
original contributions to this field. There are several positive results about sim-
ple one-dimensional problems. For two- and higher-dimensional case the standard
version of the DMP seems to be valid in exceptional situations only. The the-
sis presents many numerical experiments to support this hypothesis. A natural
remedy is to develop weaker concepts of maximum principles for higher-order ap-
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proximations. One attempt in this direction is presented as well, see Section 5.5.
A generalization of the described concept of the weak DMP to the two- and

higher-dimensional cases would be an interesting topic for further research. An-
other topic deserving deeper analysis was mentioned in Section 3.2. The point is
to develop a methodology how to construct the finite element meshes based on
the given data of the problem (like the right-hand side f and the boundary data
gD and gN) such that the resulting discretization satisfies the DMP.
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A

Integral of powers of barycentric coordinates

Lemma A.1. Let Kd ⊂ Rd, d ≥ 1, be a d-dimensional simplex with barycentric
coordinates λ1, λ2, . . . , λd+1. Let Γ denote the gamma function and |Kd| the d-
dimensional Lebesgue measure of Kd. If s1, s2, . . . , sd+1 are complex numbers with
real parts greater than −1, then

∫
Kd

d+1∏
i=1

λsi
i (x) dx =

d!
d+1∏
i=1

Γ(si + 1)

Γ

(
1 + d+

d+1∑
i=1

si

) |Kd|. (A.1)

Proof. We prove the statement by the mathematical induction. First, the validity
of (A.1) for d = 1 can be verified easily. If K1 = [xL, xR] ⊂ R then

∫
K1

λs11 (x)λs22 (x) dx =

xR∫
xL

λs11 (x)
(
1− λ1(x)

)s2 dx = (xR − xL)

1∫
0

ts1(1− t)s2 dt,

where we used the transformation t = λ1(x). This integral is in the form of the
beta function

B(r, s) =

∫ 1

0

tr−1(1− t)s−1 dt =
Γ(r)Γ(s)

Γ(r + s)
(A.2)

and thus ∫
K1

λs11 (x)λs22 (x) dx =
Γ(s1 + 1)Γ(s2 + 1)

Γ(s1 + s2 + 2)
|K|,

Now, we assume the validity of the equality (A.1) for dimensions up to d− 1
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and we will prove it for d. To this end, we use the following identity

∫
Kd

d+1∏
i=1

λsi
i (x) dx =

∫
Kd

(
d∏
i=1

λsi
i (x)

)(
1−

d∑
i=1

λi(x)

)sd+1

dx

= d!|Kd|
1∫

0

1−ξ1∫
0

· · ·
1−

d−1P
i=1

ξi∫
0

(
d∏
i=1

ξsi
i

)(
1−

d∑
i=1

ξi

)sd+1

dξd · · · dξ2 dξ1, (A.3)

where we employed the substitutions ξj = λj(x), j = 1, 2, . . . , d. Further, using
the substitution (1 −∑d−1

i=1 ξi)t = ξd in the inner integral, we obtain that the
above integral equals to

d!|Kd|
1∫

0

1−ξ1∫
0

· · ·
1∫

0

(
d−1∏
i=1

ξsi
i

)(
1−

d−1∑
i=1

ξi

)sd+sd+1+1

tsd(1− t)sd+1 dt · · · dξ2 dξ1.

Rearanging this expression and using (A.3) for Kd−1, we find that

∫
Kd

d+1∏
i=1

λsi
i (x) dx

=
d!|Kd|

(d− 1)!|Kd−1|
∫

Kd−1

(
d−1∏
i=1

λsi
i (x)

)
λ
sd+sd+1+1
d (x) dx

∫ 1

0

tsd(1− t)sd+1 dt.

Hence, by (A.2) and (A.1) with Kd−1 we obtain the claimed result.

Since Γ(m+ 1) = m! for a nonnegative integer m, we can rewrite (A.1) as

∫
Kd

d+1∏
i=1

λsi
i (x) dx =

d!
d+1∏
i=1

si!(
d+

d+1∑
i=1

si

)
!

|Kd|

provided s1, s2, . . . , sd+1 are nonnegative integers. We note that our interest in
Lemma A.1 and its proof was motivated by paper [24], where formula (A.1) is
proved for d up to 3 only.
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the diffusion-reaction problem on prismatic
meshes

Below we attach a copy of the paper

[A1] A. Hannukainen, S. Korotov, and T. Vejchodský: Discrete maximum prin-
ciple for FE solutions of the diffusion-reaction problem on prismatic meshes.
J. Comput. Appl. Math. 226 (2009), 275–287.

116



Author's personal copy

Journal of Computational and Applied Mathematics 226 (2009) 275–287

Contents lists available at ScienceDirect

Journal of Computational and Applied
Mathematics

journal homepage: www.elsevier.com/locate/cam

Discrete maximum principle for FE solutions of the diffusion-reaction
problem on prismatic meshes
Antti Hannukainen a, Sergey Korotov a, Tomáš Vejchodský b,∗
a Institute of Mathematics, Helsinki University of Technology, P.O. Box 1100, FIN-02015 Espoo, Finland
b Institute of Mathematics, Czech Academy of Sciences, Žitná 25, CZ-115 67 Prague 1, Czech Republic

a r t i c l e i n f o

MSC:
65N30
65N50
35B50
35J25

Keywords:
Diffusion-reaction problem
Maximum principle
Prismatic finite elements
Discrete maximum principle

a b s t r a c t

In this paper we analyse the discrete maximum principle (DMP) for a stationary diffusion-
reaction problem solved by means of prismatic finite elements. We derive geometric
conditions on the shape parameters of the prismatic partitions which guarantee validity of
the DMP. The presented numerical tests show the sharpness of the obtained conditions.
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1. Introduction

Mathematical models consisting of elliptic and parabolic partial differential equations with various boundary and initial
conditions are useful tools in modeling and numerical simulations of various real-life problems (see e.g. [7,11]). Usually, the
exact (classical) solutions of these models exhibit certain qualitative properties such as the maximum-minimum principle
(or, as a particular case, the nonnegativity preservation) [24], the sign-stability (often called as a preservation of number of
peaks) [14,15], the maximum norm contractivity, etc. For more details in the subject see recent reviews [10,18].
Among these, the maximum principle is the basic characteristic usually associated with the second order elliptic (and

parabolic) boundary value problems [17,24,25]. It can be mathematically described as an a priori estimate of the magnitude
of the solution (unknown in the whole domain) by the magnitude of the given (i.e. known), or easily computable, data. The
maximum principle is not only a mathematical feature of the model but it also adequately describes the real behavior of
physical systems.
It is quite natural to require a suitable imitation of this property from the computed approximations. This is the reason

why the construction and validity of the corresponding discrete analogues (the so-called discrete maximum principles, or
DMPs in short) have drawnmuch attention. To the authors’ knowledge, papers [27] by R. Varga in 1966 and [13] by H. Fujii in
1973 were probably the very first works aimed at the construction of a reasonable DMP for elliptic and parabolic problems,
respectively. These original papers as well as the presented work use special properties of the finite difference and finite
element matrices to analyse the DMPs.
Later on, other types of the DMPs were formulated and proved in a number of papers, see e.g. [6,8,17,18,21,25,28,29].

They discuss various numericalmethods for different problems and study the validity of the DMPs.Most of the attentionwas
paid to the finite difference and finite element approximations of elliptic and parabolic problems and to various geometric
conditions on the shape of the classical simplicial and block finite element partitions that provide the DMPs. Particularly

∗ Corresponding author.
E-mail addresses: antti.hannukainen@hut.fi (A. Hannukainen), sergey.korotov@hut.fi (S. Korotov), vejchod@math.cas.cz (T. Vejchodský).

0377-0427/$ – see front matter© 2008 Elsevier B.V. All rights reserved.
doi:10.1016/j.cam.2008.08.029
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challenging is the analysis of theDMPs for the less standard butmore promising and economical higher order finite elements,
see recent results [22,28]. However, the validity of the DMPs on prismatic meshes has not been considered so far in spite
of the fact that the prismatic partitions can often be more natural and practically convenient compared to the standard
tetrahedral or block partitions, especially for cylindrical 3D domains.
The paper is organized as follows. Section 2 describes the 3D diffusion-reaction model problem and Section 3 presents

its finite element discretization by the lowest order prismatic elements with six degrees of freedom. The main theoretical
result about the DMP is contained in Section 4. Section 5 provides practical geometric conditions for prismatic partitions
to guarantee the validity of the DMP. The sharpness of the obtained geometric conditions is verified by numerical tests in
Section 6. Finally, Section 7 points out possible generalizations and several open problems.

2. Model problem

Throughout the paper we shall use the standard Sobolev space notation (see e.g. [7,11]). We consider the following
reaction-diffusion boundary value problem

−∆u+ cu = f inΩ, u = 0 on ∂Ω, (1)
whereΩ ⊂ R3 is a bounded domain with Lipschitz boundary ∂Ω and c is a nonnegative reaction coefficient. To define the
weak solution of (1), we assume f ∈ L2(Ω), c ∈ L∞(Ω), and

0 ≤ c ≤ ‖c‖∞,Ω , (2)
where ‖c‖∞,Ω = ‖c‖L∞(Ω) stands for the L∞-norm of the reaction coefficient c over the domainΩ .
The weak formulation of problem (1) reads: Find a function u ∈ H10 (Ω) such that∫

Ω

∇u · ∇v dx+
∫
Ω

cuv dx =
∫
Ω

f v dx ∀v ∈ H10 (Ω). (3)

Under the above conditions the weak solution u exists and is unique.
The following theorem shows the continuous maximum principle (CMP) for problem (1), see [24] and also [17,18] for a

more general case of nonlinear problems with mixed boundary conditions. In what follows, the equalities and inequalities
between functions from Lebesgue spaces should be understood up to a set of zero measure, as usual.

Theorem 1. Let u be a solution to (1). If f ≤ 0 and u ∈ C(Ω) thenmaxΩ u = 0.
A natural discrete analogue to the above implication is known as the discretemaximumprinciple (DMP). Inwhat follows,

we formulate the DMP precisely andwe derive geometric conditions on the shape of prismatic finite elements guaranteeing
its validity a priori.

3. FE discretization on prismatic meshes

In general, we could consider any domainΩ which can be partitioned (face-to-face) into triangular prisms. For instance,
a union of cylindrical domains is acceptable. However, for the sake of simplicity, we assumeΩ = G× I to be a cylindrical
domain, whereG ⊂ R2 is a polygon possiblywith polygonal holes, I = (0, z0), and z0 is a positive number.We shall consider
a face-to-face partition Th,τ = T

G
h ×T I

τ ofΩ into prisms (and call it prismatic mesh or prismatic partition ofΩ), where T
G
h is a

triangulation ofG and T I
τ is a partition of I into segments (not necessarily with the same lengths). Prismatic elements of Th,τ

will be denoted from now on with the symbol P possibly with certain indices. The elements of the triangulation T
G
h (being,

actually, the bases of the prismatic elements) will be denoted by T and the elements of T I
τ will be denoted by I possibly

with indices. Let Bi, i = 1, . . . ,N+N∂ , be the vertices of Th,τ , where B1, . . . , BN are the interior nodes and BN+1, . . . , BN+N∂
belong to the boundary ∂Ω .
Let Vh,τ ⊂ H10 (Ω) be the finite element space associated to Th,τ and defined as follows:

Vh,τ =

{
ϕ ∈ H10 (Ω) : ϕ(x, y, z)|P =

3∑
i=1

2∑
j=1

bi,jλi(x, y)`j(z),

where P = T × I, P ∈ Th,τ , T ∈ T
G
h , I ∈ T

I
τ , bi,j ∈ R, λi ∈ P1(T ), `j ∈ P1(I)

}
, (4)

where P1(T ) and P1(I) stand for the spaces of linear functions defined in the triangle T and in the interval I , respectively.
Further, let φ1, . . . , φN denote the standard finite element basis functions of Vh,τ satisfying φi(Bj) = δij, i = 1, 2, . . . ,N ,
j = 1, 2, . . . ,N + N∂ , where δij is the Kronecker symbol.
The finite element discretization based on the weak formulation (3) reads: Find a function uh,τ ∈ Vh,τ such that∫

Ω

∇uh,τ · ∇vh,τ dx+
∫
Ω

cuh,τvh,τ dx =
∫
Ω

f vh,τ dx ∀vh,τ ∈ Vh,τ . (5)
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4. Discrete maximum principle

The discrete problem introduced above should, ideally, satisfy the following natural property (see [8,17,18,21,28]):

f ≤ 0 H⇒ max
Ω

uh,τ = 0. (6)

This implication, however, can lead to different interpretations. Therefore, we provide the following precise formulation of
the DMP.

Definition 1. Let Th,τ be a partition of Ω and let Vh,τ given by (4) be the finite element space based on Th,τ . We say that
approximate problem (5) satisfies the discrete maximum principle (DMP) if

max
Ω

uh,τ = 0 for all f ≤ 0. (7)

Notice that this definition leads to a task to characterize a suitable class of meshes that guarantee (7). This is done in
Theorem 2 below, where we present sufficient conditions for prismatic partitions guaranteeing (7).

Remark 1. Another possibility how to handle the DMP is to fix the right-hand side f ≤ 0 and construct a suitable partition
Th,τ (according to this f ) such that maxΩ uh,τ = 0. However, this possibility is a completely different issue from the
investigation of the DMP according to Definition 1 and it will not be treated here.

Remark 2. As all the basis functions are nonnegative, it is obvious that the FE approximation satisfies uh,τ ≤ 0 everywhere
inΩ if and only if uh,τ has nonpositive values at all nodal points Bi, i = 1, . . . ,N + N∂ .

Letting uh,τ =
∑N
i=1 yiφi, we come to the system of N linear equations

Ay = F, (8)

where A = (aij)Ni,j=1 is called the FE matrix (to distinguish it form the stiffness and mass matrices), the vector of unknowns
y = (y1, . . . , yN)> consists of the values of uh,τ at the interior nodes, and the vector F = (F1, . . . , FN)> is known as the load
vector. The entries of the matrix A and of the vector F associated to problem (1) are

aij =
∫
Ω

∇φi · ∇φj dx+
∫
Ω

cφiφj dx and Fi =
∫
Ω

f φi dx, i, j = 1, . . . ,N.

Various geometric conditions on the shape of the simplices in FE partitions come, in fact, from the set of algebraic
requirements on the entries ofA providing the validity of the DMPs, as is done for example in [6,8,17,21], whereA is assumed
to be irreducibly diagonally dominant.
However, we find that it is sufficient andmore convenient to require thematrix A to be a Stieltjes matrix, i.e., symmetric,

positive definite and having nonpositive off-diagonal entries. Notice that Stieltjes matrices form a subclass of M-matrices
which are not required to be symmetric [26, p. 85] or [12, p. 121].M-matrices have nonnegative inverse, which is a sufficient
and necessary condition for the DMP in the sense of Definition 1. In the case of Stieltjes matrices we avoid checking the
irreducibility of the finite element matrix which is not always true (cf. [9, p. 4]) and, moreover, it might be difficult to verify,
in general.
Before we formulate the main result, we compute the element stiffness and mass matrices for an interval I of length d,

for a triangle T , and for a prism P = T × I . It is well known that if `0(z) = 1 − z/d and `1(z) = z/d, z ∈ I , are the 1D
shape functions then the corresponding local (element) stiffness and local (element)massmatrices S(I) andM(I) with entries
S(I)ij =

∫
I `
′

i−1`
′

j−1 dz andM
(I)
ij =

∫
I `i−1`j−1 dz, i, j = 1, 2, respectively, are

S(I) =
1
d

(
1 −1
−1 1

)
, M(I)

=
d
6

(
2 1
1 2

)
.

The element matrices for the triangle are well known, too, see e.g. [2,7,9,16,29]. If we use the barycentric coordinates λA, λB,
and λC as the shape functions and if we denote by α, β , and γ the corresponding angles, see Fig. 1 (left), then

S(T ) =
1
2

(cotβ + cot γ − cot γ − cotβ
− cot γ cotα + cot γ − cotα
− cotβ − cotα cotα + cotβ

)
, M(T )

=
|T |
12

(2 1 1
1 2 1
1 1 2

)
,

where |T | stands for the area of the triangle T . Finally, it is an easy exercise to verify that the element stiffness and mass
matrices for the prism P = T × I , see Fig. 1 (right), are given by

S(P) =
d
6

(
2S(T ) S(T )

S(T ) 2S(T )

)
+
1
d

(
M(T )

−M(T )

−M(T ) M(T )

)
, M(P)

=
d
6

(
2M(T ) M(T )

M(T ) 2M(T )

)
.
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Fig. 1. Basic notation for the triangular and prismatic elements.

Notice the tensor (Kronecker) product structures S(P) = M(I)
⊗S(T )+S(I)⊗M(T ) andM(P)

= M(I)
⊗M(T ). For later reference,

we introduce explicit expressions for certain entries of S(P) andM(P). If

ϕA(x, y, z) = λA(x, y)`0(z), ϕB(x, y, z) = λB(x, y)`0(z),
ϕD(x, y, z) = λA(x, y)`1(z), ϕE(x, y, z) = λB(x, y)`1(z),

then ∫
P
∇ϕA · ∇ϕB dP = −

d
12

(
2 cot γ −

|T |
d2

)
,

∫
P
ϕAϕB dP =

d|T |
36

, (9)∫
P
∇ϕA · ∇ϕD dP =

d
12

(
cotβ + cot γ −

2|T |
d2

)
,

∫
P
ϕAϕD dP =

d|T |
36

, (10)∫
P
∇ϕA · ∇ϕE dP = −

d
12

(
cot γ +

|T |
d2

)
,

∫
P
ϕAϕE dP =

d|T |
72

. (11)

In what follows, all inequalities between matrices, vectors, and scalars are to be understood entrywise. For example, the
symbol A ≥ 0 means that all entries of a matrix A = (aij)Ni,j=1 are nonnegative, i.e., aij ≥ 0 for all i, j = 1, 2, . . . ,N .

Definition 2. Let P = T × I be a prism and let α(T )max ≥ α
(T )
med ≥ α

(T )
min > 0 be the maximal, medium, and minimal angles of

the triangular base T of the prism P , respectively. We define the lower and upper bounds for the altitude of the prism P as

d(P)L =

(
2 cotα(T )max
|T |

−
‖c‖∞,P
3

)− 12
, d(P)U =

(
‖c‖∞,P
6
+
cotα(T )med + cotα

(T )
min

2|T |

)− 12
. (12)

The lower bound d(P)L is well defined only if
2 cotα(T )max
|T | −

‖c‖∞,P
3 > 0.

Notice that α(T )med < π/2 and α(T )min ≤ π/3 for any triangle. Thus, d
(P)
U is always well defined by (12).

Theorem 2. Let Th,τ be a prismatic partition of Ω . For a prism P ∈ Th,τ , let values d
(P)
L and d

(P)
U be defined by (12), and let d

(P)

denote the altitude of the prism P. If

d(P)L ≤ d
(P)
≤ d(P)U for all P ∈ Th,τ , (13)

then problem (5) satisfies the DMP according to Definition 1.

Proof. We have

aij =
∑

P⊆suppφi∩suppφj

∫
P

(
∇φi · ∇φj + cφiφj

)
dP =

∑
P⊆suppφi∩suppφj

a(P)ij .

As the finite element matrix associated to our problem is obviously symmetric and positive definite, we only need to show
that

a(P)ij ≤ 0 (14)
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Fig. 2. Illustration of node positions in cases (i), (ii), and (iii).

for all i 6= j. Then the matrix A is a Stieltjes matrix, hence, A−1 ≥ 0, see [26, p. 85]. Further, because φi ≥ 0 and f ≤ 0, we
have Fi ≤ 0 for all i = 1, . . . ,N . Thus, by (8), we obtain y ≤ 0 and the DMP (7) holds.
It remains to prove (14). Let us consider a prism P ∈ Th,τ , P = T × I . We adopt the notation from Fig. 1 and we use the

short-hand notation d = d(P) for the altitude of the prism. Since we assume that d(P)L is well defined, we can reformulate
conditions (12) and (13) equivalently as

− 2 cotα(T )max +
|T |
d2
+ ‖c‖∞,P

|T |
3
≤ 0 (15)

and

‖c‖∞,P
|T |
3
−
2|T |
d2
+ cotα(T )med + cotα

(T )
min ≤ 0. (16)

To compute all the entries a(P)ij of the local finite element matrix it is enough to distinguish the following three different
cases, see Fig. 2.
(i) Let A be any vertex of P and let B be one of the two remaining vertices in the same triangular base. If the basis functions

φi and φj correspond to the vertices A and B, respectively, then by (9)

a(P)ij =
∫
P
∇ϕA · ∇ϕB dP +

∫
P
cϕAϕB dP ≤

d
12

(
−2 cot γ +

|T |
d2
+ ‖c‖∞,P

|T |
3

)
. (17)

The nonpositivity of this value is guaranteed by (15), because the cotangent is a decreasing function, and hence − cot γ ≤
− cotα(T )max.
(ii) Let A be any vertex of P and let D be the vertex in the opposite triangular base joined with A by an edge. If the basis

functions φi and φj correspond to the vertices A and D, respectively, then by (10)

a(P)ij =
∫
P
∇ϕA · ∇ϕD dP +

∫
P
cϕAϕD dP ≤

d
12

(
cotβ + cot γ −

2|T |
d2
+ ‖c‖∞,P

|T |
3

)
. (18)

The nonpositivity of this value follows from (16), because cotβ + cot γ ≤ cotα(T )med + cotα
(T )
min.

(iii) Let A be any vertex of P and let E be the vertex in the opposite triangular base not joined with A by any edge. If the
basis functions φi and φj correspond to the vertices A and E, respectively, then by (11)

a(P)ij =
∫
P
∇ϕA · ∇ϕE dP +

∫
P
cϕAϕE dP ≤ −

d
12

(
cot γ +

|T |
d2
− ‖c‖∞,P

|T |
6

)
=
d
24

(
−2 cot γ +

|T |
d2
+ ‖c‖∞,P

|T |
3

)
−
3d
24
|T |
d2
. (19)

This is clearly nonpositive due to case (i), see (17). �

5. Construction of meshes for the DMP

It is not immediately clear, how the prismatic partitions satisfying the crucial conditions (12) and (13) look like. In this
section, we prove several results which characterize prismatic partitions with the desired properties (12) and (13). First of
all, we present Lemma 1which states that conditions (12) and (13) are sharp in the sense that their violation leads to positive
entries in the local finite element matrices in certain situations.
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Fig. 3. Illustrations of 2-fold and 3-fold uniform refinements of a prism.

Lemma 1. Let Th,τ be a prismatic partition of Ω and let the reaction coefficient c be piecewise constant so that c|P = const. for
each prism P in Th,τ . Then all off-diagonal entries a

(P)
ij of the local finite element matrices are nonnegative if and only if conditions

(12) and (13) are satisfied.

Proof. The ‘‘if’’ part is a special case of Theorem 2. The ‘‘only if’’ part follows from the fact that (17)–(19) hold in our case as
equalities, because ‖c‖∞,P = c|P . Thus, if (12) and (13) were not valid then at least one of entries (17) and (18) would be
positive. �

In the followingproofswe implicitly assume that d(P)L iswell defined andweuse an equivalent reformulation of conditions
(12) and (13)

‖c‖∞,P
6
|T | +

cotα(T )med + cotα
(T )
min

2
≤
|T |

(d(P))2
≤ 2 cotα(T )max −

‖c‖∞,P
3
|T |. (20)

Below, Lemma2 shows an important observation about the uniform (global) refinement of the prismatic partitions satisfying
(12) and (13).

Definition 3. Let m be a positive integer and Th,τ be a prismatic partition of Ω . First, we refine each edge in Th,τ into m
subedges. Further, for each prism P ∈ Th,τ , P = T × I , we refine the triangular base T into m2 similar triangles T̃i ⊂ T ,
i = 1, 2, . . . ,m2, each segment I into m equal segments Ĩj ⊂ I , j = 1, 2, . . . ,m, and we obtain m3 prisms P̃i,j = T̃i × Ĩj,
P̃i,j ⊂ P . These prisms P̃i,j form a new face-to-face prismatic partition T̃h,τ ofΩ which we call m-fold uniform refinement of
Th,τ . Ifm = 1 then T̃h,τ = Th,τ . See Fig. 3 for an illustration.

Lemma 2. If a prismatic partition Th,τ satisfies (12) and (13) then its any m-fold uniform refinement T̃h,τ with m ≥ 1 satisfies
(12) and (13) as well.

Proof. Let P ∈ Th,τ , P = T × I , and P̃ ∈ T̃h,τ , P̃ = T̃ × Ĩ , be such that P̃ ⊂ P . Then m2 |̃T | = |T | and md̃ = d, where d
and d̃ stand for the altitudes of prisms P and P̃ , respectively. In addition, the triangles T and T̃ are similar, and therefore, the
corresponding maximal, medium, and minimal angles α ≥ β ≥ γ in T and α̃ ≥ β̃ ≥ γ̃ in T̃ are equal.
Since conditions (12) and (13) and, equivalently, (20) are valid for P , we estimate

‖c‖∞,̃P
6
|̃T | +

cot β̃ + cot γ̃
2

≤
‖c‖∞,P
6
|T |
m2
+
cotβ + cot γ

2

≤
|T |
d2
≤ 2 cotα −

‖c‖∞,P
3
|T |
m2
≤ 2 cot α̃ −

‖c‖∞,̃P
3
|̃T |, (21)

where we use the facts that ‖c‖∞,̃P ≤ ‖c‖∞,P andm ≥ 1. To finish the proof we realize that inequalities (21) actually prove
conditions (20) for the prism P̃ , because |T |/d2 = |̃T |/d̃2. �

The following definition and the subsequent theorems provide easily verifiable sufficient conditions for prismatic
partitions that yield the DMP. Furthermore, they give practical hints on how to construct such partitions.

Definition 4. Let Th,τ = T
G
h × T I

τ be a prismatic partition. We denote by di, i = 1, 2, . . . ,M , the lengths of theM segments

inT I
τ , by Tmax and Tmin the triangles inT

G
h with the largest and smallest areas, respectively, and byα

T
G
h
max andα

T
G
h
min themaximal

and minimal angles in the whole triangulation T
G
h , respectively.
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We say that the prismatic partition Th,τ is well-shaped for the DMP if α
T

G
h
max < π/2 and if

1
2
|Tmax| tanα

T
G
h
max ≤ d2i ≤ |Tmin| tanα

T
G
h
min ∀i = 1, 2, . . . ,M. (22)

In addition, if α
T

G
h
max < π/2 and if

1
2
|Tmax| tanα

T
G
h
max < d2i < |Tmin| tanα

T
G
h
min ∀i = 1, 2, . . . ,M, (23)

then the prismatic partition Th,τ is called strictly well-shaped for the DMP.

Furthermore, it is easy to see that anym-fold uniform refinement of a (strictly) well-shaped prismatic partition is again
(strictly) well-shaped. Hence, we can say that conditions (22) and (23) only limit the shape of the prisms and not their actual
sizes. Before we introduce theorems stating that well-shaped partitions guarantee the DMP we present Lemma 3 which
discusses geometric properties of thewell-shaped prismatic partitions. In particular, it demonstrates that themaximal angle

in the base triangulation should be much smaller than the technical assumption α
T

G
h
max < π/2 requires.

Lemma 3. Let Th,τ = T
G
h × T I

τ be a well-shaped prismatic partition of a cylindrical domainΩ = G × I. Let Tmax, Tmin, α
T

G
h
max,

and α
T

G
h
min have the same meaning as in Definition 4. Then

α
T

G
h
max ≤ arctan

√
8 ≈ 70.5288◦, (24)

α
T

G
h
min ≥ arctan(

√
5/2) ≈ 48.1897◦, (25)

and

|Tmax|
|Tmin|

≤ 2. (26)

Proof. We prove this lemma by contradiction. If a prismatic partition Th,τ = T
G
h × T I

τ is well-shaped then

1
2
|Tmax| tanα

T
G
h
max ≤ |Tmin| tanα

T
G
h
min (27)

independently of the particular partition T I
τ of I.

Let us suppose that (24) is not valid and let us consider the triangle T ∈ T
G
h such that its greatest angle α =

α
T

G
h
max > arctan

√
8 = 2 arctan(

√
2/2). The smallest angle γ in this T satisfies γ ≤ π/2 − α/2 which is equivalent to

cot γ ≥ cot(π/2 − α/2). It can be easily verified that the inequality α > 2 arctan(
√
2/2) is equivalent to the inequality

2 cotα < cot(π/2 − α/2). Thus, 2 cotα < cot γ . From (27) and from the technical assumption α
T

G
h
max < π/2 we conclude

that

1 ≤
|Tmax|
|Tmin|

≤
2 cotα

T
G
h
max

cotα
T

G
h
min

≤
2 cotα
cot γ

< 1, (28)

which is a contradiction and (24) is proved.

To prove (25) by contradiction, we consider the triangle T ∈ T
G
h such that its smallest angle γ = α

T
G
h
min < arctan(

√
5/2) =

2 arctan(1/
√
5). The greatest angle α in this T satisfies α ≥ π/2 − γ /2 which is equivalent to cotα ≤ cot(π/2 − γ /2).

It can easily be verified that the inequality γ < 2 arctan(1/
√
5) is equivalent to the inequality 2 cot(π/2 − γ /2) < cot γ .

Thus, 2 cotα < cot γ which is a contradiction due to (28).

Finally, if (26) was not true then (27) together with the inequality tanα
T

G
h
min ≤ tanα

T
G
h
max would imply

2 <
|Tmax|
|Tmin|

≤
2 tanα

T
G
h
min

tanα
T

G
h
max

≤ 2, (29)

which is a contradiction, again. �
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Fig. 4. Two examples of isosceles triangulations. (a) The greater angles (≈ 70.5288◦) are marked by double arcs and the smaller angles (≈ 54.7356◦) have
no mark. (b) The greater angles (≈ 65.9052◦) are marked by double arcs and the smaller angles (≈ 48.1897◦) have no mark.

Fig. 5. Construction of a triangulation consisting of isosceles triangles which are close to equilateral triangles and whose areas grow slowly such that
|Tn|/|T0| is close to 2. The angles marked by double arcs are equal to π/3+ 2ω and the ones marked by single arcs are π/3−ω, whereω is a small positive
angle. If a stands for the lengths of two sides of the isosceles triangle with angle π/3 + 2ω in between them then the third side has length ϑa, where
ϑ = 2 sin(π/3+ ω).

Notice that the strictly well-shaped prismatic partitions satisfy (24)–(26) with strict inequalities. Further notice that for
an arbitrary polygon, a triangulation satisfying (24) and (25) need not exist.
We would also like to emphasize that conditions (24) and (25) are sharp in the sense that there exist well-shaped

prismatic partitions with the maximal and minimal angles equal to arctan
√
8 and arctan(

√
5/2), respectively. Let us

construct two examples of such well-shaped prismatic partitions.

(a) Let T
(a)
h,τ consist of copies of a prism P = T × I whose base T is an isosceles triangle with angles α = arctan

√
8 ≈

70.5288◦ and β = γ = π/2− α/2 ≈ 54.7356◦. If the altitudes of all these prisms are set by (12) to be d2 =
(
d(P)L

)2
=(

d(P)U
)2
=
√
2|T |, then this prismatic partition T

(a)
h,τ is well-shaped. See Fig. 4(a).

(b) Similarly, to show that (25) is sharp, we construct a prismatic partition T
(b)
h,τ consisting of prisms with bases T being

isosceles triangles with angles γ = arctan(
√
5/2) ≈ 48.1897◦ and α = β = π/2− γ /2 ≈ 65.9052◦. If the altitudes of

these prisms are chosen in agreement with (12) in between

1
2

√
5|T | =

(
d(P)L

)2
≤ d2 ≤

(
d(P)U

)2
=
2
3

√
5|T |,

then such a prismatic partition is well-shaped. See Fig. 4(b) for an illustration. Notice that the whole plane R2 can be
tiled by copies of any triangle.

On the other hand, condition (26) is not sharp in this sense. A well-shaped prismatic partition such that |Tmax|/|Tmin| = 2

does not exist. Indeed, if |Tmax|/|Tmin| = 2 then (29) implies that α
T

G
h
min = α

T
G
h
max, hence all triangles in the triangulation T

G
h

are equilateral and consequently all of them have equal areas. This obviously contradicts the fact that |Tmax|/|Tmin| = 2.
Nevertheless, for any ε > 0, it is possible to construct a well-shaped prismatic partition such that |Tmax|/|Tmin| = 2 − ε.
Fig. 5 illustrates the construction of the base triangulation for such prismatic partitions. For example, to have 1.99 <
|Tmax|/|Tmin| < 2 it is enough to set ω = 0.03◦ and construct 381 (n = 380) triangles according to Fig. 5. If the altitudes
of the prisms satisfy 0.749029 < d2 < 0.749546 then the resulting prismatic partition is strictly well-shaped. There are
no interior points in Fig. 5. In order to obtain some we can uniformly refine the indicated partition or we can mirror the
triangulation with respect to the (almost) horizontal lines.
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The practical significance of Lemma 3 lies in the fact that it gives necessary conditions for a partition to be well-shaped.
If at least one condition of (24)–(26) is not satisfied then the corresponding prismatic partition is not well-shaped. The
following theorem says that well-shaped prismatic partitions yield the DMP in the pure diffusion case, i.e., for c = 0 inΩ .

Theorem 3. Let Ω = G × I ⊂ R3 be a cylindrical domain and let Th,τ = T
G
h × T I

τ be its well-shaped prismatic partition. If
c = 0 inΩ , then discretization (5) based on the prismatic partition Th,τ satisfies the DMP according to Definition 1.

Proof. Lemma 3, statement (24), implies that all angles in the triangulation T
G
h are well below π/2. Hence, tangents and

cotangents of all angles in T
G
h are positive.

Let us consider a prism P = T × I in Th,τ . Further, let α ≥ β ≥ γ > 0 be the angles in the triangle T , and let d stand for
the altitude of the prism P . Assumption (22) implies

cotβ + cot γ
2

≤
|T |
|Tmin|

cotα
T

G
h
min ≤

|T |
d2
≤
|T |
|Tmax|

2 cotα
T

G
h
max ≤ 2 cotα.

Thus, conditions (20) and, equivalently, (12) and (13) are satisfied for all prisms P ∈ Th,τ and Theorem 2 concludes the proof.
�

Theorem 4 below characterizes a class of prismatic partitions which provide the DMP for the general diffusion-reaction
case c ≥ 0 and c 6= 0 inΩ . Such partitions must be strictly well-shaped and fine enough. Moreover, Theorem 4 quantifies
how fine the suitable partitions have to be.

Theorem 4. Let Ω = G×I ⊂ R3 be a cylindrical domain and let Th,τ = T
G
h ×T I

τ be its strictly well-shaped prismatic partition.
Furthermore, let m ≥ 1 be an integer such that

m2 ≥ max
P∈Th,τ

‖c‖∞,P |T |
MP

, (30)

where P = T × I is a prism and

MP = min
{
6
(
|T |
d2
−
cotβ + cot γ

2

)
, 3
(
2 cotα −

|T |
d2

)}
, (31)

with α ≥ β ≥ γ being the angles in the triangle T and d standing for the altitude of the prism P. Then discretization (5) based on
the m-fold uniform refinement T̃h,τ of Th,τ satisfies the DMP according to Definition 1.

Proof. Let us consider the m-fold uniform refinement T̃h,τ of the strictly well-shaped prismatic partition Th,τ with m ≥ 1
given by (30). Let P̃ = T̃ × Ĩ be a prism in T̃h,τ and let P ∈ Th,τ , P = T × I , be such a prism that P̃ ⊂ P . Denote by d̃ and d
the altitudes of prisms P̃ and P , respectively. Clearly, m2 |̃T | = |T |, md̃ = d, and the triangles T̃ and T are similar, hence the
corresponding angles α̃ ≥ β̃ ≥ γ̃ > 0 in T̃ and α ≥ β ≥ γ > 0 in T are equal. Notice that all angles in both Th,τ and T̃h,τ
are acute by Lemma 3.
Since the prismatic partition Th,τ is strictly well-shaped, we haveMP > 0 and assumption (30) implies

‖c‖∞,̃P |̃T | ≤ ‖c‖∞,P
|T |
m2
≤ MP ,

where we used the inequality ‖c‖∞,̃P ≤ ‖c‖∞,P . Hence, from definition (31) we obtain

‖c‖∞,̃P |̃T |
6

+
cot β̃ + cot γ̃

2
≤
|̃T |

d̃2
≤ 2 cot α̃ −

‖c‖∞,̃P |̃T |
3

,

where we utilize the facts that α̃ = α, β̃ = β , γ̃ = γ , and |̃T |/d̃2 = |T |/d2. Thus we verified the validity of conditions (20)
and, equivalently, (12) and (13) for all prisms P̃ ∈ T̃h,τ . Theorem 2 finishes the proof. �

Remark 3. In the pure diffusion case, i.e., c = 0 inΩ , the conditions for validity of the DMP limit the shape and not the size
of elements, see (20). Indeed, condition (20) limits the ratio of the area of the base triangle and the square of the altitude
of the prism by the angles in the base triangle, but the size (volume) of the prism can be made arbitrarily large or small
while keeping this ratio constant. On the other hand, in the general case, if the reaction coefficient c does not vanish then
the partition has to be, in addition, fine enough in order to obtain the DMP, see Theorem 4. This is a typical behavior of
the diffusion-reaction problem and it is in agreement with the previous DMP results for elliptic problems with the reaction
term, see e.g. [3,17] for simplicial finite elements.
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Fig. 6. The original partition.

Fig. 7. The applied computational mesh.

Remark 4. Conditions (22) and (23) for the well-shaped and the strictly well-shaped prismatic partitions bound the
altitudes of the prisms from two sides. Therefore, it could be troublesomeor even impossible to divide an arbitrary cylindrical
domainΩ = G× I into layers with suitable altitudes. However, if there exists a triangulation of G satisfying (27) then for
any altitude ofΩ there exists a sequence of domainsΩk = G× Ik, such thatΩk → Ω as k→∞ and that a (strictly) well-
shaped prismatic partition of Ωk exists. Notice that the domains Ωk and their (strictly) well-shaped prismatic partitions
need not be necessarily nested.

Remark 5. For illustration let us consider the most favorable triangulation T
G
h consisting of equilateral triangles with the

same area. Let s stand for the length of each side of these triangles. Further, let the reaction coefficient c vanish. In order
to satisfy conditions (12) and (13) and, hence, to obtain the DMP, the altitudes d of the prisms in the prismatic partition
Th,τ = T

G
h × T I

τ are to be limited by

3
8
s2 ≤ d2 ≤

3
4
s2.

6. Numerical tests

In this section, we illustrate the theoretical results by numerical computations. The numerical tests also show that the
DMP is actually valid for much wider class of meshes than the proposed theory predicts.
First, we construct a well-shaped triangulation for the DMP according to Definition 4. This triangulation will be used

to demonstrate the usage of Lemmas 2 and 3 as well as Theorems 2–4. However, the construction of the well-shaped
triangulation for the DMP requires some care. Lemma 3 gives necessary conditions on the shape of the well-shaped
triangulations, but the question of finding the necessary and sufficient conditions is still open.
In order to construct a strictly well-shaped prismatic partition we consider a uniform triangulation consisting of

congruent triangles as presented in Fig. 6. All computations are performed using two times refined original partition (4-
fold refinement), presented in Fig. 7. The prismatic partition is constructed from this triangulation by creating four layers
of prismatic elements with equal altitudes d. For these kinds of partitions, the well-shapedness condition (22) reduces to a
simple inequality
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Fig. 8. Characterization of the applied partitions according to αmax and αmin . In domains 1 and 2, the DMP is guaranteed by Theorems 2 and 3, respectively.
Domain 3 is not covered by the theory but the DMP is valid there. Partitions corresponding to domain 4 do not yield the DMP at all.

1
2
tanαmax ≤ tanαmin. (32)

We stress that in agreement with (1) we use zero Dirichlet boundary conditions in all computations.
In the first test, we study inequality (32) and its relation to the existence of a suitable altitude d which would yield the

DMP for c = 0. We compare altitudes predicted by Theorems 2 and 3 with the altitudes computed numerically. Since
the shape of the applied partition (see Fig. 6) is determined by the values of αmax and αmin, we can visualize the results as
a function of these two parameters. This is done in Fig. 8. Domain 1 illustrates the set of the well-shaped triangulations,
according to Definition 4. Triangulations from this set satisfy the DMP by Theorem 3. In our case, domain 1 is determined by
(32). Domain 2 is the set of the non-well-shaped triangulations, which satisfy the DMP with a suitable altitude d according
to Theorem 2. Domain 3 corresponds to the set of triangulations for which we can computationally verify the DMP for a
certain altitude d. All other triangulations (domain 4) do not satisfy the DMP for any altitude.We remark that the graining of
the image is due to the finite resolution applied in computations. Still, we can verify the sharpness of the necessary bounds
for αmin and αmax given by Lemma 3.
In Fig. 8, we can compare the set of triangulations, where the DMP is guaranteed by our theoretical results (domains 1

and 2), with the set of all triangulations yielding the DMP (domain 3). We observe that the theory covers considerable part
of the triangulations yielding the DMP. On the other hand, this numerical experiment reveals that the set of triangulations
yielding the DMP seems to be much wider than the theory predicts.
In the second test, we demonstrate the theoretical bounds (12) and (13) for the altitude d in the case c = 0, see Theorem2.

For this purpose, we construct a sequence of prismatic partitions. All these partitions are based on the same triangulation
and have four layers of prisms with the altitude d varying from 0 to 1 with step 0.002. Based on the first test, we choose
as the base triangulation a strictly well-shaped triangulation shown in Fig. 7 with angles 65, 60, and 55 degrees. This base
triangulation is used also for all the subsequent tests.
For each prismatic partition in the sequence, we find the smallest entry A−1min of the inverse of the finite element system

matrix, A−1min = minij A
−1
ij . As the DMP according to Definition 1 is valid if and only if A

−1
min ≥ 0, this value indicates whether

the DMP property is satisfied. The results are visualized in Fig. 9. As one can observe, the computationally obtained bounds
for the DMP are only little wider compared to the theoretically predicted bounds (12) and (13).
In the third test, we study the behavior of the bounds (12) and (13) for the altitude d, when the coefficient c is a constant

greater than zero. We use the same prismatic partitions as in the previous case, but we vary the coefficient c from 1 to 30
with step 1. Theoretically calculated and computationally verified bounds for the altitude d yielding the DMP are visualized
as functions of c in Fig. 10. In this figure, we observe that the DMP is lost for sufficiently large values of c , as predicted by
bounds (12) and (13) presented in Theorem 2. The computational bounds for the DMP behave in a similar manner as the
theoretical ones.
Finally, in the fourth test, we study if the DMP can be recovered for c = 100 by them-fold uniform refinement, according

to Theorem 4. In this case, the theoretical bounds for the altitude d with c = 0 are dL = 0.1792 and dU = 0.2165. The
initial altitude was chosen between these bounds as d0 = 0.1930. Fig. 11 presents the behavior of the computational and
theoretical bounds for d as the refinements proceed. For the chosen value of the reaction coefficient c , the initial partition
does not yield theDMP for any altitude. As the partition is strictlywell-shaped, Theorem4 states that a 3-fold (MP = 0.38595
and m = 3) refinement should restore the DMP. This phenomenon is indeed observed in our computations. Nevertheless,
the results show the existence of a suitable altitude d yielding the DMP even for m = 2. This test confirms that the DMP is
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Fig. 9. The smallest entry A−1min = minij A
−1
ij of the inverse of the finite element matrix as a function of the altitude d for c = 0 (left). Theoretical bounds

(12) and (13) are plotted as the dashed lines (right). The right panel is a zoom from the left panel.

Fig. 10. Behavior of the theoretical (dashed lines) and the computational (solid lines) bounds for the altitude d as a function of the (constant) coefficient c .

valid for anym-fold uniform refinementwith sufficiently largem, as predicted by Lemma 2 and Theorem 4. The theoretically
predicted value ofm could be, however, greater then it is necessary, in certain situations.

7. Conclusions, generalizations, and open problems

The crucial result of this paper is formulated in Theorem 2, where we present an easily verifiable condition (12) and
(13) which guarantees the DMP. This theorem, however, does not provide any guidelines on how to construct suitable
prismatic partitions for the validity of the DMP. Therefore, we developed the concept of the (strictly) well-shaped prismatic
partitions to characterize the base triangulations which guarantee the existence of suitable altitudes of the layers of prisms.
The corresponding DMP on the (strictly) well-shaped prismatic partitions is formulated and proven in Theorems 3 and 4.
In Section 6, we present various numerical tests to assess the sharpness of the theoretically obtained conditions. The first

test (see Fig. 8) is of particular interest, because it indicates that the class of partitions which provide the DMP ismuchwider
than one would expect from the theoretical results.
Let us conclude this paper by the following list of possible generalizations and open problems.
• To prove the DMP, we actually require the FEmatrixA to have the nonnegative inverse, i.e.,A−1 ≥ 0. It is well known that
some off-diagonal entries can be positive and still one has A−1 ≥ 0 (see e.g. a very recent work [1] for a discussion and
literature on this subject). This observation was actually used in [20] to weaken the standard condition of nonobtuseness
(see [4,19]) for tetrahedral elements. A similar approach can be, obviously, applied to the case of prismatic meshes and
conditions (12) and (13) can be thus weakened.
• The proofs of the DMPs for parabolic problems usually utilize the geometric conditions derived in the elliptic case, cf. [13]
for the simplicial finite elements. The above presented concept of the (strictly) well-shaped prismatic partitions can be
used to prove the DMP for parabolic problems discretized in space variables by prismatic finite elements.



Author's personal copy

A. Hannukainen et al. / Journal of Computational and Applied Mathematics 226 (2009) 275–287 287

Fig. 11. Behavior of the theoretical (dashed lines) and the computational (solid lines) bounds for the altitude d with respect to the m-fold uniform
refinement. The dotted line denotes the original altitude d0 = 0.1930 and its refinement. The reaction coefficient is chosen as c = 100.

• Similarly, our concept of the (strictly)well-shaped prismatic partitions can be used to treat theDMPs for nonlinear elliptic
problems. It is possible to follow the ideas introduced in [17,18].
• In recent works [5,22,23,29] the authors try to preserve the DMPs by nonlinear computational schemes which allow
avoiding or considerably weakening the geometric limitations on the meshes. These techniques can be generalized to
the prismatic finite elements as well.
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A comparison of simplicial and block finite
elements

Sergey Korotov and Tomáš Vejchodský

Abstract In this note we discuss and compare a performance of the finiteelement
method (FEM) on two popular types of meshes – simplicial and block ones. A spe-
cial emphasis is put on the validity of discrete maximum principles and on asso-
ciated (geometric) mesh generation/refinement issues in higher dimensions. As a
result, we would recommend to carefully reconsider the common belief that the
simplicial finite elements are very convenient to describe complicated geometries
(which appear in real-life problems), and also that the block finite elements, due to
their simplicity, should be used if the geometry of the solution domain allows that.

1 Introduction

Geometrically, there are two types of finite elements (FEs) which can be naturally
generalized to any dimension – simplices and blocks, where by blocks we mean
Cartesian products of intervals. In what follows, we shall only consider the lowest-
order finite elements, i.e., linear functions on simplices and multilinear functions on
blocks. In 1D, the only reasonable element is an interval which can be understood
both as a simplex and a block. Therefore, we shall make comparison for the case of
two and more dimensions. Namely, we concentrate on validityof discrete maximum
principles and on associated geometrical issues for mesh generation and adaptivity.

Sergey Korotov
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2 Model problem at its finite element discretization

We consider the following test problem: Find a functionu such that

−∆u + cu = f in Ω , u = g on∂Ω , (1)

whereΩ ⊂Rd is a bounded polytopic domain with Lipschitz boundary∂Ω andc≥
0. The classical solutionu ∈C2(Ω)∩C(Ω) of (1) satisfies the maximum principle:

f ≤ 0 =⇒ max
x∈Ω

u(x)≤max{0, max
s∈∂Ω

g(s)}. (2)

Most of FE schemes are based on the weak formulation: Findu ∈ H1(Ω) such
that the boundary conditionu = g is satisfied in the sense of traces on∂Ω and

a(u,v) = F (v) ∀v ∈ H1
0(Ω),

wherea(u,v) =
∫

Ω (∇u ·∇v+cuv)dx, F (v) =
∫

Ω f vdx, c∈ L∞(Ω), and f ∈ L2(Ω).
Let Th be a conforming FE mesh onΩ with interior nodesB1, . . . ,BN lying in

Ω and boundary nodesBN+1, . . . ,BN+N∂ lying on ∂Ω . Further, letVh be a finite-
dimensional subspace ofH1(Ω), associated withTh and its nodes, being spanned
by the basis functionsφ1,φ2, . . . ,φN+N∂ with the following properties:φi ≥ 0 in Ω
(nonnegativity),φi(B j) = δi j (delta property),i, j = 1, . . . ,N +N∂ , and∑N+N∂

i=1 φi ≡ 1
in Ω (partition of unity). Notice that the lowest-order finite elements on simplices
and on blocks meet these requirements. We also assume that the basis functions
φ1,φ2, . . . ,φN vanish on the boundary∂Ω . Thus, they span a finite-dimensional

subspaceV 0
h of H1

0(Ω). Let, in addition,gh = ∑N∂
i=1 gN+iφN+i ∈ Vh be a suitable

approximation of the functiong, for example its nodal interpolant.
The FE approximation is a functionuh = u0

h + gh such thatu0
h ∈V 0

h and

a(uh,vh) = F (vh) ∀vh ∈V 0
h , (3)

whose existence and uniqueness is also provided by the Lax-Milgram lemma.

Algorithmically, uh = ∑N+N∂
i=1 yiφi, whereyi are the entries of the solution̄y=

[y1, . . . ,yN+N∂ ]⊤ of the square system ofN + N∂ linear algebraic equations

Ā ȳ= F̄, where Ā =
[
A A ∂

0 I

]
, and F̄ =

[
F
F∂

]
. (4)

In the above,A ∈ RN×N , A∂ ∈ RN×N∂
, 0 andI stand for the zero and unit matrices

of appropriate sizes. The entries ofĀ areai j = a(φ j,φi), i = 1, . . . ,N, j = 1, . . . ,N +
N∂ . The blockF consists of entriesfi = F (φi), i = 1, . . . ,N, and the block-vector
F∂ has entriesf ∂

i = fN+i = gN+i, i = 1, . . . ,N∂ , given by the boundary data.
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3 Discrete maximum principles for FEM

In this section we compare simplicial and block finite elements with respect to the
so-called discrete maximum principle (DMP). For a fixed meshTh, we say that the
discretization (3) satisfies the DMP if

f ≤ 0 =⇒ max
x∈Ω

uh(x)≤max{0, max
s∈∂Ω

gh(s)}. (5)

In the case of the lowest-order finite elements, it is well known [4] that the DMP
is satisfied if (i) the stiffness matrix̄A is monotone and if (ii) the row sums of̄A are
nonnegative. Condition (ii) is satisfied, because the basisfunctions form the parti-
tion of unity and the coefficientc is nonnegative. Sufficient conditions for (i) can be
obtained from the theory of M-matrices [7]. This, in particular, requires the nonpos-
itivity of the off-diagonal entries in the FE matrix̄A. Matrix Ā is assembled from the
local (element) FE matrices,̄A = ∑K∈Th

ĀK , and hence it suffices to guarantee the
nonpositivity of the off-diagonal entries of each̄AK . This observation yields various
geometric limitations for the finite elements which we discuss in what follows.

3.1 On entries of FE matrices for simplices

For simplicity, let us consider the Laplace operator only, i.e., c ≡ 0. In this case
the off-diagonal entriesaK

i j (i 6= j) of the local stiffness matrices̄AK for simplicial
elements can be expressed in any dimension by the following formula [1]

aK
i j =

∫
K

∇φ j ·∇φi dx =−measd−1(Fi)measd−1(Fj)
d2measd(K)

cosαi j,

whereαi j stands for the dihedral angle between the facetsFi andFj of the simplex
K ∈ Th, see Fig. 1 (left).
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Fig. 1 The dihedral angleαi j between facesFi andFj of a tetrahedronK (left). Results of the
experiment for triangles (right).
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Clearly,aK
i j ≤ 0 if and only if αi j ≤ π/2. This nonobtuseness condition is well

known for triangles and for tetrahedra, and it is crucial forthe validity of DMPs [2].
For the case of general coefficients the conditions on meshesfor DMP are stricter.
Thus, if e.g.c > 0 then all dihedral angles in meshes have to be acute and, in addi-
tion, the meshes themselves have to be sufficiently fine due tothe positive terms∫

K
φ jφi dx =

d!
(d +2)!

measd(K), i 6= j,

additionally appearing in computations, see e.g. [5, 2] fordetails.
Further, generalization can be obtained by requiring the stiffness matrix not to

be M-matrix but to be monotone only. Theoretical handling ofmonotone matrices
is difficult, but it can be checked numerically. Fig. 1 (right) shows results of an
experiment, where we consider the Poisson problem with homogeneous Dirichlet
boundary conditions. Hence, the blockA of Ā only is relevant. The domainΩ is a
triangle. The axis in Fig. 1 (right) correspond to two anglesof Ω . For each pair of
anglesα andβ , we construct a triangulation by three steps of uniform red refinement
of Ω . Then we assemble the stiffness matrixA, and color the corresponding point
according to its properties. IfA is M-matrix (has off-diagonal entries nonpositive)
then the point is black. IfA is monotone and not M-matrix then the point is dark
gray. If A is not monotone then the point is light gray. We clearly see that in this
case the stiffness matrix is M-matrix if and only if all angles are nonobtuse (black
area). Further we observe that the DMP is satisfied under favorable circumstances
even for angles up to 117◦ (dark gray area), see also [12] for a similar 3D test.

3.2 On entries of FE matrices for blocks

The analysis of the DMP for block FE partitions can be done in the same fashion
as for the simplices. The results, however, strongly dependon the dimension. For
simplicity we again consider the Laplacian with homogeneous Dirichlet boundary
condition. LetK be an element of ad-dimensional block mesh with edges of lengths
b1,b2, . . . ,bd . If Bi andB j are its two vertices connected by the edge of lengthb1

then the corresponding entry of the local stiffness matrixĀK is

aK
i j =

b1b2 . . .bd

3d−1

(
d

∑
k=2

1

2b2
k

− 1

b2
1

)
, i 6= j. (6)

In 2D we immediately see thataK
i j ≤ 0 if and only if b1/b2 ≤

√
2. This yields

the well-known nonnarrow condition for the DMP. A rectangleK is nonnarrow if
1/
√

2≤ b1/b2≤
√

2, whereb1 andb2 stand for the lengths of its sides ofK. It can be
shown [9] that the DMP is satisfied if all rectangles in the mesh Th are nonnarrow.

The nonnarrow condition guarantees that the correspondingstiffness matrix is M-
matrix. A similar experiment as before reveals that this condition can be weakened
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Fig. 2 The influence of the aspect ratio to the properties of the stiffness matrixA. Left: Ω is a
rectangle(0,b1)× (0,b2). Right:Ω is a rectangular cuboid(0,b1)× (0,b2)× (0,b3).

if the stiffness matrix is required to be monotone only. In this experiment, we again
considerc≡ 0 andg = 0. The domain is a rectangleΩ = (0,b1)× (0,b2). The finite
element mesh is obtained by the uniform refinement ofΩ into N2

sub elements, where
Nsub is the number of subedges induced on each edge ofΩ . The axes in Fig. 2 (left)
correspond to the aspect ratiob1/b2 of the rectangleΩ (and of all elements) and to
the valueNsub. The results in Fig. 2 (left) indicate that the value

√
2 in the nonnarrow

condition can be increased up to about 2.16 provided the mesh is sufficiently fine.
The 3D analysis of the trilinear elements on rectangular cuboids based on(6)

gives a bit pessimistic conclusion. The stiffness matrix isM-matrix (and the DMP is
satisfied) if all the elements are cubes [9]. Similar experiment as before, see Fig. 2
(right), indicates that the cubes cannot be distorted much in order to retain the stiff-
ness matrix monotone and to satisfy the DMP. The two possibleaspect ratios we
have in rectangular cuboids can be at most around 1.05.

In dimensions 4 and higher, certain contributions form the local stiffness matrices
are always positive. Indeed, without loss of generality we may assume thatb1≥ b2≥
·· · ≥ bd. If aK

i j was nonpositive then(6) would yield

1

b2
1

≥
d

∑
k=2

1

2b2
k

≥ d−1

2b2
2

>
1

b2
2

,

where the last inequality holds true ford ≥ 4. This inequality, however, contradicts
the fact thatb1 ≥ b2. Furthermore, considering the longest edge in the mesh, we
see that all the contributions from all the elements surrounding this edge are pos-
itive and, hence, the corresponding off-diagonal entry in the stiffness matrixA is
positive. Consequently,A is not an M-matrix. Similar experiments as before reveal
that the stiffness matrix is neither monotone even on hyper-cubes. Thus, from the
point of the DMP, the block finite elements are less advantageous than the simplicial
elements especially for 3D and higher dimensional problems.
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4 On mesh generation and adaptivity

Modern FE computations require treatment of issues like generation of a mesh with
desired geometric properties and its global and local refinements preserving those
properties. In the following two subsections we shall discuss these issues for both,
simplices and blocks, with respect to geometric limitations imposed by the DMP.

4.1 Simplicial FE meshes (acuteness and nonobtuseness)

The practical realization of angle conditions (nonobtuseness and acuteness) is not
easy. Even in 2D, an initial generation of reasonable nonobtuse and acute triangu-
lations, especially for complicated domains, is algorithmically a hard task, see e.g.
[3] for examples and literature on the subject. In 3D it is becoming even more dif-
ficult. Some results on generation and proper refinements of nonobtuse tetrahedral
meshes are reported e.g. in [11] (see also [3]). But the only known positive (and
very recent results) on acute meshes are the acute face-to-face tetrahedralization of
the whole 3D Euclidean space [16], an infinite slab [6], some types of tetrahedra
and a regular octahedron [10], and a cube [10, 17]. It is worthto mention that the
last two works (the only relevant for real-life computations which are mostly done
in bounded domains) are published just in summer of 2009 ! Moreover, very many
acute tetrahedra are required to fill the cube by their constructions. In addition, the
generated tetrahedra are very densely placed in the interior of the cube which is not
so good for real computations as meshes used in practice should be dense mainly
in vertices and along edges. Concerning higher dimensions,the situation with acute
simplices is getting even more pessimistic. For example, itwas shown in [10, 13]
that the spaceRd (d ≥ 4) cannot (surprisingly !) be filled face-to-face by acute sim-
plices at all, which means that, in general, it is not possible to generate (reasonable
fine) acute simplicial meshes for most of domains in higher dimensions, even for
such simple as hypercubes.

In order to get more accurate FE approximations one needs to make various
(global and local refinements) of the meshes preserving the desired geometric prop-
erties. For example, a triangle can be split into four similar triangles using mid-
lines (2D red refinement) (and thus acuteness or nonobtuseness are preserved), but a
tetrahedron cannot be, in general, partitioned face-to-face into several similar tetra-
hedrons by similar technique. After cutting four vertices of the tetrahedron off (and
thus producing four similar tetrahedra), an interior octahedron remains, which can
be split into four tetrahedra in three different ways. And inmost of cases the result-
ing tetrahedra are not similar to the original one, moreover, the acuteness property
cannot be preserved in any case. In addition, all further refinements should be done
with a special care in order to avoid producing degeneratingsubtetrahedra, see [19]
for details. An alternative can be to use one of bisection algorithms, see e.g. [14] and
references therein, but just bisecting as such cannot obviously produce acute angles.
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As far it concerns local refinements, the only results in dimension 3 and higher are
known for nonobtuse simplicial partitions, see [1].

4.2 Block FE meshes (preserving the aspect ratio)

In the case of block elements global refinement is obvious. Further, one can perform
local refinements with or without hanging nodes [15]. However, local refinements
without hanging nodes require forced refinements far from the targeted area and,
moreover, elements with high aspect ratios are actually forming. Hanging nodes are
practically more demanding to use, but they overcome these difficulties. The advan-
tage is that the resulting meshes are nested and that the aspect ratio of subelements
remains unchanged. Let us remark that the sufficient geometric conditions for the
DMP are the same for meshes both with and without hanging nodes.

5 Conclusions

In 2D both triangular and rectangular meshes seem to be comparable in the sense
that generation and refinement of meshes yielding the DMP is well treatable in both
cases. Anyway, the triangles provide more flexibility for complicated domains (e.g.
for those having non-right corners). In higher dimension, block elements can be
recommended if the geometry of the domain allows them and if the DMP is not
an issue. In the opposite case, the simplices should be used,but then we face the
above described problems with mesh generation and local refinements constrained
by the dihedral angle conditions. These problems are sometimes treatable by path-
simplicial meshes, which guarantee the DMP at least for the Poisson problems.
In addition, the practical implementation of simplicial meshes is technically more
demanding than the implementation of the blocks. This fact must be weighted as
well. Let us remark that it is geometrically advantageous touse simplices and blocks
together in the hybrid meshes. However, from the point of theDMP the hybrid
meshes inherit the discussed disadvantages of all used types of elements. Moreover,
the practical implementation of hybrid meshes is technically very demanding. For
example, a 3D hybrid mesh with tetrahedra and rectangular cuboids requires also
right triangular prisms and pyramids to join the elements face-to-face [18]. The
DMP on prismatic meshes has been analyzed in [8]. However, upto the authors’
knowledge the DMP for pyramidal elements (and therefore on hybrid 3D meshes)
has not been analyzed yet.

Finally, it is interesting to mention that angle and aspect ratio conditions similar
to those we discussed above also appear in the analysis of theconvergence of FE
approximations [5].
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DISCRETE MAXIMUM PRINCIPLE
FOR HIGHER-ORDER FINITE ELEMENTS IN 1D

TOMÁŠ VEJCHODSKÝ AND PAVEL ŠOLÍN

Abstract. We formulate a sufficient condition on the mesh under which we
prove the discrete maximum principle (DMP) for the one-dimensional Poisson
equation with Dirichlet boundary conditions discretized by the hp-FEM. The
DMP holds if a relative length of every element K in the mesh is bounded by
a value H∗rel(p) ∈ [0.9, 1], where p ≥ 1 is the polynomial degree of the element
K. The values H∗rel(p) are calculated for 1 ≤ p ≤ 100.

1. Introduction

Classical (continuous) maximum principles belong to the most important results
in the theory of second-order partial differential equations (PDEs). Their discrete
counterparts, discrete maximum principles (DMP), appeared in the early 1970s.
They were used by various authors to prove the convergence of the lowest-order
finite difference and finite element methods (see, e.g., [3, 4] and the references
therein). DMP have been studied intensively during the past decades in the context
of linear PDEs [2, 8, 10, 17, 18, 20] and more recently also nonlinear equations [9].
Most of these results have two points in common:

• they are limited to lowest-order approximations,
• they are based on M -matrices [6, 16].

Much less is known about the DMP for methods of higher orders of accuracy such as
higher-order finite difference methods, spectral FEM, or hp-FEM. Let us mention,
e.g., a result [21] on higher-order collocation methods. Particularly noteworthy is a
negative result [7] from 1981 stating that a stronger DMP is not valid for cubic and
higher-order Lagrange elements in 2D. In the quadratic case, the stronger DMP
is valid under extremely restrictive assumptions on the mesh, which almost never
could be satisfied in practice. In light of this negative result, a few attempts were
made to formulate and prove weakened forms of the DMP (see, e.g., [11, 14]). The
present result is based on the analysis of the discrete Green’s function (DGF) for
higher-order elements. A similar concept was used in the piecewise-linear case in
[5].

The paper is organized as follows. In Section 2 we introduce the one-dimensional
Poisson problem, its hp-FEM discretization, and the discrete maximum principle.
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The discrete Green’s function along with its basic properties is discussed in Sec-
tion 3. In Section 4 we derive an explicit formula for the DGF for the Poisson
problem discretized by hp-FEM, which is used to find sufficient conditions for its
nonnegativity in Section 5. This leads to the notion of critical relative element
length H∗

rel. The main result is presented in Section 6.

2. Model problem and its discretization

We consider the one-dimensional Poisson equation with homogeneous Dirichlet
boundary conditions in an open bounded interval Ω = (α, β). The standard weak
formulation reads: Find u ∈ V = H1

0 (Ω) such that

(2.1) a(u, v) = (f, v) ∀v ∈ V,

where f ∈ L2(Ω), the symbol (·, ·) stands for the inner product in L2(Ω), H1
0 (Ω) is

the standard Sobolev space, and a(u, v) = (u′, v′).
We create a partition α = x0 < x1 < . . . < xM = β of the domain Ω consisting

of M elements Ki = [xi−1, xi], i = 1, 2, . . . , M . Every element Ki is assigned an
arbitrary polynomial degree pi ≥ 1. The corresponding finite element space of
piecewise-polynomial continuous functions Vhp ⊂ V has the form

Vhp = {vhp ∈ V ; vhp|Ki
∈ P pi(Ki), i = 1, 2, . . . , M} ,

where P pi(Ki) stands for the space of polynomials of degree at most pi on the
element Ki. The space Vhp has the dimension N = −1 +

∑M
i=1 pi. There exists a

unique function uhp ∈ Vhp satisfying

(2.2) a(uhp, vhp) = (f, vhp) ∀vhp ∈ Vhp.

Definition 2.1. We say that problem (2.2) satisfies the discrete maximum principle
(DMP) if for any right-hand side f ∈ L2(Ω) it holds that

f ≥ 0 a.e. in Ω ⇒ uhp ≥ 0 in Ω.

Remark 2.2. The above implication is equivalent to

f ≥ 0 a.e. in Ω ⇒ min
x∈Ω

uhp(x) = min
x∈∂Ω

uhp(x)

for homogeneous Dirichlet boundary conditions. This is further equivalent to

f ≤ 0 a.e. in Ω ⇒ max
x∈Ω

uhp(x) = max
x∈∂Ω

uhp(x).

Remark 2.3. In problem (2.2), homogeneous Dirichlet conditions are considered
without loss of generality. This follows immediately from the fact that every solu-
tion ûhp to a problem with nonhomogeneous Dirichlet boundary conditions can be
written as ûhp = uL

hp + uhp, where uL
hp is a linear function satisfying the nonhomo-

geneous conditions and uhp vanishes at Ω-endpoints.

3. Discrete Green’s function

The discrete Green’s function (DGF) is defined in analogy with the standard
(continuous) Green’s function:

Definition 3.1. For an arbitrary z ∈ Ω, the unique solution Ghp,z ∈ Vhp to the
problem

(3.1) a(vhp, Ghp,z) = vhp(z) ∀vhp ∈ Vhp

is called the discrete Green’s function (DGF) corresponding to the point z.
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In the following, we will use the notation Ghp(x, z) = Ghp,z(x). A combination
of (2.2) and (3.1) yields an important consequence:

(3.2) uhp(z) =
∫

Ω

Ghp(x, z)f(x) dx ∀z ∈ Ω.

The following lemma shows that the DGF can easily be expressed using any
basis of Vhp; cf. [5]. We use the Kronecker symbol

δik =
{ 1 for i = k,

0 for i �= k.

Lemma 3.2. Let {ϕ1, ϕ2, . . . , ϕN} be any basis of Vhp. If the stiffness matrix
Aij = a(ϕj , ϕi), 1 ≤ i, j ≤ N , is nonsingular, then

(3.3) Ghp(x, z) =
N∑

j=1

N∑
k=1

A−1
jk ϕk(x)ϕj(z).

Here A−1
jk are the entries of the inverse stiffness matrix, i.e.,

N∑
j=1

AijA
−1
jk = δik,

1 ≤ i, k ≤ N .

Proof. Substitute

(3.4) Ghp(x, z) =
N∑

i=1

ci(z)ϕi(x)

into (3.1) with vhp = ϕj . It follows that
N∑

i=1

ci(z) a(ϕj, ϕi)︸ ︷︷ ︸
Aij

= ϕj(z).

The coefficients ci(z) can be expressed in terms of the inverse matrix as ck(z) =∑N
j=1 ϕj(z)A−1

jk , and they can be substituted back into (3.4). �

Corollary 3.3. Let {l1, l2, · · · , lN} be a basis of Vhp such that a(li, lj) = δij. Then

Ghp(x, z) =
N∑

i=1

li(x)li(z).

Lemma 3.4. If there exists a basis {l1, l2, . . . , lN} of Vhp such that a(li, lj) = δij,
1 ≤ i, j ≤ N , then Ghp(x, x) > 0 for all x ∈ Ω.

Proof. Let x ∈ Ω. Since {l1, l2, . . . , lN} is a basis, there exists at least one k ∈
{1, 2, . . . , N} such that lk(x) �= 0. Hence, by Corollary 3.3

Ghp(x, x) =
N∑

i=1

l2i (x) > 0. �

Theorem 3.5. Problem (2.2) satisfies the discrete maximum principle if and only
if the corresponding discrete Green’s function Ghp(x, z) = Ghp,z(x) defined by (3.1)
is nonnegative in Ω2.

Proof. Immediate consequence of (3.2). �
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Remark 3.6. Results presented in this section are valid for any second-order elliptic
problem of the form (2.1) as well as in higher spatial dimensions.

4. DGF for Poisson problem in 1D

4.1. Lowest-order case. Consider the case p1 = p2 = . . . = pM = 1 first.
Let BL = {φ1, φ2, . . . , φM−1} be the standard lowest-order basis consisting of the
piecewise-linear “hat functions” such that φj(xi) = δij , 1 ≤ i, j ≤ M − 1. In this
case the stiffness matrix AL ∈ R(M−1)×(M−1) is tridiagonal,

AL
ij =

⎧⎪⎪⎨⎪⎪⎩
1/hi + 1/hi+1 for i = j,
−1/hi+1 for i = j − 1,
−1/hi−1 for i = j + 1,
0 otherwise,

with hi = xi − xi−1.

Lemma 4.1. The inverse matrix (AL)−1 ∈ R(M−1)×(M−1) has the form

(AL)−1 =
1

β − α

⎛⎜⎜⎜⎝
(x1 − α)(β − x1) (x1 − α)(β − x2) (x1 − α)(β − x3) . . .
(x1 − α)(β − x2) (x2 − α)(β − x2) (x2 − α)(β − x3) . . .
(x1 − α)(β − x3) (x2 − α)(β − x3) (x3 − α)(β − x3) . . .

...
...

...
. . .

⎞⎟⎟⎟⎠,

i.e., (AL)−1
ij = (xi − α)(β − xj)/(β − α) for 1 ≤ i ≤ j ≤ M − 1 and (AL)−1

ij =
(xj − α)(β − xi)/(β − α) for 1 ≤ j < i ≤ M − 1.

Proof 1. We need to show that zij = δij , where

zij =
M−1∑
k=1

(AL)−1
ik AL

kj =
M−1∑
k=1

(AL)−1
ik a(φj , φk),

for all i, j = 1, 2, . . . , M − 1. Let us fix i and j and consider the bilinear forms

a1(u, v) =
∫ xi

α

u′v′ dx and a2(u, v) =
∫ β

xi

u′v′ dx.

The explicit formulae for (AL)−1
ik yield

(β − α)zij = (β − xi)a
(
φj ,

i−1∑
k=1

(xk − α)φk

)
+ (xi − α)(β − xi)a(φj , φi)

+ (xi − α)a
(
φj ,

M−1∑
k=i+1

(β − xk)φk

)
.

Now, we split the term a(φj , φi) = a1(φj , φi) + a2(φj , φi) to obtain

(β − α)zij = (β − xi)a1(φj , x− α) + (xi − α)a2(φj , β − x).

The fact that a1(φj , β − x) = a2(φj , x− α) = δij finishes the proof. �

1The authors thank an anonymous referee for simplifying their original proof.



DMP FOR HIGHER-ORDER ELEMENTS IN 1D 1837

Figure 1. The lowest-order part GL
hp(x, z) of the discrete Green’s

function Ghp(x, z) for the Poisson equation in Ω = (−1, 1), on a
mesh with three elements [−1,−3/4], [−3/4, 0], and [0, 1].

Using Lemma 4.1 and identity (3.3), we can write the DGF in the form

GL
hp(x, z) =

1
β − α

(
M−1∑
i=1

(xi − α)(β − xi)φi(x)φi(z)(4.1)

+
M−2∑
i=1

M−1∑
j=i+1

(xi − α)(β − xj)[φi(x)φj(z) + φj(x)φi(z)]

⎞⎠ .

In particular, we see immediately that

(4.2) GL
hp(x, z) ≥ 0 ∀[x, z] ∈ Ω2.

The situation is illustrated in Figure 1.

4.2. Higher-order case. In this paragraph we return to the original setting with
arbitrary polynomial degrees pi ≥ 1. In order to facilitate the construction of
higher-order basis functions of the space Vhp, let us introduce the Lobatto shape
functions l0, l1, l2, . . . on a reference interval K̂ = [−1, 1] (see, e.g., [12, 15]).

The lowest-order Lobatto shape functions l0 and l1 have the form l0(ξ) =
(1− ξ)/2, l1(ξ) = (1 + ξ)/2, ξ ∈ K̂. The higher-order shape functions l2, l3, . . . are
defined as antiderivatives to the Legendre polynomials. Therefore, they satisfy∫ 1

−1

l′i(ξ)l
′
j(ξ) dξ = δij , i, j = 2, 3, . . . .
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Every Lobatto shape function li, i = 2, 3, . . . , is a polynomial of degree i and it
vanishes at ±1. Thus it can be expressed as

li(ξ) = l0(ξ)l1(ξ)κi(ξ), i = 2, 3, . . . ,

where κi is a polynomial of degree i− 2. For reference, the first few kernels κi are
listed in Appendix.

The basis B = {φ1, φ2, . . . , φN} of Vhp can be written as B = BL∪BB, where BL

was defined above and BB is the higher-order part of the basis comprising functions
φM , φM+1, . . . , φN . These are defined as follows.

Consider the standard linear transformations from K̂ to Ki,

(4.3) χKi
(ξ) =

(xi − xi−1)ξ + (xi + xi−1)
2

.

On an element Ki of the polynomial degree pi, there are pi − 1 higher-order basis
functions. These vanish outside of Ki and in Ki they are defined as the Lobatto
shape functions l2, l3, . . . , lpi

composed with the inverse map χ−1
Ki

(x).

Proposition 4.2. We have the following orthogonality relations:

a(φL, φB) = 0 ∀φL ∈ BL, ∀φB ∈ BB,

a(φB, ψB) = 0 ∀φB ∈ BB , ∀ψB ∈ BB, φB �= ψB.

Proof. The proof is straightforward, based on the L2-orthogonality of the Legendre
polynomials. �

By Proposition 4.2, both the stiffness matrix A and its inverse have the following
block structure:

A =
(

AL 0
0 D

)
, A−1 =

(
(AL)−1 0

0 D−1

)
with

(4.4) D = diag
( 2

h1
, . . . ,

2
h1︸ ︷︷ ︸

(p1−1) times

,
2
h2

, . . . ,
2
h2︸ ︷︷ ︸

(p2−1) times

, . . . ,
2

hM
, . . . ,

2
hM︸ ︷︷ ︸

(pM−1) times

)
.

By (3.3), the DGF can be written as

(4.5) Ghp(x, z) = GL
hp(x, z) + GB

hp(x, z),

where GL
hp(x, z) corresponds to (4.1) and

(4.6) GB
hp(x, z) =

N∑
k=M

D−1
kk φk(x)φk(z) ∀[x, z] ∈ Ω2.

Unfortunately, GB
hp(x, z) defined by (4.6) is not nonnegative in the entire Ω2 in

general. For instance, in the example shown in Figure 2, there are small regions
near the points [1, 0] and [0, 1], where the function GB

hp(x, z) is negative.
Notice that any partition of Ω produces a rectangular grid on Ω2 and that

GB
hp(x, z) can be nonzero within the diagonal squares of this grid only. In other

words,

(4.7) supp GB
hp ⊂

M⋃
i=1

K2
i .
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Figure 2. The higher-order part GB
hp(x, z) of the discrete Green’s

function Ghp(x, z) for the Poisson equation in Ω = (−1, 1), on a
mesh with three elements [−1,−3/4], [−3/4, 0], and [0, 1] of the
polynomial degrees p1 = 1, p2 = 2, p3 = 3.

Lemma 4.3. The discrete Green’s function Ghp defined by (4.5) is nonnegative in
Ω2 \⋃M

i=1 K2
i .

Proof. Consider (4.7) together with (4.2). �

5. The DGF on K2
i

As justified by Lemma 4.3, we only need to continue with the study of the discrete
Green’s function Ghp(x, z) in the union of the diagonal squares

⋃M
i=1 K2

i . Without
loss of generality, let us restrict ourselves to only one square K2

i , 1 ≤ i ≤ M . Let
p = pi be the polynomial degree assigned to Ki. Notice that only a few terms in
(4.1) and (4.6) are nonzero in K2

i . Hence, by (4.1), (4.4), and (4.6) we obtain

Ghp(x, z)
∣∣
K2

i
=

(xi − α)(β − xi)
β − α

φi(x)φi(z)

+
(xi−1 − α)(β − xi−1)

β − α
φi−1(x)φi−1(z)

+
(xi−1 − α)(β − xi)

β − α
[φi(x)φi−1(z) + φi−1(x)φi(z)](5.1)

+
xi − xi−1

2
GB

hp(x, z),

[x, z] ∈ K2
i , 1 ≤ i ≤ M . It is convenient to introduce the notation Ki = [xi−1, xi] =

[L, R].
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We transform the function Ghp from K2
i to the reference square K̂2 = [−1, 1]2

using the linear transformation (4.3) with x = χKi
(ξ) and z = χKi

(η),

Ghp(x, z)
∣∣
K2

i
= Ĝhp(ξ, η) =

(R− α)(β −R)
β − α

l1(ξ)l1(η)

+
(L− α)(β − L)

β − α
l0(ξ)l0(η)(5.2)

+
(L− α)(β −R)

β − α
[l1(ξ)l0(η) + l0(ξ)l1(η)]

+
R− L

2
Ĝp,B

hp (ξ, η),

[ξ, η] ∈ K̂2. Here l0(ξ) and l1(ξ) are the above-defined lowest-order shape functions
on K̂ and

(5.3) Ĝp,B
hp (ξ, η) =

p∑
k=2

lk(ξ)lk(η) = l0(ξ)l0(η)l1(ξ)l1(η)
p∑

k=2

κk(ξ)κk(η)

is the higher-order part.
Let us modify formula (5.2) in the following way: Divide (5.2) by R−L > 0 and

use the identities
(L− α)(β − L)
(β − α)(R− L)

=
(L− α)(β −R)
(β − α)(R− L)

+
L− α

β − α
,

(R− α)(β −R)
(β − α)(R− L)

=
(L− α)(β −R)
(β − α)(R− L)

+
β −R

β − α
,

and
l0(ξ)l0(η) + l1(ξ)l1(η) + l0(ξ)l1(η) + l1(ξ)l0(η) = 1 ∀[ξ, η] ∈ K̂2.

We obtain
Ĝhp(ξ, η)
R − L

=
(L− α)(β −R)
(β − α)(R− L)

+
L− α

β − α
l0(ξ)l0(η)(5.4)

+
β −R

β − α
l1(ξ)l1(η) +

1
2
Ĝp,B

hp (ξ, η).

The endpoints of Ki can be parameterized using the element length H = R − L
and a real parameter 0 ≤ t ≤ 1, so that L = α for t = 0 and R = β for t = 1:

L = (1− t)α + t(β −H),(5.5)

R = (1− t)(α + H) + tβ.(5.6)

Use (5.5) and (5.6), define relative element length Hrel by

Hrel =
H

β − α
,

and compute
L− α

β − α
=

t(β − α−H)
β − α

= t(1−Hrel),(5.7)

β −R

β − α
=

(1− t)(β − α−H)
β − α

= (1− t)(1−Hrel),(5.8)

(L− α)(β −R)
(β − α)(R− L)

=
t(1− t)(β − α−H)2

(β − α)H
= t(1− t)

(1−Hrel)2

Hrel
.(5.9)
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Substitute (5.7)–(5.9) into (5.4) to obtain

Ĝhp(ξ, η)
H

= t(1− t)
(1−Hrel)2

Hrel
+ t(1−Hrel)l0(ξ)l0(η)(5.10)

+(1− t)(1−Hrel)l1(ξ)l1(η) +
1
2
Ĝp,B

hp (ξ, η).

Finally, use the identity

Ĝp,B
hp (ξ, η) = tĜp,B

hp (ξ, η) + (1− t)Ĝp,B
hp (ξ, η),

substitute (5.3) into (5.10), and factor out l0(ξ)l0(η) and l1(ξ)l1(η):

Ĝhp(ξ, η)
H

= t(1− t)
(1−Hrel)2

Hrel
(5.11)

+ tl0(ξ)l0(η)

[
1−Hrel +

1
2
l1(ξ)l1(η)

p∑
k=2

κk(ξ)κk(η)

]

+ (1− t)l1(ξ)l1(η)

[
1−Hrel +

1
2
l0(ξ)l0(η)

p∑
k=2

κk(ξ)κk(η)

]
.

Indeed, the value t(1− t)(1−Hrel)2/Hrel is nonnegative for all t ∈ [0, 1] as well as
the values tl0(ξ)l0(η) and (1 − t)l1(ξ)l1(η), for all [ξ, η] ∈ K̂2. Hence, the discrete
Green’s function Ghp is nonnegative in K2

i if both expressions in the square brackets
in (5.11) are nonnegative. To see that they impose the same restriction on the
relative element length Hrel, let us introduce Lemma 5.1:

Lemma 5.1. It is true that

min
[ξ,η]∈K̂2

l0(ξ)l0(η)
p∑

k=2

κk(ξ)κk(η) = min
[ξ,η]∈K̂2

l1(ξ)l1(η)
p∑

k=2

κk(ξ)κk(η).

Proof. Using the definition of the functions κi, it is easy to see that κk(ξ) = κk(−ξ)
for k even and κk(ξ) = −κk(−ξ) for k odd. Therefore, κk(ξ)κk(η) = κk(−ξ)κk(−η)
for every k = 2, 3, . . . . Moreover, l0(ξ) = l1(−ξ), which yields

min
[ξ,η]∈K̂2

l0(ξ)l0(η)
p∑

k=2

κk(ξ)κk(η) = min
[ξ,η]∈K̂2

l1(−ξ)l1(−η)
p∑

k=2

κk(−ξ)κk(−η)

= min
[ξ,η]∈K̂2

l1(ξ)l1(η)
p∑

k=2

κk(ξ)κk(η). �

Relation (5.11) and Lemma 5.1 motivate the following definition:

Definition 5.2. By critical relative element length H∗
rel corresponding to a poly-

nomial degree p ≥ 2 we mean the value

H∗
rel(p) = 1 +

1
2

min
(ξ,η)∈K̂2

l0(ξ)l0(η)
p∑

k=2

κk(ξ)κk(η)

= 1 +
1
2

min
(ξ,η)∈K̂2

l1(ξ)l1(η)
p∑

k=2

κk(ξ)κk(η).(5.12)

For p = 1 we define H∗
rel = 1.
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Figure 3. Critical relative element lengths H∗
rel(p) for p =

1, 2, . . . , 100. Circles indicate the values for p odd and crosses in-
dicate the value for p even.

Theorem 5.3. If α ≤ L < R ≤ β and

(5.13)
R− L

β − α
≤ H∗

rel(p),

then the function Ĝhp(ξ, η) defined by (5.2) is nonnegative for all [ξ, η] ∈ K̂2 =
[−1, 1]2.

Proof. Apply (5.13) and the definition of H∗
rel(p) to infer

1−Hrel +
1
2
l1(ξ)l1(η)

p∑
k=2

κk(ξ)κk(η)

≥ 1−H∗
rel(p) +

1
2
l1(ξ)l1(η)

p∑
k=2

κk(ξ)κk(η) ≥ 0 ∀[ξ, η] ∈ K̂2.

Similarly,

1−Hrel +
1
2
l0(ξ)l0(η)

p∑
k=2

κk(ξ)κk(η) ≥ 0 ∀[ξ, η] ∈ K̂2.

Thus, all terms in (5.11) are nonnegative and we can conclude that

Ĝhp(ξ, η) ≥ 0 for all [ξ, η] ∈ K̂2. �

Computation of H∗
rel(p). In Table 1 we list the values of H∗

rel(p) for p=1, 2, . . . , 20.
The values of H∗

rel(p) for p = 1, 2, . . . , 100 are plotted in Figure 3. While the
values H∗

rel(p) for p = 1, 2, 3, 4 could be calculated analytically, results for p ≥ 5 are
numerical, obtained with high accuracy.
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Table 1. Critical relative element length H∗
rel(p) for p = 1, 2, 3, . . . , 20.

p H∗
rel(p) p H∗

rel(p) p H∗
rel(p) p H∗

rel(p)
1 1 6 1 11 0.953759 16 0.968695
2 1 7 0.935127 12 0.969485 17 0.967874
3 9/10 8 0.987060 13 0.959646 18 0.969629
4 1 9 0.945933 14 0.968378 19 0.970855
5 0.919731 10 0.973952 15 0.964221 20 0.970814

6. Main results

Let us summarize the conclusions of the previous analysis:

Theorem 6.1. If the partition α = x0 < x1 < . . . < xM = β of the domain
Ω = (α, β) satisfies the condition

(6.1)
xi − xi−1

β − α
≤ H∗

rel(pi) for all i = 1, 2, . . . , M,

where pi ≥ 1 is the polynomial degree assigned to the element Ki = [xi−1, xi], and
H∗

rel(pi) is defined by (5.12), then the problem (2.2) satisfies the discrete maximum
principle (i.e., uhp ≥ 0 in Ω for arbitrary f ∈ L2(Ω) which is nonnegative a.e. in
Ω).

Proof. Let Ki be any element. By (5.2), condition (6.1), and Theorem 5.3 it holds
that

Ghp(x, z)|K2
i

= Ghp(ξ, η) ≥ 0 for all [x, z] ∈ K2
i .

Thus, Ghp(x, z) ≥ 0 in
⋃M

i=1 K2
i . Lemma 4.3 implies that Ghp(x, z) ≥ 0 also in

Ω2 \⋃M
i=1 K2

i . Theorem 3.5 finishes the proof. �

Table 1 indicates that the restriction on the relative element length (xi −xi−1)/
(β − α) is strongest in the cubic case where H∗

rel = 9/10. Moreover, Figure 3
shows a steadily growing trend in H∗

rel for p ≥ 50. These observations motivate the
following conjecture:

Conjecture 6.2. If the partition α = x0 < x1 < . . . < xM = β of the domain
Ω = (α, β) satisfies the condition

xi − xi−1

β − α
≤ 9

10
for all i = 1, 2, . . . , M,

then problem (2.2) satisfies the discrete maximum principle (i.e., uhp ≥ 0 in Ω for
arbitrary f ∈ L2(Ω) which is nonnegative a.e. in Ω).

7. Possible generalizations

An analogous technique can be used to study problem (2.1) with mixed Dirichlet-
Neumann boundary conditions. Of course, the structure of the stiffness matrix
and the structure of the DGF are different, but analysis reveals that the quantity
H∗

rel(p) plays a central role again. Since H∗
rel(p) is nonnegative in this case (at least

for p ≤ 100), the DMP for problem (2.1) with mixed boundary conditions is valid
with no restricting conditions on the mesh or polynomial degrees of elements. More
details can be found in a recent report [19].
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Generalization of these results to problems with variable coefficients and to
higher-dimensional problems, however, will be more involved. In both of these
cases, higher-order shape functions are no longer orthogonal, which yields a non-
trivial cross term in the expression for the DGF. An analysis of this term will be
crucial to achieve any progress in this direction. The goal of the analysis is to infer
possibly simple conditions on the mesh and polynomial degrees of elements so that
the DMP is valid. To achieve this goal, new techniques for the analysis of the DGF
have to be developed.

The negative result from [7] does not imply that generalizations to 2D are im-
possible. This paper dealt with a stronger version of the DMP which required the
maximum principle to be valid in all subdomains. Basically, the paper showed that
the DMP for higher-order elements was not valid on vertex patches (patches of
elements surrounding mesh vertices). It seems that vertex patches simply are too
coarse for the DMP to be valid.

Another possibility would be to employ an idea from [1]2 to treat a class of 1D
problems with a variable coefficient

−(�(x)u′)′ = f, u(α) = u(β) = 0.

The idea would be to define new vertex functions to be piecewise-harmonic, such
that each φi, i = 1, 2, . . . , M − 1, solves

−(�(x)φ′i)
′ = 0 on (xi−1, xi), u(xi−1) = 0, u(xi) = 1,(7.1)

−(�(x)φ′i)
′ = 0 on (xi, xi+1), u(xi) = 1, u(xi+1) = 0.(7.2)

Such vertex functions, interestingly, would be orthogonal to bubble functions. How-
ever, the definition of the corresponding bubble functions and formulation of the
condition for the DMP to be valid need further research.

Appendix

The Lobatto shape functions are defined by

lj(ξ) =

√
2j − 1

2

∫ ξ

−1

Pj−1(x) dx, j = 2, 3, . . . ,

where Pj(x) = dj/dxj(x2 − 1)j/(2jj!) stands for the jth-degree Legendre polyno-
mial. The kernels are defined by κj(ξ) = lj(ξ)/(l0(ξ)l1(ξ)), where l0(ξ) = (1− ξ)/2,
l1(ξ) = (1+ξ)/2, and ξ ∈ [−1, 1]. These kernels can be generated by the recurrence

κj+2(ξ) =
√

2j + 1
√

2j + 3
j + 2

ξκj+1(ξ)− j − 1
j + 2

√
2j + 3
2j − 1

κj(ξ), j = 2, 3, . . . .

2We thank an anonymous referee for pointing this out.
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For reference, we list several kernel functions κi (see, e.g., Section 3.1 in [15] or
Section 1.2 in [13]):

κ2(ξ) = −
√

6,

κ3(ξ) = −
√

10ξ,

κ4(ξ) = −1
4

√
14(5ξ2 − 1),

κ5(ξ) = −3
4

√
2(7ξ2 − 3)ξ,

κ6(ξ) = −1
8

√
22(21ξ4 − 14ξ2 + 1),

κ7(ξ) = −1
8

√
26(33ξ4 − 30ξ2 + 5)ξ,

κ8(ξ) = − 1
64

√
30(429ξ6 − 495ξ4 + 135ξ2 − 5),

κ9(ξ) = − 1
64

√
34(715ξ6 − 1001ξ4 + 385ξ2 − 35)ξ,

κ10(ξ) = − 1
128

√
38(2431ξ8 − 4004ξ6 + 2002ξ4 − 308ξ2 + 7).
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Abstract. We present a proof of the discrete maximum principle (DMP) for the
1D Poisson equation −u′′= f equipped with mixed Dirichlet-Neumann boundary
conditions. The problem is discretized using finite elements of arbitrary lengths
and polynomial degrees (hp-FEM). We show that the DMP holds on all meshes
with no limitations to the sizes and polynomial degrees of the elements.
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1 Introduction

It is well known that the finite element solutions to elliptic and parabolic PDEs some-
times exhibit behavior which is incompatible with the corresponding maximum prin-
ciples and, consequently, incompatible with the underlying physics. Most frequently
this happens when a finite element mesh contains large dihedral angles, but also in
other situations. Discrete maximum principles (DMP) provide additional restrictions
on finite element meshes under which the maximum principles are preserved on the
discrete level.

Up to our knowledge the first DMP were introduced in the 1960s [16]. In the 1970s
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DMP were used to prove the convergence of finite differences and lowest-order fi-
nite element methods (see, e.g., [3, 4]). Nowadays the DMP play an important role in
computational PDEs by guaranteeing that approximation of physically nonnegative
quantities such as the density, temperature, concentration, or electric charge remains
nonnegative. Due to the difficulty of the topic, current research in the area of DMP al-
most exclusively deals with lowest-order elements (see, e.g., [2,7–10,17,18,20]). How-
ever, in the last decades, significant progress has been made in the development of
the hp-FEM (finite element methods with variable size and polynomial degree of el-
ements) and their applications to challenging large-scale problems in computational
science and engineering (see, e.g., [1,11,12,15]). These methods are substantially more
efficient compared to standard lowest-order schemes, and an increasing demand for
them implies a need for the corresponding generalizations of the DMP.

However, the generalization of the DMP to higher-order approximations is quite
demanding and there only are a few known results in this direction. We mention paper
[21] concerning the high-order collocation method and a negative result [6] showing
that a nonstandard version of DMP is not valid for quadratic and higher-order FEM
in 2D.

It was shown in [14] that the DMP cannot be extended from the lowest-order FEM
to hp-FEM in a straightforward manner, and a weak DMP was introduced. Recently,
a maximum principle for one-dimensional Poisson equation equipped with Dirichlet
boundary conditions and discretized by hp-FEM was presented in [19]. The result
was proved under a mild sufficient condition stating that the length of the longest
element in the mesh must be less than 90% of the length of the entire domain. In
this paper we investigate the case of mixed Neumann-Dirichlet boundary conditions.
using different analytical methods. Interestingly, it turns out that in this case, the DMP
holds true with no restrictions.

In general, the analysis of the DMP for mixed boundary conditions follows the
same steps as the analysis for the Dirichlet conditions presented in [19]. Nevertheless,
the stiffness matrices in both cases differ. Fortunately, even in the case of the mixed
boundary conditions there exists an explicit formula for entries of the inverse stiffness
matrix, see Lemma 4.1. Naturally, this formula differs from the case of the pure Dirich-
let conditions. Consequently, the corresponding discrete Green’s functions differ and,
hence, we had to develop a new proof of its nonnegativity in the case of the mixed
boundary conditions, see Section 5. Interestingly, the same quantity H∗

rel(p), where p
stands for the polynomial degree, plays the crucial role in both cases. However, this
role differs. While in the case of Dirichlet conditions the DMP is satisfied if the relative
length of all elements is at most H∗

rel(p), in the case of mixed conditions it suffices for
the validity of DMP to have H∗

rel(p)≥0.
Furthermore, the nature of the maximum principle for the Dirichlet and for the

mixed boundary conditions differs. In both cases the maximum principle is equivalent
to the conservation of nonnegativity, see Definitions 2.1-2.3. However, in the case of
Dirichlet conditions this equivalence is trivial and in the case of the mixed conditions
the maximum principle implies the conservation of nonnegativity in a nontrivial way.
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2 The model problem and its discretization

We solve the one dimensional Poisson equation with mixed Dirichlet-Neumann bound-
ary conditions,

−u′′ = f , in Ω,
u(α) = 0, u′(β) = g(β).

Here, Ω=(α, β)⊂R is an interval.
The corresponding weak formulation reads: Find u∈V such that

a(u, v) = ( f , v) + g(β)v(β), ∀v ∈ V, (2.1)

where V={v∈H1(Ω); v(α)=0}, f∈L2(Ω) is a right-hand side, g(β)∈R, (·, ·) stands for
an L2(Ω) inner product, and a(u, v)=(u′, v′).

In a standard way we create a partition α=x0<x1<. . .<xM=β of the domain Ω
consisting of M elements Ki=[xi−1, xi], i=1, 2, . . . , M. Every element Ki is assigned an
arbitrary polynomial degree pi≥1. The corresponding finite element space Vh⊂V of
piecewise-polynomial and continuous functions has the form

Vhp =
{

vhp ∈ V; vhp|Ki ∈ Ppi(Ki), i = 1, 2, . . . , M
}

.

Here Ppi(Ki) stands for the space of polynomials of degree at most pi on the element
Ki. The space Vhp has the dimension N = ∑M

i=1 pi. There exists a unique finite element
solution uhp∈Vhp satisfying

a(uhp, vhp) = ( f , vhp) + g(β)v(β), ∀vhp ∈ Vhp. (2.2)

Definition 2.1. Problem (2.2) satisfies the discrete maximum principle (DMP) if

f ≤ 0 a.e. in Ω and g(β) ≤ 0, ⇒ max
Ω

uhp = max
∂Ω

uhp,

where ∂Ω is the boundary of the domain Ω.

Definition 2.2. Problem (2.2) satisfies the discrete minimum principle if

f ≥ 0 a.e. in Ω and g(β) ≥ 0, ⇒ min
Ω

uhp = min
∂Ω

uhp.

Definition 2.3. Problem (2.2) conserves nonnegativity if

f ≥ 0 a.e. in Ω and g(β) ≥ 0, ⇒ uhp ≥ 0 in Ω.

Clearly, the discrete maximum and minimum principles are equivalent for prob-
lem (2.2). We will use this equivalence and the following lemma to prove the DMP
via conservation of nonnegativity.
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Lemma 2.1. If problem (2.2) conserves nonnegativity then it satisfies the discrete minimum
principle.

Proof. Since uhp≥0 in Ω and uhp(α)=0, we conclude min
∂Ω

uhp=0=min
Ω

uhp.

Remark 2.1. For the sake of simplicity, we formulated problem (2.2) with a homoge-
neous Dirichlet boundary condition u(α)=0. However, all results of this study hold
for a nonhomogeneous condition of the form u(α)=uα. Indeed, the Dirichlet lift is
constant in this case and every solution ûhp to problem (2.2) with nonhomogeneous
condition u(α)=uα can be decomposed to

ûhp = uα + uhp,

where uhp vanishes at the endpoint α.

Remark 2.2. The Neumann boundary condition at the point β can be replaced by the
more general Robin’s boundary condition

u′(β) + γu(β) = g(β), with γ ≥ 0.

The presented analysis can be generalized to this case as well.†

3 Discrete Green’s function

The discrete Green’s function (DGF) is defined in analogy to the standard Green’s
function:

Definition 3.1. For an arbitrary z∈Ω, the unique solution Ghp,z∈Vhp to the problem

a(vhp, Ghp,z) = vhp(z), ∀vhp ∈ Vhp, (3.1)

is called the discrete Green’s function (DGF) corresponding to the point z.

In the following, we will use the notation

Ghp(x, z) = Ghp,z(x), for (x, z) ∈ Ω
2
,

where Ω
2=Ω × Ω. A combination of (2.2) and (3.1) yields the so-called Kirchhoff-

Helmholtz representation

uhp(z) =
∫

Ω
Ghp(x, z) f (x) dx + g(β)Ghp(β, z), ∀z ∈ Ω. (3.2)

The following lemma shows that the DGF can easily be expressed using any basis
of Vhp, cf. [5]. We use the Kronecker symbol

δik =
{ 1 for i = k,

0 for i 6= k.

†We thank Sergey Korotov from the Helsinki University of Technology for pointing this out.
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Lemma 3.1. Let {ϕ1, ϕ2, . . . , ϕN} be a basis of Vhp. If the stiffness matrix Aij=a(ϕj, ϕi),
1≤i, j≤N is nonsingular, then

Ghp(x, z) =
N

∑
j=1

N

∑
k=1

A−1
jk ϕk(x)ϕj(z). (3.3)

Here, A−1
jk are the entries of the inverse stiffness matrix, i.e.,

N
∑

j=1
Aij A−1

jk = δik, 1 ≤ i, k ≤ N.

Proof. Substitute

Ghp(x, z) =
N

∑
i=1

ci(z)ϕi(x), (3.4)

into (3.1) with vhp=ϕj. It follows that

N

∑
i=1

ci(z) a(ϕj, ϕi)︸ ︷︷ ︸
Aij

= ϕj(z).

The coefficients ci(z) are expressed as ck(z)=∑N
j=1 ϕj(z)A−1

jk in terms of the inverse
matrix, and they are substituted back into (3.4). This finishes the proof.

Theorem 3.1. Problem (2.2) conserves nonnegativity if and only if the corresponding discrete
Green’s function Ghp(x, z)=Ghp,z(x) defined by (3.1) is nonnegative in Ω

2.

Proof. By (3.3), the discrete Green’s function Ghp(x, z) is continuous up to the
boundary of Ω. The rest follows immediately from (3.2).

This theorem is a useful tool for the analysis of discrete maximum principles. In
the rest of this paper we will show that the discrete Green’s function corresponding to
the problem (2.2) is nonnegative.

4 DGF for the model problem

4.1 Lowest-order case

In this section we will construct the DGF for problem (2.2). We begin with the case
p1=p2=. . .=pM=1. Let us define hi=xi − xi−1. By BL={φ1, φ2, . . . , φM}we denote the
standard lowest-order basis consisting of the piecewise-linear “hat functions” such
that φj(xi)=δij, 1 ≤ i, j ≤ M. In this case the stiffness matrix AL∈RM×M is tridiagonal,

AL
ij =


1/hi + 1/hi+1, for i = j < M,
1/hM, for i = j = M,
−1/hi+1, for i = j− 1,
−1/hi−1, for i = j + 1,
0, otherwise,

for i, j = 1, 2, . . . , M.
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Lemma 4.1. The inverse matrix (AL)−1 ∈ RM×M has the form

(AL)−1 =


x1 − α x1 − α x1 − α . . . x1 − α
x1 − α x2 − α x2 − α . . . x2 − α
x1 − α x2 − α x3 − α . . . x3 − α

...
...

...
. . .

...
x1 − α x2 − α x3 − α . . . xM − α

 ,

i.e., (AL)−1
ij =xi − α for 1≤i≤j≤M and (AL)−1

ij =xj − α for 1≤j<i≤M.

Proof. We want to show that zij=δij, where

zij =
M

∑
k=1

(AL)−1
ik AL

kj =
M

∑
k=1

(AL)−1
ik a(φj, φk),

for all i, j=1, 2, . . . , M. We fix i and j, and consider the bilinear forms

a1(u, v) =
∫ xi

α
u′v′ dx and a2(u, v) =

∫ β

xi

u′v′ dx.

We use the explicit formulae for (AL)−1
ik to get

zij = a
(

φj,
i−1

∑
k=1

(xk − α)φk

)
+ (xi − α)a(φj, φi) + (xi − α)a

(
φj,

M

∑
k=i+1

φk

)
.

Now, we split the term a(φj, φi)=a1(φj, φi) + a2(φj, φi) to obtain

zij = a1(φj, x− α) + (xi − α)a2(φj, 1) = a1(φj, x− α) = δij,

where the last equality follows from a straightforward simple computation.

–1 –0.5 0 0.5 1x
–1

0

1

z
0

0.5

1

1.5

2

Figure 1: The lowest-order part GL
hp(x, z)

of the discrete Green’s function Ghp(x, z)
for the Poisson equation with homogeneous
mixed boundary conditions in Ω=(−1, 1)
on a mesh with three elements [−1,−3/4],
[−3/4, 0], and [0, 1].
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Using Lemma 4.1 and identity (3.3), we can write the DGF in the form

GL
hp(x, z) =

M

∑
i=1

(xi − α)φi(x)φi(z)

+
M−1

∑
i=1

M

∑
j=i+1

(xi − α)[φi(x)φj(z) + φj(x)φi(z)]. (4.1)

In particular, we see immediately that

GL
hp(x, z) ≥ 0, ∀(x, z) ∈ Ω

2
. (4.2)

The situation is illustrated in Fig. 1.

4.2 Higher-order case

In this paragraph we return to the original setting with arbitrary polynomial degrees
pi≥1. In order to facilitate the construction of higher-order basis functions of the space
Vhp, let us introduce the Lobatto shape functions l0, l1, l2, . . . on a reference interval
K̂=[−1, 1], see, e.g., [12, 15] and (7.1) in Appendix.

The lowest-order Lobatto shape functions l0 and l1 have the form l0(ξ)=(1− ξ)/2,
l1(ξ)=(1 + ξ)/2, ξ∈K̂. The higher-order shape functions l2, l3, . . . are defined as an-
tiderivatives to the Legendre polynomials. Therefore, they satisfy∫ 1

−1
l′k(ξ)l′m(ξ) dξ = δkm, k, m = 2, 3, . . . .

Every Lobatto shape function lk, k=2, 3, . . . , is a polynomial of degree k and it vanishes
at ±1. Thus it can be expressed as

lk+2(ξ) = l0(ξ)l1(ξ)κk(ξ), k = 0, 1, 2, . . . ,

where κk is a polynomial of degree k. For reference, a first few kernels κk are listed in
Appendix.

The basis B={φ1, φ2, . . . , φN} of Vhp can be written as B=BL ∪ BB, where BL was
defined above and BB is the higher-order part of the basis comprising functions φM,
φM+1, . . . , φN . These are defined in a standard way as follows:

Consider the standard affine transformations of the reference element K̂ to an ele-
ment Ki=[xi−1, xi], i=1, 2, . . . , M,

χKi(ξ) =
(xi − xi−1)ξ + (xi + xi−1)

2
. (4.3)

On an element Ki of the polynomial degree pi, there are pi − 1 higher-order basis
functions. These vanish outside of Ki and in Ki they are defined as the Lobatto shape
functions l2, l3, . . . , lpi composed with the inverse map χ−1

Ki
(x).
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Lemma 4.2. We have the following orthogonality relations:

a(φL, φB) = 0, ∀φL ∈ BL, ∀φB ∈ BB,
a(φB, ψB) = 0, ∀φB ∈ BB, ∀ψB ∈ BB, φB 6= ψB.

Proof. The proof is straightforward, based on the L2-orthogonality of the Legendre
polynomials.

By Lemma 4.2, both the stiffness matrix A and its inverse have the following block
structure:

A =
(

AL 0
0 D

)
, A−1 =

(
(AL)−1 0

0 D−1

)
,

with
D = diag

( 2
h1

, . . . ,
2
h1︸ ︷︷ ︸

(p1−1) times

,
2
h2

, . . . ,
2
h2︸ ︷︷ ︸

(p2−1) times

, . . . ,
2

hM
, . . . ,

2
hM︸ ︷︷ ︸

(pM−1) times

)
. (4.4)

By (3.3), the DGF can be written as

Ghp(x, z) = GL
hp(x, z) + GB

hp(x, z), (4.5)

where GL
hp(x, z) corresponds to (4.1) and

GB
hp(x, z) =

N

∑
k=M

D−1
jj φj(x)φj(z), ∀(x, z) ∈ Ω

2
. (4.6)

Unfortunately, GB
hp(x, z) defined by (4.6) is not nonnegative in the entire Ω

2
in general.

For instance, in the example shown in Fig. 2, there are small regions near the points
(1, 0) and (0, 1), where the function GB

hp(x, z) is negative.

Notice that any partition of Ω produces a rectangular grid on Ω
2
, and that GB

hp(x, z)
can be nonzero within the diagonal squares of this grid only. In other words,

supp GB
hp ⊂

M⋃
i=1

K2
i . (4.7)

–1 –0.5 0 0.5 1x
–1

0

1

z0

0.04

0.08

0.12

0.16
Figure 2: The higher-order part GB

hp(x, z)
of the discrete Green’s function Ghp(x, z)
for the Poisson equation with homoge-
neous mixed boundary conditions in Ω =
(−1, 1), on a mesh with three elements
[−1,−3/4], [−3/4, 0], and [0, 1] of the
polynomial degrees p1=1, p2=2, p3=3.
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Lemma 4.3. The discrete Green’s function Ghp defined by (4.5) is nonnegative in Ω
2\⋃M

i=1 K2
i .

Proof. Considering (4.7) together with (4.2) leads to the conclusion.

5 The DGF on K2
i

As justified by Lemma 4.3, we only need to continue with the study of the discrete
Green’s function Ghp(x, z) in the union of the diagonal squares

⋃M
i=1 K2

i . Without loss
of generality, let us restrict ourselves to only one square K2

i , 1≤i≤M. Let p=pi be the
polynomial degree assigned to Ki. Notice that only a few terms in (4.1) and (4.6) are
nonzero in K2

i . Hence, by (4.1), (4.4), and (4.6) we obtain

Ghp(x, z)
∣∣
K2

i
= (xi − α)φi(x)φi(z) + (xi−1 − α)φi−1(x)φi−1(z)

+(xi−1 − α) [φi(x)φi−1(z) + φi−1(x)φi(z)]

+
xi − xi−1

2
GB

hp(x, z)|K2
i
, (5.1)

for (x, z)∈K2
i , 1≤i≤M. It is convenient to introduce the notation Ki=[xi−1, xi]=[L, R].

We transform the function Ghp from K2
i to the reference square K̂2=[−1, 1]2 using

the linear transformation (4.3) with x=χKi(ξ) and z=χKi(η),

Ghp(x, z)
∣∣
K2

i
= Ĝhp(ξ, η)

= (R− α)l1(ξ)l1(η) + (L− α)l0(ξ)l0(η)

+(L− α) [l1(ξ)l0(η) + l0(ξ)l1(η)] +
R− L

2
Ĝp,B

hp (ξ, η), (5.2)

for (ξ, η)∈K̂2. Here l0(ξ) and l1(ξ) are the above-defined lowest-order shape functions
on K̂ and

Ĝp,B
hp (ξ, η) =

p

∑
m=2

lm(ξ)lm(η) = l0(ξ)l0(η)l1(ξ)l1(η)
p−2

∑
k=0

κk(ξ)κk(η), (5.3)

is the higher-order part.
Let us modify formula (5.2) in the following way: Divide (5.2) by R − L>0 and

use the identities
R− α

R− L
=

L− α

R− L
+ 1,

and

l0(ξ)l0(η) + l1(ξ)l1(η) + l0(ξ)l1(η) + l1(ξ)l0(η) = 1, ∀(ξ, η) ∈ K̂2.

We obtain
Ĝhp(ξ, η)

R− L
=

L− α

R− L
+ l1(ξ)l1(η) +

1
2

Ĝp,B
hp (ξ, η). (5.4)
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Table 1: The quantity H∗
rel(p) for p = 1, 2, 3, . . . , 20.

p H∗
rel(p) p H∗

rel(p) p H∗
rel(p) p H∗

rel(p)
1 1 6 1 11 0.953759 16 0.968695
2 1 7 0.935127 12 0.969485 17 0.967874
3 9/10 8 0.987060 13 0.959646 18 0.969629
4 1 9 0.945933 14 0.968378 19 0.970855
5 0.919731 10 0.973952 15 0.964221 20 0.970814

Using (5.3), this formula can be reshaped into

Ĝhp(ξ, η)
R− L

=
L− α

R− L
+ l1(ξ)l1(η)

[
1 +

1
2

l0(ξ)l0(η)
p−2

∑
k=0

κk(ξ)κk(η)
]
. (5.5)

Clearly, (L− α)/(R− L)≥0 and l1(ξ)l1(η)≥0 in K̂2. It remains to verify nonnegativity
of the expression in the square brackets. For this reason we define

H∗
rel(p) = 1, for p = 1,

H∗
rel(p) = 1 +

1
2

min
(ξ,η)∈K̂2

l0(ξ)l0(η)
p−2

∑
k=0

κk(ξ)κk(η), for p ≥ 2.

Hence, if H∗
rel(p)≥0 then Ĝhp(ξ, η)≥0 in K̂2 by (5.5). Transforming (ξ, η) back to (x, z)

by (4.3), we obtain nonnegativity of Ghp(x, z) in K2
i , cf. (5.2), for all i=1, 2, . . . , M.

Thus, in view of Lemma 4.3 we showed that the discrete Green’s function Ghp(x, z)≥0

in Ω
2
, provided H∗

rel(pi)≥0 for all i=1, 2, . . . , M.

0 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90 95 100

0.9
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0.99

1

p

H
* re

l(p
)

Figure 3: The values H∗
rel(p) for p = 1, 2, . . . , 104. Circles indicate the values for p odd and crosses for p

even. The upper dotted line is a graph of 1 + 0.5 ln(1− 1/x) and the bottom line is a shift of this graph
by −0.01.

In [19] it was verified that H∗
rel(p)≥0 for 1≤p≤100. More precisely, the value of

H∗
rel(p) can be found analytically for 2≤p≤4. For 5≤p≤100, it needs to be computed
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numerically. As it is seen from Table 1 and Fig. 3, the smallest value of H∗
rel(p) is

for p=3 and it equals to 9/10. Thus, the crucial quantity H∗
rel(p) was checked to be

nonnegative for 1≤p≤100. This, consequently, shows nonnegativity of the discrete
Green’s function in Ω

2
and validity of the discrete maximum principle.

6 Main result

Let us summarize the conclusions of the previous analysis:

Theorem 6.1. Let α=x0<x1<. . .<xM=β be a partition of the domain Ω=(α, β) and let
pi≥1 be a polynomial degree assigned to the element Ki=[xi−1, xi], i=1, 2, . . . , M. If

H∗
rel(pi) ≥ 0 for all i = 1, 2, . . . , M, (6.1)

then problem (2.2) satisfies the discrete maximum principle

Proof. Let Ki be an element. By (5.2), (5.5), and (6.1) it holds

Ghp(x, z)|K2
i
= Ĝhp(ξ, η) ≥ 0

for all (x, z)∈K2
i with ξ=χ−1

Ki
(x) and η=χ−1

Ki
(z). Thus, Ghp(x, z)≥0 in

⋃M
i=1 K2

i . Lemma 4.3

implies that Ghp(x, z)≥0 also in Ω
2 \ ⋃M

i=1 K2
i . Theorem 3.1 and Lemma 2.1 finish the

proof.

The crucial condition (6.1) was verified analytically for p≤4, therefore Theorem 6.1
proves the discrete maximum principle for problem (2.2) for all meshes and arbitrary
polynomial degrees not exceeding 4. However, numerical calculations of H∗

rel(p) show
that the condition (6.1) is satisfied for 5≤p≤100 as well. Moreover, the steadily grow-
ing trend in H∗

rel for p≥50 observed in Fig. 3 motivates the following conjecture:

Conjecture 1. The problem (2.2) satisfies the discrete maximum principle for arbitrary par-
tition of the domain Ω=(α, β) and for arbitrary distribution of polynomial degrees.

7 Conclusions and further generalizations

We proved the DMP for the 1D Poisson problem solved by the sophisticated hp-
version of the FEM. The next natural step is to generalize this result for more general
problems in two (or more) dimensions.

Since the key ingredients (Lemma 3.1 and Theorem 3.1) are valid for arbitrary el-
liptic operator in arbitrary dimension, the presented approach can be, in principle,
extended to prove the DMP even in more general settings. However, the conditions
for the mesh and polynomial degrees which would guarantee the DMP are then more
difficult to find.
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More general operators, for example the diffusion-reaction operator, bring diffi-
culties such as (i) the non-existence of a simple formula for the inverse of the stiffness
matrix, cf. Lemma 4.1, and (ii) non-orthogonality of the bubble functions to the ver-
tex ones, cf. Lemma 4.2. These difficulties can be treated for instance in the following
way. In case (i) we have to find suitable lower bounds for the entries of the inverse
stiffness matrix. This can be done by analysing simplified meshes with a few elements
and showing that their refinement leads to an increase of nodal values of the discrete
Green’s function. Difficulty (ii) is not fundamental and it can be treated by orthogo-
nalization of the vertex functions with respect to bubbles (the concept of the discrete
minimum energy extensions).

With no doubts, the significance of the hp-FEM lies in 2D and 3D problems. When
extending the DMP results to higher-order methods in higher spatial dimensions, one
has to overcome not only the two difficulties mentioned above but also (iii) the pres-
ence of the edge (and face) basis functions. These basis functions make the process of
orthogonalization of the vertex functions to the other basis functions non-local which
makes the analysis more demanding but treatable.

The search for suitable conditions for more general and higher dimensional prob-
lems is a challenging task of high practical significance. Generalizations of the pre-
sented results are desirable because conditions guaranteeing the physical admissibil-
ity of hp-FEM approximations are valuable from the practical point of view, and they
are demanded from the engineering community.

Appendix

The Lobatto shape functions are defined by

lm(ξ) =

√
2m− 1

2

∫ ξ

−1
Pm−1(x) dx, m = 2, 3, . . . , (7.1)

where
Pm(x) = dm/dxm(x2 − 1)m/(2mm!),

stands for the mth-degree Legendre polynomial. The kernels are defined by

κk(ξ) = lk+2(ξ)/(l0(ξ)l1(ξ)), k = 0, 1, 2, . . . ,

where
l0(ξ) = (1− ξ)/2, l1(ξ) = (1 + ξ)/2, ξ ∈ [−1, 1].

These kernels can be generated by the recurrence

k + 4√
2k + 7

κk+2(ξ) =
√

2k + 5ξκk+1(ξ)− k + 1√
2k + 3

κk(ξ), k = 0, 1, 2, . . . .
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Interesting observation is that these kernels are scaled derivatives of Legendre poly-
nomials

κk(ξ) = −
√

8(2k + 3)
(k + 2)(k + 1)

P′k+1(ξ), k = 0, 1, 2, . . . .

Hence, they form a system of orthogonal polynomials with weight 1− ξ2 = 4l0(ξ)l1(ξ).
For reference, we list several kernel functions κk (see, e.g., Section 3.1 in [15] or Sec-
tion 1.2 in [13]):

κ0(ξ) = −
√

6, κ1(ξ) = −
√

10ξ,

κ2(ξ) = −1
4

√
14(5ξ2 − 1),

κ3(ξ) = −3
4

√
2(7ξ2 − 3)ξ,

κ4(ξ) = −1
8

√
22(21ξ4 − 14ξ2 + 1),

κ5(ξ) = −1
8

√
26(33ξ4 − 30ξ2 + 5)ξ,

κ6(ξ) = − 1
64

√
30(429ξ6 − 495ξ4 + 135ξ2 − 5),

κ7(ξ) = − 1
64

√
34(715ξ6 − 1001ξ4 + 385ξ2 − 35)ξ,

κ8(ξ) = − 1
128

√
38(2431ξ8 − 4004ξ6 + 2002ξ4 − 308ξ2 + 7).
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[12] P. ŠOLÍN, Partial Differential Equations and the Finite Element Method, J. Wiley & Sons,

Hoboken, NJ, 2006.
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Abstract — In this paper we prove the discrete maximum principle for a one-dimensional equation
of the form−(au′)′ = f with piecewise-constant coefficienta(x), discretized by thehp-FEM. The
discrete problem is transformed in such a way that the discontinuity of the coefficienta(x) disappears.
Existing results are then applied to obtain a condition on the mesh which guarantees the satisfaction of
the discrete maximum principle. Both Dirichlet and mixed Dirichlet–Neumann boundary conditions
are discussed.

Keywords: discrete maximum principle,hp-FEM, Poisson equation, piecewise-constant coefficients

1. Introduction

Discrete maximum principles (DMP) have been studied since the 1970s (see, e.g.,
[3,4] and the references therein). In particular, the maximum and comparison princi-
ples belong to the most important qualitative properties ofnumerical schemes. They
guarantee, for example, the nonnegativity of approximations of naturally nonnega-
tive quantities such as temperature, density, concentration, etc. When a numerical
method does not satisfy the DMP, it can happen that the resulting numerical solution
contradicts the physics. Therefore, the study of numericalmethods equipped with
discrete maximum principles became very popular during thelast years.

Absolute majority of results on DMP concern lowest-order, such as piecewise-
linear approximations [2,5,7–10,16,17,22]. Recent rapiddevelopment of higher-
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order methods, especiallyhp-FEM [1,11–13,15], leads to a question whether and
under which conditions the DMP can be extended to this type ofapproximations.
The answer to this question is difficult, since there is no simple condition for poly-
nomials to be nonnegative – in contrast to the lowest-order case. There are only a
few papers addressing DMP for higher-order approximations(see [6,21] and recent
results of the authors [14,18–20].

A particularly discouraging 2D result (see [6]) shows that astrongerDMP for
quadratic elements only is valid under prohibitively restrictive conditions on the
mesh and that for higher-order elements the stronger DMP is not valid at all. The
point is that the stronger DMP requires the maximum principle to be fulfilled on all
subdomains, particularly on patches sharing a common vertex. This requirement,
however, is too strong and its relaxation leaves space for investigation of a condition
for the mesh for the DMP on the whole domain.

Recently, discrete maximum principles for the Poisson equation in 1D, dis-
cretized byhp-FEM, were studied in [14,18–20]. The present paper generalizes
these results to the equation−(au′)′ = f , where the coefficienta(x) is assumed to be
discontinuous and piecewise-constant. We derive a sufficient condition on the mesh
that guarantees the DMP in the case of Dirichlet boundary conditions. This condi-
tion involves the coefficienta and it can be easily verified in an element-by-element
fashion. The case of mixed Dirichlet–Neumann boundary conditions is studied as
well, and it is shown that the DMP is valid on all meshes with arbitrary distribution
of polynomial degrees.

The scope of the paper is as follows: A model problem with piecewise-constant
coefficienta(x) and homogeneous Dirichlet boundary conditions is formulated in
Section 2. In Section 3 we transform this problem to a new one with a constant
coefficientã(x) = 1, so that its solution exactly coincides with the solution to the
original model problem. In Section 4 we infer a condition forDMP for the original
model problem. Finally, Section 5 discusses the case of mixed Dirichlet–Neumann
boundary conditions.

2. Model problem and its discretization

We solve the one-dimensional equation with homogeneous Dirichlet boundary con-
ditions

−(a(x)u(x)′)′ = f (x) in Ω
u(α) = u(β ) = 0

in an intervalΩ = (α ,β ) ⊂ R . The corresponding weak formulation reads: Find
u∈V such that

B(u,v) = ( f ,v)Ω ∀v∈V (2.1)
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whereV = H1
0(Ω) = {v ∈ H1(Ω) : v(α) = v(β ) = 0}, a ∈ L∞(Ω) is piecewise-

constant,f ∈ L2(Ω) is a right-hand side, and

( f ,v)Ω =
∫

Ω
f (x)v(x)dx, B(u,v) =

∫
Ω

a(x)u′(x)v′(x)dx.

As usual, we create a partitionα = x0 < x1 < · · · < xM = β of the domainΩ con-
sisting ofM elementsKi = [xi−1,xi ], i = 1,2, . . . ,M. Every elementKi is assigned
an arbitrary polynomial degreepi > 1. Moreover, we assume the piecewise-constant
coefficienta to be aligned with this partition. The corresponding finite element space
of continuous and piecewise-polynomial functionsVhp ⊂V has the form

Vhp =
{

vhp ∈V; vhp|Ki ∈ Ppi (Ki), i = 1,2, . . . ,M
}

.

HerePpi(Ki) stands for the space of polynomials of degree at mostpi on the element
Ki. The spaceVhp has the dimensionN = −1+ ∑M

i=1 pi. There exists a unique finite
element functionuhp ∈Vhp satisfying

B(uhp,vhp) = ( f ,vhp) ∀vhp ∈Vhp. (2.2)

3. Transformed problem

The coefficienta = a(x) is considered to be piecewise-constant with respect to the
partion ofΩ, i.e., there exist constantsai such that

a|Ki = ai , i = 1,2, . . . ,M.

We will transform the model problem (2.1) to a standard Poisson equation in a
different domainΩ̃ = (α̃ , β̃ ) and with a different right-hand side. The right-hand
side f̃ , the domainΩ̃, and the partition of̃Ω will be determined later. The Poisson
equation has the form

−ũ′′(x̃) = f̃ (x̃) in Ω̃
ũ(α̃) = ũ(β̃ ) = 0.

The weak formulation reads: Find ˜u∈ Ṽ such that

B̃(ũ, ṽ) = ( f̃ , ṽ)Ω̃ ∀ ṽ∈ Ṽ (3.1)

whereṼ = H1
0(Ω̃) = {ṽ∈ H1(Ω̃) : ṽ(α̃) = ṽ(β̃ ) = 0}, f̃ ∈ L2(Ω̃),

( f̃ , ṽ)Ω̃ =
∫

Ω̃
f̃ (x̃)ṽ(x̃)dx̃, B̃(ũ, ṽ) =

∫
Ω̃

ũ′(x̃)ṽ′(x̃)dx̃.

We construct a partitioñα = x̃0 < x̃1 < · · ·< x̃M = β̃ of the domainΩ̃ consisting of
M elementsK̃i = [x̃i−1, x̃i ], i = 1,2, . . . ,M. Every element̃Ki is assigned a polynomial
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degreepi > 1. Notice that the number of elements as well as the polynomial degrees
are exactly the same as for the original problem (2.2).

The corresponding finite element spaceṼhp ⊂ Ṽ is given by

Ṽhp =
{

ṽhp ∈ Ṽ; ṽhp|K̃i
∈ Ppi (K̃i), i = 1,2, . . . ,M

}
.

Clearly, dimṼhp = dimVhp = N. Finally, the finite element solution ˜uhp ∈ Ṽhp to
problem (3.1) is uniquely given by requirement

B̃(ũhp, ṽhp) = ( f̃ , ṽhp)Ω̃ ∀ ṽhp ∈ Ṽhp. (3.2)

Now let us link the discrete problem (2.2) to the discrete Poisson problem (3.2).
There is a single degree of freedom which is the left endpointα̃ ∈ R, all remaining
data to problem (3.2) are uniquely determined by the data to the original problem
(2.2). First let us define the lengths of the new elements,

h̃i = hi/ai , i = 1,2, . . . ,M (3.3)

wherehi = xi −xi−1. The points of the new partition of̃Ω are given by

x̃i = α̃ +
i

∑
k=1

h̃k, i = 1,2, . . . ,M.

Moreover, we put ˜x0 = α̃ and β̃ = x̃M. For future reference let us define affine
transformations of elementsKi to elementsK̃i by

ηi(x) =
h̃i

hi
(x−xi−1)+ x̃i−1, i = 1,2, . . . ,M. (3.4)

Finally, the right-hand side to the transformed problem (3.2) is defined in an
element-by-element fashion as

f̃ (x̃)|K̃i
= ai f (x)|Ki

wherex = η−1
i (x̃), i = 1,2, . . . ,M.

Our subsequent results are based on the following Lemma 3.1 and Theorem 3.1.

Lemma 3.1. Let u,v∈ H1(Ω) andũ, ṽ∈ H1(Ω̃) be functions satisfying

u(x)|Ki = ũ(x̃)|K̃i
, v(x)|Ki = ṽ(x̃)|K̃i

wherex̃ = ηi(x) and i= 1,2, . . . ,M. Then

B(u,v) = B̃(ũ, ṽ), ( f ,v)Ω = ( f̃ , ṽ)Ω̃.
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Proof. Let us calculate

B(u,v) =
M

∑
i=1

ai

∫
Ki

u′(x)v′(x)dx =
M

∑
i=1

ai
h̃i

hi

∫
K̃i

ũ′(x̃)ṽ′(x̃)dx̃ = B̃(ũ, ṽ)

where we have used (3.4) for the substitution in the integral. Similarly,

( f ,v)Ω =
M

∑
i=1

∫
Ki

f (x)v(x)dx=
M

∑
i=1

hi

h̃i

1
ai

∫
K̃i

f̃ (x̃)ṽ(x̃)dx̃= ( f̃ , ṽ)Ω̃. �

Theorem 3.1. Let uhp andũhp be solutions to problems(2.2)and(3.2), respec-
tively. Then

uhp(x)|Ki = ũhp(x̃)|K̃i
(3.5)

wherex̃ = ηi(x) and i= 1,2, . . . ,M.

Proof. Let uhp ∈Vhp be the unique solution to (2.2). Let us use the transforma-
tions (3.4) to define ˜u∗hp ∈ Ṽhp as

ũ∗hp(x̃)|K̃i
= uhp(x)|Ki

wherex = η−1
i (x̃) andi = 1,2, . . . ,M. Further, let ˜vhp ∈ Ṽhp be arbitrary. Similarly,

we definevhp ∈Vhp by
vhp(x)|Ki = ṽhp(x̃)|K̃i

wherex̃ = ηi(x) andi = 1,2, . . . ,M.
Now Lemma 3.1 and equality (2.2) imply

B̃(ũ∗hp, ṽhp) = B(uhp,vhp) = ( f ,vhp)Ω = ( f̃ , ṽhp)Ω̃.

Thus, ũ∗hp ∈ Ṽhp satisfies (3.2) for all ˜vhp ∈ Ṽhp. Since the solution ˜uhp ∈ Ṽhp to
problem (3.2) is unique, we have ˜u∗hp = ũhp and the proof is finished. �

4. Discrete maximum principle

In this section we will use existing results for the Poisson equation to infer a condi-
tion for the discrete maximum principle for the original problem (2.2). First let us
recall the definition of the discrete maximum principle:

Definition 4.1. Problem (2.2) satisfies theDiscrete Maximum Principle(DMP)
if

f 6 0 a.e. inΩ =⇒ max
Ω

uhp = max
∂Ω

uhp

where∂Ω is the boundary of the domainΩ.
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Table 1.
The values ofH∗

rel(p) for p = 1,2,3, . . . ,20.

p H∗
rel(p) p H∗

rel(p) p H∗
rel(p) p H∗

rel(p)

1 1 6 1 11 0.953759 16 0.968695
2 1 7 0.935127 12 0.969485 17 0.967874
3 9/10 8 0.987060 13 0.959646 18 0.969629
4 1 9 0.945933 14 0.968378 19 0.970855
5 0.919731 10 0.973952 15 0.964221 20 0.970814

Let us define a fundamental quantityH∗
rel(p):

H∗
rel(p) = 1 for p = 1

H∗
rel(p) = 1+

1
2

min
(ξ ,η)∈[−1,1]2

l0(ξ )l0(η)
p

∑
k=2

κk(ξ )κk(η) for p > 2.

Here,l0(ξ ) = (1−ξ )/2 and

κk(ξ ) =

√
2k−1

2
4

k(1−k)
P′

k−1(ξ )

wherePk(ξ ) stand for the Legendre polynomials of degreek. See Table 1 for values
of H∗

rel(p) for 16 p6 20. The values ofH∗
rel(p) up top= 100 are depicted in Fig. 1.

Notice that the smallest value forp 6 100 is 9/10. This value can be calculated
analytically.

Theorem 4.1. Letα̃ = x̃0 < x̃1 < · · ·< x̃M = β̃ be a partition of the domaiñΩ =
(α̃ , β̃ ) and let pi > 1 be polynomial degrees assigned to the elementsK̃i = [x̃i−1, x̃i ],
i = 1,2, . . . ,M. If

x̃i − x̃i−1

β̃ − α̃
6 H∗

rel(pi), i = 1,2, . . . ,M (4.1)

then problem(3.2)satisfies the discrete maximum principle.

Proof. This result is completely proven in [18]. For the readers’ convenience
we sketch the main ideas.

The discrete Green’s functioñGhp,ỹ ∈ Ṽhp, ỹ ∈ Ω̃, corresponding to problem
(3.2) is defined in a standard way as the unique solution to

B̃(ṽhp,G̃hp,ỹ) = ṽhp(ỹ) ∀ ṽhp ∈ Ṽhp.

We use notatioñGhp(x̃, ỹ) = G̃hp,ỹ(x̃), where(x̃, ỹ)∈ Ω̃
2
. The classical representation

formula
ũhp(ỹ) =

∫
Ω̃

G̃hp(x̃, ỹ) f̃ (ỹ)dx̃
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Figure 1. The values ofH∗
rel(p) for p = 1,2, . . . ,100. Circles and crosses indicate the odd and even

values ofp, respectively.

proves that the nonnegativity of̃Ghp in Ω̃
2

is equivalent to the discrete compari-
son principle which is further equivalent to the DMP. We recall that the discrete
comparison principle for problem (3.2) states that anyf̃ > 0 impliesũhp > 0.

To prove the nonnegativity of the discrete Green’s functionwe reveal thatG̃hp
can be expressed as

G̃hp(x̃, ỹ) =
N

∑
i=1

N

∑
j=1

Ã−1
i j ϕ̃i(x̃)ϕ̃ j(ỹ)

whereϕ̃i , i = 1,2, . . . ,N, form a basis inṼhp, Ãi j = B̃(ϕ̃ j , ϕ̃i) denote entries of the
stiffness matrix andÃ−1

i j stand for entries of its inverse. In the case of 1D Pois-
son equation, the entries of the inverse stiffness matrix can be expressed explicitly.
Moreover the orthogonality (in the energy sense) of the piecewise linear basis func-
tions to the higher order basis functions enables to split the discrete Green’s function
G̃hp into the linear and higher order parts̃Ghp = G̃L

hp+ G̃B
hp. While the linear part

G̃L
hp is nonnegative by a standard argument, the higher order partG̃B

hp is not nonneg-
ative for most polynomial degrees. Finally, a detailed and technically demanding
analysis ofG̃L

hp andG̃B
hp reveals that under condition (4.1) the linear part overcomes

the higher order part and the discrete Green’s function is nonnegative. �

We propose to generalize condition (4.1) to problems with a piecewise-constant
coefficienta(x) in the following way.
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Theorem 4.2. Let α = x0 < x1 < · · · < xM = β be a partition of the domain
Ω = (α ,β ), let pi > 1 be polynomial degrees assigned to the elements Ki = [xi−1,xi ],
let hi = xi −xi−1, and let ai stand for the constant values of a in Ki, i = 1,2, . . . ,M.
If

hi

ai
M
∑

k=1

hk

ak

6 H∗
rel(pi), i = 1,2, . . . ,M (4.2)

then problem(2.2)satisfies the discrete maximum principle.

Proof. This is a simple consequence of (3.3) and Theorems 3.1 and 4.1. �

Note that condition (4.2) can easily be verified in an element-by-element fashion
and that it can be written in a simple way using the notation from Section 3:

h̃i

β̃ − α̃
6 H∗

rel(pi), i = 1,2, . . . ,M.

5. Mixed boundary conditions

Next let us consider the problem from Section 2, equipped with a Neumann bound-
ary condition atβ :

−(a(x)u(x)′)′ = f (x) in Ω
u(α) = 0

u′(β ) = g(β ).

The weak formulation reads: Findu∈V such that

B(u,v) = ( f ,v)Ω +g(β )v(β ) ∀v∈V (5.1)

whereV = {v ∈ H1(Ω) : v(α) = 0}, a ∈ L∞(Ω) is piecewise-constant, andf ∈
L2(Ω).

We proceed analogously to Section 2 to obtain the finite element solutionuhp ∈
Vhp,

B(uhp,vhp) = ( f ,vhp)Ω +g(β )v(β ) ∀vhp ∈Vhp. (5.2)

Now the dimension of the spaceVhp ⊂ V is greater by one compared to the space
Vhp which was defined in Section 2. The original problem is transformed similarly
to what was done in Section 3. The Neumann boundary data for the new problem
are the same as for the original problem, i.e.,

g̃(β̃ ) = g(β ).
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Clearly, it follows from Lemma 3.1 that

( f ,v)Ω +g(β )v(β ) = ( f̃ , ṽ)Ω̃ + g̃(β̃ )ṽ(β̃ )

for v(x)|Ki = ṽ(x̃)|K̃i
, where ˜x = ηk(x) and k = 1,2, . . . ,M. Thus, analogously to

Theorem 3.1 we obtain
uhp(x)|Ki = ũhp(x̃)|K̃i

.

The Neumann datag(β ) as well as the right-hand sidef enter the definition of
the discrete maximum principle for problem (5.2).

Definition 5.1. Problem (5.2) satisfies thediscrete maximum principleif

f 6 0 a.e. inΩ andg(β ) 6 0 =⇒ max
Ω

uhp = max
∂Ω

uhp.

It was proven in [19] that the Poisson equation with mixed boundary conditions
satisfies the DMP if

H∗
rel(pi) > 0, i = 1,2, . . . ,M. (5.3)

This condition is problem-independent. Since the discretesolution to the trans-
formed problem is equal to the discrete solution to the problem with piecewise-
constant coefficient, we conclude that the DMP is valid for problem (5.2).

Theorem 5.1. If condition (5.3) is satisfied, then problem(5.2) with mixed
boundary conditions and piecewise-constant coefficient a(x) satisfies the discrete
maximum principle.

Condition (5.3) is satisfied at least for allp 6 100 (see Table 1 and Fig. 1).
Hence, the discrete maximum principle for 1D problems of type (5.1) with mixed
boundary conditions and with piecewise-constant coefficient a(x) is satisfied on ar-
bitrary meshes and with arbitrary distribution of polynomial degrees (not exceeding
100).

Remark 5.1. Above, homogeneous Dirichlet boundary conditions were consid-
ered for simplicity only. The result on the DMP holds for nonhomogeneous condi-
tions as well. Indeed, we always can consider a harmonic Dirichlet lift γ satisfying
general Dirichlet boundary conditions and−(a(x)γ ′(x))′ = 0. To obtain the solu-
tion ûhp to the problem with general Dirichlet boundary conditions,we just add this
lift to the solutionuhp with homogeneous Dirichlet conditions, i.e., ˆuhp = γ + uhp.
Notice that the liftγ satisfies the classical maximum principle. Thus, in the caseof
general Dirichlet boundary conditions, we haveuhp = 0 on∂Ω and

max
Ω

(uhp+ γ) 6 max
Ω

uhp+max
Ω

γ = max
∂Ω

uhp+max
∂Ω

γ = max
∂Ω

(uhp+ γ).

Hence, the solution ˆuhp satisfies the DMP.
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Moreover, in the piecewise-constant coefficient case, the lift γ is piecewise-
linear and continuous, and it can be expressed explicitly as

γ(x) = C1

∫ x

α
1/a(s)ds+C2

= C1

[ i−1

∑
k=1

hk

ak
+

x−xi−1

ai

]
+C2, x∈ Ki, i = 1,2, . . . ,M

whereC1 andC2 are integration constants to be determined from the boundary con-
ditions. If a Dirichlet condition is prescribed at the left endpoint, i.e., ˆuhp(α) = gα ,
thenC2=gα . Similarly, condition ˆuhp(β )=gβ impliesC1=(gβ−gα)/

(
∑M

k=1hk/ak
)
.

For the case of mixed boundary conditions, the Dirichlet lift is constant, i.e.,γ = gα .
This follows from the requirementγ ′(β ) = 0 which impliesC1 = 0. Since the lift
γ is constant, we conclude that the DMP is valid even for the case of mixed and
nonhomogeneous boundary conditions.

Remark 5.2. The long term goal is to generalize the 1D results to higher space
dimension. This is, however, a very demanding task. According to the authors’
knowledge there is no 2D nor 3D positive result for DMP for higher order FEM
available, yet. It is surprising, since the problematics ofDMP already is studied for
several decades and numerical results indicate that the DMPis satisfied provided the
mesh is reasonably fine. Nevertheless, the general framework of the discrete Green’s
function suggested in this paper can well be used in higher space dimension, too.

We identify the following two points of the 1D proof that are not available in
higher space dimension. First, the vertex basis functions are not orthogonal (in the
energy sense) to the higher order basis functions in general. Second, there is no hope
to compute explicitly the entries of the inverse stiffness.

To overcome the fist point, we can modify the vertex functionsby suitable com-
bination of the higher order basis functions in such a way that the modified vertex
functions are orthogonal to the higher order functions. These modified vertex func-
tions are supported in the whole domainΩ and under suitable conditions on the
mesh they stay nonnegative. Interestingly enough, under further conditions on the
mesh the stiffness matrix corresponding to the modified vertex functions will be
M-matrix and hence it will have nonnegative inverse. Moreover the theory of M-
matrices enables to estimate the entries of the inverse to anM-matrix from below
which is sufficient to overcome the second point.
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6. W. Höhn and H. D. Mittelmann, Some remarks on the discretemaximum principle for finite ele-
ments of higher-order.Computing(1981)27, 145 – 154.
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that the DMP is satisfied if the lengths h of all elements are shorter then one-third of the
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1. Introduction

The standard (continuous) maximum principles for elliptic and parabolic problems, in particular, guarantee the nonnega-
tivity of the solution provided that the data are nonnegative. This is especially important if naturally nonnegative quantities
like temperature, concentration, density, etc., are modelled. It is an important question whether the discretization of these
problems satisfies the discrete maximum principle (DMP) as well, or, equivalently, if the resulting discrete solution is guar-
anteed to be nonnegative provided the data are nonnegative.

Unfortunately, the standard methods, e.g., the finite element methods, do not satisfy the DMP in general. Therefore,
additional conditions for the validity of the DMP are proposed and studied. Up to the author’s knowledge the paper of Varga
[16] from 1966 was the first paper about the DMP. Since then many other papers about the DMP for various problems and
various discretizations were published [3,4,7,8,12,21].

Interestingly, the majority of the published works deal with the lowest-order approximations only. The results about the
DMP for higher-order approximations are scarce, see [1,11,22] and the recent works of the author and his coauthors [17,19].
In [17] we deal with the 1D Poisson problem. The current paper generalizes this result to the 1D diffusion–reaction problem
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discretized by higher-order finite elements. In particular, these results are suitable for the hp-version of the finite element
method (hp-FEM), see e.g. [18], because various polynomial degrees in different elements are allowed.

The generalization of the higher-order DMP from the Poisson problem to the diffusion–reaction problem is not straight-
forward. Many technical problems have to be overcome and new approaches introduced. For illustration let us mention that
in contrast to the Poisson problem the bubble (interior) basis functions are not orthogonal to the vertex functions in the
diffusion–reaction case, there is no explicit formula for the inverse of the stiffness matrix, the reaction coefficient κ2 is a
new free parameter, etc. Even for the lowest-order approximations, DMPs for diffusion–reaction problems were only treated
very recently [2,9].

The paper is organized as follows. Section 2 introduces the diffusion–reaction problem and briefly describes its discretiza-
tion by the hp-FEM. In Section 3 the discrete maximum principle is defined and its relation to the discrete Green’s function
[5,6] is explained. The useful concept of discrete minimum energy extensions is introduced in Section 4 and it is used in
Section 5 to define suitable basis functions for the higher-order finite element space. The splitting of the discrete Green’s
function to the vertex and bubble part is shown in Section 6 together with the proof of the nonnegativity of the vertex part.
Section 7 analyzes the influence of the bubble part to the nonnegativity of the discrete Green’s function in several steps.
Sufficient conditions for the DMP are presented here. Section 8 comments the technical assumptions and their verification.
The computer was used to verify nonnegativity of certain rational functions on an interval. The final conclusions are drawn
in Section 9.

2. The problem and its discretization

Let us consider an open interval Ω ⊂ R, Ω = (aΩ,bΩ), and the 1D reaction–diffusion problem with the homogeneous
Dirichlet boundary conditions

−u′′ + κ2u = f in Ω, u(aΩ) = u(bΩ) = 0, (1)

where the reaction coefficient κ � 0 is assumed to be constant and the right-hand side f to be square integrable. The
standard maximum principle for this problem is equivalent to the so-called conservation of nonnegativity

f � 0 ⇒ u � 0.

In what follows, we will study an analogue of this implication for the discrete solution obtained by the hp-FEM.
Let aΩ = x0 < x1 < · · · < xM+1 = bΩ be a partition of the interval Ω = (aΩ,bΩ). Consider M + 1 � 2 finite elements

Kk = [xk−1, xk] with lengths hKk = xk − xk−1, k = 1,2, . . . , M + 1. In the sequel, we will often omit the subscript Kk and
we will simply use h for hKk . The set Thp = {Kk, k = 1,2, . . . , M + 1} is referred as the (finite element) mesh. Further, we
consider an arbitrary distribution of polynomial degrees pK assigned to the elements K ∈ Thp . The corresponding hp-FEM
space Vhp is defined as follows

Vhp = {
vhp ∈ H1

0(Ω): vhp|K ∈ P pK (K ), K ∈ Thp
}
, (2)

where H1
0(Ω) is the standard Sobolev space of functions from L2(Ω) with the generalized derivatives in L2(Ω) which vanish

on the boundary. The space P pK (K ) contains polynomials of degree at most pK � 1 in the interval K . The hp-FEM solution
uhp ∈ Vhp of problem (1) is defined by

a(uhp, vhp) = F (vhp) ∀vhp ∈ Vhp, (3)

where a(u, v) = (u′, v ′)Ω +κ2(u, v)Ω , F (v) = ( f , v)Ω , and (u, v)Ω = ∫
Ω

uv dx denotes the L2(Ω) inner product. Notice that
there exists a unique solution uhp ∈ Vhp to problem (3).

3. Discrete maximum principle and the discrete Green’s function

Definition 3.1. Let Vhp given by (2) be the hp-FEM space based on the mesh Thp and on the polynomial degrees pK , K ∈ Thp .
We say that approximate problem (3) satisfies the discrete maximum principle (DMP) if

max
Ω

uhp = max
∂Ω

uhp = 0 for all f ∈ L2(Ω), f � 0 a.e. in Ω. (4)

Notice that requirement (4) is equivalent to

uhp � 0 for all f ∈ L2(Ω), f � 0 a.e. in Ω. (5)

This DMP is also equivalent to the nonnegativity of the discrete Green’s function Ghp , see Theorem 3.2 below.
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Definition 3.2. Let y ∈ Ω and let Ghp,y ∈ Vhp be the unique solution of the problem

a(whp, Ghp,y) = δy(whp) = whp(y) ∀whp ∈ Vhp . (6)

The function Ghp(x, y) = Ghp,y(x), (x, y) ∈ Ω2, is called the discrete Green’s function (DGF).

A combination of (3) and (6) yields the discrete Kirchhoff–Helmholtz representation formula

uhp(y) =
∫
Ω

Ghp(x, y) f (x)dx, y ∈ Ω. (7)

Interestingly, the DGF can be explicitly expressed in terms of a basis of Vhp .

Theorem 3.1. Let ϕ1,ϕ2, . . . , ϕN be a basis in Vhp and let A ∈ RN×N be the stiffness matrix with entries Ai j = a(ϕi,ϕ j), i, j =
1,2, . . . , N. Then

Ghp(x, y) =
N∑

i=1

N∑
j=1

(
A−1)

i jϕi(x)ϕ j(y), (8)

where (A−1)i j are the entries of the inverse matrix to A.

Proof. See [17]. �
Consequently, Theorem 3.1 and the symmetry of the bilinear form a(·,·) imply Ghp(x, y) = Ghp(y, x). Notice that Ghp,x =

Ghp(x, ·) ∈ Vhp .

Theorem 3.2. Problem (3) satisfies the DMP if and only if Ghp(x, y) � 0 for all (x, y) ∈ Ω2 .

Proof. Immediate consequence of (7). See [17]. �
Thus, our goal is to prove the nonnegativity of Ghp in Ω2. To this end, we will use (8). First, in Section 5, a suitable basis

of Vhp will be constructed. For this purpose we will utilize the concept of the discrete minimum energy extensions which
will be described in Section 4. The analysis of the nonnegativity of Ghp will be postponed to the subsequent sections.

4. Discrete minimum energy extensions

Let us consider a splitting of the space Vhp into a direct sum of two nontrivial subspaces Vhp = V ∗
hp ⊕ V #

hp . The discrete

minimum energy extension ψme ∈ Vhp of a function ψ∗ ∈ V ∗
hp with respect to V #

hp is uniquely defined as

ψme = ψ∗ − ψ#,

where ψ# ∈ V #
hp is the elliptic projection of ψ∗ into V #

hp , i.e.,

0 = a
(
ψme, v#) = a

(
ψ∗ − ψ#, v#)

for all v# ∈ V #
hp . (9)

Equally well, ψme is the component of ψ∗ a-orthogonal to V #
hp . Definition (9) implies inequality ‖ψme‖ � ‖ψ∗ + v#‖ for

all v# ∈ V #
hp , where ‖v‖2 = a(v, v) stands for the energy norm. This explains why we call ψme discrete minimum energy

extension. Further, due to the symmetry of a(·,·) and due to (9) we have

a
(
ψme,ψme) = a

(
ψme,ψ∗) = a

(
ψ∗,ψ∗) − a

(
ψ#,ψ∗) = a

(
ψ∗,ψ∗) − a

(
ψ#,ψ#)

.

Hence, ‖ψme‖2 + ‖ψ#‖2 = ‖ψ∗‖2. Consequently,∥∥ψme
∥∥ �

∥∥ψ∗∥∥ and
∥∥ψ#

∥∥ �
∥∥ψ∗∥∥. (10)

Now, let us compute the discrete minimum energy extensions of basis functions from V ∗
hp . Let B∗ = {ϕ∗

1 ,ϕ∗
2 , . . . , ϕ∗

N∗ } be a

basis in V ∗
hp and let B# = {ϕ#

1 ,ϕ#
2 , . . . , ϕ#

N# } be a basis in V #
hp . The stiffness matrix A corresponding to the basis B∗ ∪ B# of

Vhp has the following 2-by-2 block structure

A =
(

A B
BT D

)
,
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where Aij = a(ϕ∗
i ,ϕ∗

j ), i, j = 1,2, . . . , N∗ , Bij = a(ϕ∗
i ,ϕ#

j ), i = 1,2, . . . , N∗ , j = 1,2, . . . , N#, and Dij = a(ϕ#
i ,ϕ#

j ), i, j =
1,2, . . . , N#.

The discrete minimum energy extensions ϕme
i ∈ Vhp of ϕ∗

i ∈ V ∗
hp with respect to V #

hp can be computed as

ϕme
i = ϕ∗

i −
N#∑
j=1

C ijϕ
#
j , i = 1,2, . . . , N∗. (11)

The requirement (9) uniquely determines coefficients C ij as follows:

0 = a
(
ϕ∗

i ,ϕ#
k

) −
N#∑
j=1

C ija
(
ϕ#

j ,ϕ
#
k

) ∀i = 1,2, . . . , N∗, k = 1,2, . . . , N#. (12)

This can be formulated in a matrix form as 0 = B − C D , where the matrix C ∈ RN∗×N#
consists of entries C ij . Hence,

C = B D−1. (13)

The discrete minimum energy extensions ϕme
i ∈ Vhp can be used as an alternative basis Bme = {ϕme

1 ,ϕme
2 , . . . , ϕme

N∗ } in V ∗
hp .

It can be easily verified that the corresponding stiffness matrix S ∈ RN∗×N∗
with entries Sij = a(ϕme

i ,ϕme
j ), i, j = 1,2, . . . , N∗

is just the Schur complement

S = A − B D−1 BT . (14)

Finally, the well-known formula for the inversion of a 2-by-2 block matrix implies that the upper-left block of A−1 is equal
to the inverse of the Schur complement, i.e.,(

A−1)
i j = (

S−1)
i j ∀i, j = 1,2, . . . , N∗. (15)

5. Construction of the hp-FEM bases

As usual, we construct the finite element basis functions on elements Kk ∈ Thp as images of the shape functions defined
on the reference element Kref = [−1,1] under the reference maps

χKk (ξ) = hKk

2
ξ + xk + xk−1

2
, ξ ∈ Kref, k = 1,2, . . . , M + 1. (16)

The hp-FEM shape functions comprise two vertex functions


0(ξ) = (1 − ξ)/2, 
1(ξ) = (1 + ξ)/2, ξ ∈ Kref,

and p − 1 bubble functions 

p
i , i = 2, . . . , p, for each polynomial degree p. For the analysis of the DMP it is convenient to

construct the bubble functions as the generalized eigenfunctions of the discrete Laplacian [20]. Hence, for given p � 2 we
define 


p
i ∈ Pp

0 (Kref) by requirement((



p
i

)′
, v ′)

Kref
= λ

p
i

(



p
i , v

)
Kref

∀v ∈ Pp
0 (Kref),

where Pp
0 (Kref) stands for the space of polynomials of degree at most p which vanish at the endpoints of the interval Kref.

For every polynomial degree p � 2 there exists p − 1 distinct positive eigenvalues λ
p
2 < λ

p
3 < · · · < λ

p
p . The corresponding

eigenfunctions 

p
i , i = 2, . . . , p, are orthogonal in both H1

0(Kref)- and L2(Kref)-inner products and they are normalized such
that ((



p
i

)′
,
(



p
i

)′)
Kref

= 1/2 and
(



p
i , 


p
i

)
Kref

= 1/
(
2λ

p
i

)
, i = 2,3, . . . , p. (17)

Finally, since each polynomial 

p
i has roots ±1, we can factor out these root factors and define the corresponding kernels

Kp
i as follows:



p
i (ξ) = 
0(ξ)
1(ξ)Kp

i (ξ), i = 2, . . . , p, p � 2. (18)

To define the basis of Vhp we transform the shape functions from the reference element Kref to the physical elements K ∈
Thp using the reference mapping (16). The standard piecewise linear vertex functions ϕk are constructed for k = 1,2, . . . , M
as follows:
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ϕk(x) =

⎧⎪⎨
⎪⎩


1(χ
−1
Kk

(x)), for x ∈ Kk,


0(χ
−1
Kk+1

(x)), for x ∈ Kk+1,

0, otherwise.

The N − M bubble functions ϕM+1, . . . , ϕN , where N = −1 + ∑
K∈Thp

pK is the dimension of Vhp , are defined in a similar

way. The pK − 1 bubble functions ϕb,K
2 ,ϕb,K

3 , . . . , ϕb,K
pK in an element K are constructed as

ϕb,K
i (x) =

{



pK
i (χ−1

K (x)), for x ∈ K ,

0, otherwise,
i = 2,3, . . . , pK . (19)

As usual, we assemble the stiffness matrix A ∈ RN×N , Ai j = a(ϕi,ϕ j), i, j = 1,2, . . . , N , from the local stiffness matrices
AK ∈ R(pK +1)×(pK +1) , K ∈ Thp . The entries of AK can be computed as follows:

AK
i j = 2

hK

(

′

i−1, 

′
j−1

)
Kref

+ hK

2
κ2(
i−1, 
 j−1)Kref , i, j = 1, . . . , pK + 1,

where 
i = 

pK
i for i = 2,3, . . . , pK .

Due to the existence of the vertex and bubble functions, the matrices A and AK have a natural 2-by-2 block structure

A =
(

A B
BT D

)
and AK =

(
AK B K

(B K )T D K

)
,

where A ∈ RM×M , B ∈ RM×(N−M) , and D ∈ R(N−M)×(N−M) , AK ∈ R2×2, B K ∈ R2×(pK −1) , and D K ∈ R(pK −1)×(pK −1) . The
entries of the local stiffness matrix AK can be easily computed. If the length of the element K is denoted by h then

h AK =
(

1 −1
−1 1

)
+ κ2h2

6

(
2 1
1 2

)
. (20)

The entries of B K depend on the polynomial degree pK in a nontrivial way. There are no explicit formulas for them, but
they can be computed easily as follows:

hB K
ij = κ2h2 B pK

i j , where B pK
i j = 1

2

(

i−1, 


pK
j+1

)
Kref

, (21)

i = 1,2, j = 1, . . . , pK − 1. Notice that the values B pK
i j are independent from h and κ2. The final block D K is diagonal with

entries

hD K
ii = 2

((



pK
i+1

)′
,
(



pK
i+1

)′)
Kref

+ κ2h2 1

2

(



pK
i+1, 


pK
i+1

)
Kref

= 1 + κ2h2μ
pK
i , (22)

where μ
pK
i = 1/(4λ

pK
i+1) is independent of h and κ2, see (17), and i = 1,2, . . . , pK − 1.

We remark that it is convenient to multiply the formulas for AK , B K , and D K by h because then the entries of matrices
h AK , hB K , and hD K are functions of a single parameter ζ = κ2h2.

To prove the DMP it is convenient to introduce the discrete minimum energy extensions ψ1,ψ2, . . . ,ψM of the vertex
functions ϕ1,ϕ2, . . . , ϕM with respect to the space of all bubbles V b

hp = span{ϕb,K
i , i = 2,3, . . . , pK , K ∈ Thp}.

In analogy with (11) we express

ψi = ϕi −
∑

K∈Thp
K⊂suppϕi

pK −1∑
j=1

C K
ιK (i), jϕ

b,K
j+1, i = 1,2, . . . , M, (23)

where ιK (i) is the standard connectivity mapping, see, e.g., [18]. In our case ιK (i) = 1 if ψi corresponds to the left endpoint
of K and ιK (i) = 2 if ψi corresponds to the right endpoint of K . The matrix C K of coefficients C K

ιK (i), j is given by (13) as

C K = B K (D K )−1 and hence, putting ζ = κ2h2
K , the entries of C K can be expressed by (21) and (22) as

C K
mj = ζ B pK

mj

(
1 + ζμ

pK
j

)−1
, m = 1,2, j = 1, . . . , pK . (24)

Thus, if the vertex function ψi is supported in an element K ∈ Thp then we can transform it to the reference element Kref
as follows:

ψm−1(ξ) = ψi
(
χK (ξ)

) = 
m−1(ξ) −
pK −1∑

j=1

C K
mj


pK
j+1(ξ) = 
m−1(ξ)Ψ

pK
m−1(ζ, ξ), (25)
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where m = ιK (i) ∈ {1,2}, ξ ∈ Kref, ζ = κ2h2
K , and by (18) and (24) we obtain

Ψ
pK

m−1(ζ, ξ) = 1 − 
2−m(ξ)ζ

pK −1∑
j=1

B pK
mj

(
1 + ζμ

pK
j

)−1KpK
j+1(ξ). (26)

Notice that Ψ
p

0 (ζ, ξ) = Ψ
p

1 (ζ,−ξ) for ζ � 0 and ξ ∈ Kref, because each generalized eigenfunction 

p
j (ξ) is either odd or even.

Further, by (9) the discrete minimum energy extensions ψ1,ψ2, . . . ,ψM are orthogonal to all bubbles ϕb,K
i , i =

2,3, . . . , pK , K ∈ Thp , where the orthogonality is understood in the energy inner product a(·,·). Hence, by (14) the stiff-
ness matrix S ∈ RN×N formed from the discrete minimum energy extensions ψ1,ψ2, . . . ,ψM and from the eigenfunctions
ϕb,K

i , i = 2,3, . . . , pK , K ∈ Thp , has the following structure

S =
(

S 0
0 D

)
, (27)

where S = A − B D−1 BT stands for the Schur complement and D is diagonal.

6. Nonnegativity of the discrete Green’s function

The DGF corresponding to problem (3) can be expressed by (8) using the discrete minimum energy extensions ψi ,
i = 1,2, . . . , M , see (23), and the bubble functions ϕb,K

i , i = 2,3, . . . , pK , K ∈ Thp , see (19). Thanks to the structure of the
stiffness matrix S, see (27), we can express the DGF as a sum of the vertex and bubble parts

Ghp(x, y) = G v
hp(x, y) + Gb

hp(x, y), (x, y) ∈ Ω2, (28)

where

G v
hp(x, y) =

M∑
i=1

M∑
j=1

S−1
i j ψi(x)ψ j(y), (x, y) ∈ Ω2, (29)

Gb
hp(x, y) =

∑
K∈Thp

pK −1∑
i=1

(
D K

ii

)−1
ϕb,K

i+1(x)ϕb,K
i+1(y), (x, y) ∈ Ω2, (30)

and the entries D K
ii are given by (22).

The following theorem introduces three sufficient conditions for the nonnegativity of the DGF Ghp .

Theorem 6.1. Let ψi , i = 1,2, . . . , M, S ∈ RM×M , and Ghp be given by (23), (27), and (28)–(30), respectively. If

(a) ψi(x) � 0 for all i = 1,2, . . . , M and x ∈ Ω ,
(b) Sij � 0 for all i �= j, i, j = 1,2, . . . , M,
(c) G v

hp + Gb
hp � 0 in K 2 for all K ∈ Thp ,

then Ghp(x, y) � 0 for all (x, y) ∈ Ω2 .

Proof. By the theory of M-matrices, see, e.g., [15], if all offdiagonal entries of S are nonpositive and if S is symmetric and
positive definite then S−1 consists of nonnegative entries, i.e, (S−1)i j � 0 for all i, j = 1,2, . . . , M . Hence, conditions (a) and
(b) imply the nonnegativity of the vertex part G v

hp in Ω2, see (29). Since the support of any bubble function consists of a
single element, we find that

Gb
hp(x, y) = 0 for (x, y) ∈ K × K ∗, K �= K ∗, K , K ∗ ∈ Thp.

This together with (c) proves the nonnegativity of Ghp = G v
hp + Gb

hp in the entire square Ω2. �
6.1. Nonnegativity of the vertex DGF

We present two lemmas which show the validity of conditions (a) and (b) from Theorem 6.1 provided that the products
κ2h2

K are bounded from above by values αpK and β pK for all elements K ∈ Thp . The bounds αpK and β pK are given by

αp = sup
{
ζ : Ψ

p
1 (ζ, ξ) � 0 for all ξ ∈ Kref and all 0 � ζ � ζ

}
, (31)

β p = sup
{
ζ : qp(ζ ) � 0 for all 0 � ζ � ζ

}
, (32)
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where

qp(ζ ) = −1 + ζ/6 − ζ 2
p−1∑
i=1

B p
1i B p

2i

(
1 + ζμ

p
i

)−1
. (33)

Notice that qp(κ2h2) = hS K
12, where S K = AK − B K (D K )−1(B K )T ∈ R2×2, see (20)–(22). Further notice that both αp and β p

are positive due to the continuity of Ψ
p

1 and qp and due to the fact that Ψ
p

1 (0, ξ) = 1 and qp(0) = −1.

Lemma 6.1. Let hK and pK stand for the length and polynomial degree of the element K ∈ Thp . Further, let ψi , i = 1,2, . . . , M, be
given by (23). If

κ2h2
K � αpK for all K ∈ Thp,

then ψi(x) � 0 for all x ∈ Ω , i.e., condition (a) from Theorem 6.1 is satisfied.

Proof. Let the vertex function ψi correspond to a nodal point xi , i = 1,2, . . . , M . The nonnegativity of ψi in Ki = [xi−1, xi]
follows immediately from (25) and (26) with m = 1 and then from (31). The nonnegativity of ψi in Ki+1 = [xi, xi+1] follows
symmetrically, because Ψ

p
0 (ζ, ξ) = Ψ

p
1 (ζ,−ξ). �

Lemma 6.2. Let hK and pK denote the length and the polynomial degree of the element K ∈ Thp . Further, let S be the Schur complement
from (27). If

κ2h2
K � β pK for all K ∈ Thp,

then Sij � 0 for all i �= j, i, j = 1,2, . . . , M, i.e., condition (b) from Theorem 6.1 is satisfied.

Proof. Clearly, the matrix S is tridiagonal, hence, the only nonzero off-diagonal entries are

Sk,k−1 = Sk−1,k = aK (ψk−1,ψk) = S K
12, k = 2,3, . . . , M,

where ψk−1 and ψk are the vertex functions corresponding to the endpoints of K ∈ Thp , S is given by (27), and
S K = AK − B K (D K )−1(B K )T is the local Schur complement. The nonpositivity of the entry S K

12 follows immediately from
(33) and (32). �

We remark that β p can be computed as the smallest positive root of the polynomial qp(ζ )
∏p−1

i=1 (1 + ζμ
p
i ). Similarly, the

computation of the values αp requires root finding of certain polynomials. The proof of Theorem 6.1 shows that conditions
(a) and (b) imply nonnegativity of the vertex part G v

hp . Thus, Lemmas 6.1 and 6.2 yield the following corollary.

Corollary 6.1. Let Thp be a finite element mesh and let hK and pK denote the length and the polynomial degree of the element K ∈ Thp .
If

κ2h2
K � min

{
αpK , β pK

}
for all K ∈ Thp,

then G v
hp(x, y) � 0 for all (x, y) ∈ Ω2 .

7. The bubble part of the DGF

In this section we study the validity of condition (c) from Theorem 6.1. The bubble part Gb
hp defined by (30) is not

nonnegative, in general. For p = 3, p = 5, and p � 7, there always are regions, where Gb
hp is negative. In these regions,

the negative bubble part Gb
hp has to be compensated by the positive vertex part G v

hp in order to obtain the nonnegativity

of Ghp = G v
hp + Gb

hp and consequently the DMP. Fortunately, condition (c) can be investigated for each element K ∈ Thp

independently.
Therefore, throughout this section, we consider an arbitrary but fixed element K = [xk−1, xk] in Thp . The length and the

polynomial degree of this K are denoted by h and p.
For this K we will define two auxiliary DGFs G̃hp and Ĝhp , see Fig. 1 for an illustration. We will show that Ĝhp � G̃hp �

Ghp in K 2. The nonnegativity of the second auxiliary DGF Ĝhp is investigated below in Section 7.4.
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Fig. 1. An illustration of the basis functions used for the construction of G v
hp (top), G̃ v

hp (middle), and Ĝ v
hp (bottom) corresponding to the element K =

[xk−1, xk] of length h.

7.1. The first auxiliary DGF

An element K ∈ Thp is called interior if it is not adjacent to the boundary of Ω , i.e., if K ⊂ Ω . We define the first
auxiliary DGF G̃hp for interior elements only. Thus, let K = [xk−1, xk] be an interior element. We consider a partition aΩ <

xk−1 < xk < bΩ which defines a mesh T̃hp consisting of three elements. The polynomial degree assigned to the element
K = [xk−1, xk] ∈ T̃hp is p while the degree of the other two elements in T̃hp is set to 1. These polynomial degrees and the
mesh T̃hp lead to an hp-FEM space Ṽhp defined in analogy with (2). In Ṽhp we consider two piecewise linear vertex functions

ϕ̃k−1 and ϕ̃k and p − 1 bubble functions ϕb,K
2 ,ϕb,K

3 , . . . , ϕb,K
p , see (19). Notice that these bubble functions (generalized

eigenfunctions of the Laplacian) coincide with the bubbles defined on the original mesh Thp .
Further, we consider the discrete minimum energy extensions ψ̃k−1 and ψ̃k of ϕ̃k−1 and ϕ̃k with respect to the space

V b,K
hp = span{ϕb,K

2 ,ϕb,K
3 , . . . , ϕb,K

p }. Hence, ψ̃k−1 is linear in [aΩ, xk−1], ψ̃k−1 = ψk−1 in K = [xk−1, xk], and ψ̃k−1 = 0 in

[xk,bΩ ]. Similarly, ψ̃k = 0 in [aΩ, xk−1], ψ̃k = ψk in K = [xk−1, xk], and ψ̃k is linear in [xk,bΩ ]. See the middle panel of
Fig. 1.

We construct a stiffness matrix Ã ∈ R2×2 from ψ̃k−1 and ψ̃k as follows:

Ãi j = a(ψ̃k−2+i, ψ̃k−2+ j), i, j = 1,2. (34)

In agreement with (28)–(30), we define the first auxiliary DGF

G̃hp(x, y) = G̃ v
hp(x, y) + G̃b

hp(x, y), (x, y) ∈ Ω2, (35)

where

G̃ v
hp(x, y) =

2∑
i=1

2∑
j=1

Ã−1
i j ψ̃k−2+i(x)ψ̃k−2+ j(y), (x, y) ∈ Ω2, (36)

and G̃b
hp(x, y) = Gb

hp(x, y), see (30).

The main result about G̃hp(x, y) is formulated in the following lemma.

Lemma 7.1. Let condition (b) from Theorem 6.1 be satisfied. For an interior element K ∈ Thp , K = [xk−1, xk] ⊂ Ω , k = 2,3, . . . , M,
consider the first auxiliary DGF G̃hp defined by (35)–(36) and the DGF Ghp given by (28)–(30). Then

Ghp(x, y) � G̃hp(x, y) for all (x, y) ∈ K 2.
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Proof. Clearly, it suffices to prove G v
hp(x, y) � G̃ v

hp(x, y) for all (x, y) ∈ K 2. Let K ∈ Thp , K = [xk−1, xk] ⊂ Ω , be an arbitrary
but fixed interior element. First, we consider the original vertex functions ψ1,ψ2, . . . ,ψM . Let ψme

k−1 and ψme
k be the discrete

minimum energy extensions of ψk−1 and ψk with respect to V v#
hp = span{ψ1, . . . ,ψk−2,ψk+1, . . . ,ψM}. Definition (11) yields

ψme
k−1(x) = ψk−1(x) and ψme

k (x) = ψk(x) for all x ∈ K , because ψ j(x) = 0 for all x ∈ K and all ψ j ∈ V v#
hp . Using the definition

of ψ̃k−1 and ψ̃k , we summarize

ψk−1 = ψ̃k−1 = ψme
k−1 and ψk = ψ̃k = ψme

k in K . (37)

The stiffness matrix Sme ∈ R2×2 corresponding to the basis functions ψme
k−1 and ψme

k can be computed as a suitable Schur
complement, cf. (15).

Now, let us concentrate on ψ̃k−1 and ψ̃k . We remark that the discrete minimum energy extensions ψ̃me
k−1 and ψ̃me

k of

ψ̃k−1 and ψ̃k with respect to V v#
hp are equal to the already defined discrete minimum energy extensions ψme

k−1 and ψme
k ,

respectively. Indeed, see (9), if 0 = a(ψme
k , v#) = a(ψ̃me

k , v#) for all v# ∈ V v#
hp then 0 = a(ψme

k − ψ̃me
k , v#) for all v# ∈ V v#

hp

and since ψme
k − ψ̃me

k ∈ V v#
hp then ψme

k = ψ̃me
k . The same steps can be repeated to show that ψme

k−1 = ψ̃me
k−1.

From (37) we conclude that

Ã12 = aK (ψ̃k−1, ψ̃k) = aK
(
ψme

k−1,ψ
me
k

) = Sme
12 .

Similarly, from (10) we infer the inequalities

Ã11 = a(ψ̃k−1, ψ̃k−1) � a
(
ψ̃me

k−1, ψ̃
me
k−1

) = a
(
ψme

k−1,ψ
me
k−1

) = Sme
11 ,

Ã22 = a(ψ̃k, ψ̃k) � a
(
ψ̃me

k , ψ̃me
k

) = a
(
ψme

k ,ψme
k

) = Sme
22 .

Hence, all entries of Ã are greater or equal to the corresponding entries of Sme and we write Ã � Sme. Condition (b) from
Theorem 6.1 implies that both Ã and Sme are M-matrices. In particular, they have the nonnegative inverse and therefore
(Sme)−1 � Ã−1. By this fact and by (29), (15), (37), we conclude

G v
hp(x, y) =

M∑
i=1

M∑
j=1

(
S−1)

i jψi(x)ψ j(y) =
2∑

i=1

2∑
j=1

(
Sme)−1

i j ψme
k−2+i(x)ψme

k−2+ j(y)

�
2∑

i=1

2∑
j=1

(
Ã−1)

i jψ̃k−2+i(x)ψ̃k−2+ j(y) = G̃ v
hp(x, y)

for all (x, y) ∈ K 2. �
7.2. Analysis of the first auxiliary DGF

Let us analyze the auxiliary DGF G̃hp in more detail. For arbitrary element K ∈ Thp , K = [xk−1, xk], with the polynomial
degree p and with the length h we introduce a parameter t ∈ [0,1] such that

xk−1 = (1 − t)aΩ + t(bΩ − h),

xk = (1 − t)(aΩ + h) + tbΩ. (38)

Clearly, the parameter t determines the position of K in Ω = (aΩ,bΩ). In addition, we define an auxiliary parameter
θ ∈ (0,∞] as

θ = h

|Ω| − h
, (39)

where |Ω| = bΩ − aΩ stands for the length of Ω .
Here, we restrict ourselves to the interior elements only, i.e., we assume t ∈ (0,1). To express the stiffness matrix

Ã ∈ R2×2 assembled from ψ̃k−1 and ψ̃k we introduce functions

r p(ζ ) = hS K
11 = hS K

22 = 1 + ζ/3 − ζ 2
p−1∑
i=1

(
B p

1i

)2(
1 + ζμ

p
i

)−1
, (40)

where ζ = κ2h2, S K = AK − B K (D K )−1(B K )T , cf. (27), and matrices AK , B K , D K are given by (20)–(22). We remark that
(B p

1i)
2 = (B p

2i)
2, because the generalized eigenfunctions of the Laplacian are either odd or even. Further we stress that

r p(ζ ) = r p(κ2h2) = aK (ψk−1,ψk−1) = aK (ψk,ψk) > 0 for h > 0.
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Using (33), (40), and the parameters t and θ , we can express Ã as

h Ã =

⎛
⎜⎜⎝ r p(κ2h2) + θ

t
+ κ2h2

3

t

θ
qp(κ2h2)

qp(κ2h2) r p(κ2h2) + θ

1 − t
+ κ2h2

3

1 − t

θ

⎞
⎟⎟⎠ .

Our goal is to study the limit of h Ã for t → 0. The entry (h Ã)−1
11 → 0 for t → 0 and, therefore, we concentrate on

s(t, θ, ζ ) = (h Ã)−1
22 =

(
r p(ζ ) + θ

1 − t
+ ζ

3

1 − t

θ
− (qp)2(ζ )

r p(ζ ) + θ
t + ζ

3
t
θ

)−1

, (41)

which is well defined for t ∈ (0,1), θ ∈ (0,∞), and ζ = κ2h2 ∈ [0,∞). For t = 0 we define s(t, θ, ζ ) by the following limit:

s(0, θ, ζ ) = lim
t→0+

s(t, θ, ζ ) =
(

r p(ζ ) + θ + ζ

3θ

)−1

. (42)

Lemma 7.2. If s(t, θ, ζ ) is defined by (41) and (42) then

s(0, θ, ζ ) � s(t, θ, ζ ) for all θ ∈ (0,1/2], t ∈ [0,1/2], ζ ∈ [0,∞). (43)

Proof. For t > 0 the inequality (43) is equivalent to

s∗(t, θ, ζ ) = [s(t, θ, ζ )]−1 − [s(0, θ, ζ )]−1

t
= θ

1 − t
− ζ

3θ
− (qp)2(ζ )

r p(ζ )t + θ + ζ
3

t2

θ

� 0. (44)

Clearly, since r p(ζ ) > 0, the function s∗(t, θ, ζ ) is increasing in the variable t . Hence,

s∗(t, θ, ζ ) � s∗(1/2, θ, ζ ) = 2θ − ζ

3θ
− (qp)2(ζ )

1
2 r p(ζ ) + θ + ζ

12θ

. (45)

Differentiating s∗(1/2, θ, ζ ) with respect to θ and using the fact that det(hS K ) = (r p)2(ζ ) − (qp)2(ζ ) > 0, we find out that
s∗(1/2, θ, ζ ) is increasing in θ . Thus,

s∗(1/2, θ, ζ ) � s∗(1/2,1/2, ζ ) = 1 − 2

3
ζ − 2(qp)2(ζ )

r p(ζ ) + 1 + ζ
3

. (46)

Similarly, it can be verified that s∗(1/2,1/2, ζ ) is decreasing in ζ and, therefore,

s∗(1/2,1/2, ζ ) � s∗(1/2,1/2,0) = 0, (47)

because r p(0) = 1 and qp(0) = −1. The combination of (44)–(47) finishes the proof. �
7.3. The second auxiliary DGF

In general, there are two second auxiliary DGF. The first one is adjacent to the left endpoint aΩ and the second one is
adjacent to the right endpoint bΩ . For an interior element K = [xk−1, xk] ∈ Thp we consider the parameter t given by (38).
If t � 1/2 we define the second auxiliary DGF Ĝhp as a limit of the first auxiliary DGF G̃hp for t → 0+ . If t > 1/2 then Ĝhp
is a limit of G̃hp for t → 1− . However, the situation is symmetric and we can concentrate on the first case only without loss
of generality.

If h and p stand for the length and polynomial degree of K then we set ẑ = aΩ + h and consider two-element-mesh
T̂hp consisting of elements K̂ = [aΩ, ẑ] and [ẑ,bΩ ] with polynomial degrees p and 1, respectively. The hp-FEM basis on T̂hp

comprises one piecewise linear vertex function ϕ̂ and p − 1 bubble functions ϕ̂b,K̂
2 , ϕ̂b,K̂

3 , . . . , ϕ̂b,K̂
p supported in K̂ .

As before, we define ψ̂ as the discrete minimum energy extension of the vertex function ϕ̂ with respect to the space of

the bubbles V b,K̂
hp = span{ϕ̂b,K̂

2 , ϕ̂b,K̂
3 , . . . , ϕ̂b,K̂

p }, see the bottom panel of Fig. 1. Notice that ψ̂ is a linear function in [ẑ,bΩ ]
and that ψ̂ restricted to K̂ is just the shifted function ψ̃k = ψk restricted to K , i.e.,

ψ̂(x − xk−1 + aΩ) = ψ̃k(x) = ψk(x) for all x ∈ K . (48)

Furthermore, we can easily compute a(ψ̂, ψ̂) = [hs(0, θ, κ2h2)]−1. Hence, in agreement with (28)–(30) we define
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Ĝhp(x, y) = Ĝ v
hp(x, y) + Ĝb

hp(x, y), (x, y) ∈ Ω2, (49)

Ĝ v
hp(x, y) = hs

(
0, θ, κ2h2)ψ̂(x)ψ̂(y), (x, y) ∈ Ω2, (50)

Ĝb
hp(x, y) =

p−1∑
i=1

(
D K̂

ii

)−1
ϕ̂b,K̂

i+1(x)ϕ̂b,K̂
i+1(y), (x, y) ∈ Ω2. (51)

We recall that the entries D K̂
ii = D K

ii are given by (22).
For completeness, we also introduce the auxiliary DGFs for the elements adjacent to the boundary of Ω . For K =

[aΩ, x1] ∈ Thp we define

G̃hp(x, y) = Ĝhp(x, y) for all (x, y) ∈ Ω2, (52)

where Ĝhp(x, y) is given by (49)–(51) with K̂ = K . For K = [xM ,bΩ ] ∈ Thp we define Ĝhp(x, y) = G̃hp(x, y) symmetrically.
The relation of the first and of the second auxiliary DGF explains the following lemma.

Lemma 7.3. Let conditions (a) and (b) from Theorem 6.1 be satisfied. Further, let K ∈ Thp be such that t � 1/2, see (38), and let
θ � 1/2, see (39). If Ĝhp(x, y) and G̃hp(x, y) are given by (49)–(51) and (35)–(36) with (52), respectively, then

Ĝhp(x̂, ŷ) � G̃hp(x, y) for all (x, y) ∈ K 2,

where x̂ = x − xk−1 + aΩ and ŷ = y − xk−1 + aΩ .

Proof. First, if K = [aΩ, x1] then there is nothing to prove due to (52). The element K is not adjacent to the right endpoint
due to the assumptions t � 1/2 and θ � 1/2. Thus, it remains to consider the interior elements K ∈ Thp .

The bubble functions ϕ̂b,K̂
2 , ϕ̂b,K̂

3 , . . . , ϕ̂b,K̂
p in K̂ are just shifted bubble functions ϕb,K

2 ,ϕb,K
3 , . . . , ϕb,K

p from K , see (48).
Therefore,

Ĝb
hp(x̂, ŷ) = G̃b

hp(x, y) for all (x, y) ∈ K 2,

where x̂ = x − xk−1 + aΩ and ŷ = y − xk−1 + aΩ . By (48)–(51), Lemma 7.2, the facts that Ã−1 � 0, see (34), ψ̃k−1 � 0 and
ψ̃k � 0 in K , and by (36) we obtain

Ĝ v
hp(x̂, ŷ) = hs

(
0, θ, κ2h2)ψ̂(x̂)ψ̂( ŷ) � hs

(
t, θ, κ2h2)ψ̃k(x)ψ̃k(y)

�
2∑

i=1

2∑
j=1

Ã−1
i j ψ̃k−2+i(x)ψ̃k−2+ j(y) = G̃ v

hp(x, y)

for all (x, y) ∈ K 2 with x̂ = x − xk−1 + aΩ and ŷ = y − xk−1 + aΩ . �
Corollary 7.1. Let Ghp be given by (28)–(30). Further, let Ĝhp given by (49)–(52) be the second auxiliary DGF corresponding to an
element K ∈ Thp and let θ � 1/2, see (39). If

Ĝhp(x̂, ŷ) � 0 for all (x̂, ŷ) ∈ K̂ 2, (53)

then

Ghp(x, y) � 0 for all (x, y) ∈ K 2,

i.e., the condition (c) from Theorem 6.1 is satisfied.

Proof. Let K ∈ Thp be arbitrary. If t � 1/2, see (38), then assumption (53) and Lemmas 7.3 and 7.1 imply

0 � Ĝhp(x̂, ŷ) � G̃hp(x, y) � Ghp(x, y) ∀(x, y) ∈ K 2,

where x̂ = x − xk−1 + aΩ and ŷ = y − xk−1 + aΩ . The same conclusion is valid also for t > 1/2 due to the symmetry. �
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Fig. 2. The graphs of σ p(θ) for p = 3,5,7,9 (left) and for p = 4,6,8,10 (right). The dotted line in the right panel shows σ 3(θ) to indicate that
σ 3(θ) � σ p(θ) for all p = 3,4, . . . ,10, θ ∈ (0,1/2].

7.4. Nonnegativity of the second auxiliary DGF

Finally, we will seek conditions for nonnegativity of Ĝhp(x̂, ŷ) in K̂ 2. It is convenient to transform Ĝhp from K̂ 2 = [aΩ, ẑ]
to K 2

ref = [−1,1]2 using x̂ = χK̂ (ξ) and ŷ = χK̂ (η), where the reference map χK̂ is given by (16). From (25) we have

ψ̂ |K̂

(
χK̂ (ξ)

) = ψ1(ξ) = 
1(ξ)Ψ
p

1 (ζ, ξ), (54)

where ζ = κ2h2, h is the length of K , p is the polynomial degree of K , and Ψ
p

1 is given by (26).
With the help of (49)–(51), (54) and (42), the transformed DGF Ĝhp can be expressed as follows

Gref
hp (ξ,η) = Ĝhp

(
χK̂ (ξ),χK̂ (η)

) = hs
(
0, θ, κ2h2)ψ̂(

χK̂ (ξ)
)
ψ̂

(
χK̂ (η)

) + h
p−1∑
i=1

(
hD K

ii

)−1



p
i+1(ξ)


p
i+1(η)

= h
1(ξ)
1(η)ωp(
θ,κ2h2, ξ,η

)
, (55)

where, see (18), (22), and (25),

ωp(θ, ζ, ξ,η) = s(0, θ, ζ )Ψ
p

1 (ζ, ξ)Ψ
p

1 (ζ,η) + 
0(ξ)
0(η)Kerb,p(ζ, ξ,η), (56)

Kerb,p(ζ, ξ,η) =
p−1∑
i=1

(
1 + ζμ

p
i

)−1Kp
i+1(ξ)Kp

j+1(η), (57)

and ζ = κ2h2. Finally, we define

ω̂p(θ, ζ ) = min
(ξ,η)∈K 2

ref

ωp(θ, ζ, ξ,η). (58)

The motivation for this definition is clear. The second auxiliary DGF Ĝhp(x̂, ŷ) is nonnegative in K̂ if and only if ω̂p(θ, ζ ) � 0.
To analyze the nonnegativity of ω̂p(θ, ζ ), we set

σ p(θ) = sup
{
ζ̄ : ω̂p(θ, ζ ) � 0 for all 0 � ζ � ζ

}
, where θ ∈ (0,1/2].

By this definition, we immediately conclude that Ĝhp is nonnegative provided 0 < θ � 1/2 and 0 � ζ � σ p(θ).
For given p and θ we can approximately compute the value of σ p(θ) by halving intervals. The results of these compu-

tations for p = 3,4, . . . ,10 are presented in Fig. 2. This figure suggests that functions σ p(θ) are concave. Hence, in order to
derive treatable conditions for the DMP, we estimate σ p(θ) from below by a line

γ pθ + δp � σ p(θ) for p = 3,4, . . . ,10 and θ ∈ (0,1/2]. (59)

The constants γ p and δp are defined as
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Table 1
The critical values αp , β p , γ p , and δp .

p αp β p γ p δp

1 ∞ 6 0 ∞
2 20/3 ∞ 0 ∞
3 38.61 25.89 5.608 0
4 18.91 ∞ 2.936 3.614
5 49.44 59.82 7.799 0
6 37.56 ∞ 7.247 0.887
7 72.82 107.81 9.791 0
8 62.62 ∞ 9.709 0
9 104.09 169.85 11.510 0

10 94.10 ∞ 10.644 0

δp = sup{0} ∪ {
ζ : Kerb,p(ζ, ξ,η) � 0 for all 0 � ζ � ζ

}
, (60)

γ p =
{

2(σ p(1/2) − δp) for δp < ∞,

0 for δp = ∞.
(61)

The computed values of γ p and δp are presented in Table 1 for p = 1,2, . . . ,10. We remark that σ p(θ) → δp for θ → 0.
Further, we remark that the constant δp characterizes the nonnegativity of the bubble part of the DGF. If ζ � δp then Ĝb

hp � 0

in K̂ 2, see (60). However, the bubble part of the DGF is nonnegative in exceptional cases only. It is trivially nonnegative for
p = 1 and p = 2. Therefore, δp = ∞ for p = 1,2. The other two exceptional cases are p = 4 and p = 6. These are the only
cases when Ĝb

hp is nonnegative for the Laplacian (κ = 0), see [17].

The nonnegativity result for the second auxiliary DGF Ĝhp is based on the following assumption.

In case δp < ∞ assume γ p � 3/2 and ω̂p(
θ,γ pθ + δp)

� 0 for all θ ∈ (0,1/2]. (62)

This assumption is verified in Section 8 for p up to 10.

Lemma 7.4. Let K ∈ Thp , let Ĝhp be defined by (49)–(52), let h and p be the length and the polynomial degree of K , let θ = h/(|Ω|−h),
let ζ = κ2h2 , and let γ p and δp be given by (61) and (60). In case δp < ∞ assume θ � 1/2. If the inequality ζ � γ pθ + δp , the
condition (a) from Theorem 6.1, and the assumption (62) are satisfied then Ĝhp(x̂, ŷ) � 0 for all (x̂, ŷ) ∈ K̂ .

Proof. Due to (55)–(58) it suffices to prove the nonnegativity of ω̂p(θ, ζ ). Since 0 � δp � γ pθ + δp , we can split the proof
into three cases.

(i) If ζ ∈ (δp, γ pθ + δp] then δp < ∞ and we set θ∗ = (ζ − δp)/γ p . Clearly, ζ = γ pθ∗ + δp and 0 < θ∗ � θ � 1/2.
Furthermore, ζ − 3θ∗θ � ζ − 3θ∗/2 = (γ p − 3/2)θ∗ + δp � 0, where we use assumption γ p � 3/2. From these inequalities
and from (42) we infer

0 � 1

3θ∗θ
(
θ − θ∗)(ζ − 3θ∗θ

) = θ∗ − θ +
(

1

3θ∗ − 1

3θ

)
ζ = [

s
(
0, θ∗, ζ

)]−1 − [
s(0, θ, ζ )

]−1
.

Hence, s(0, θ, ζ ) � s(0, θ∗, ζ ) = s(0, θ∗, γ pθ∗ + δp) and consequently ωp(θ, ζ, ξ,η) � ωp(θ∗, γ pθ∗ + δp, ξ, η) � ω̂p(θ∗,
γ pθ∗ + δp) � 0 for all (ξ,η) ∈ K 2

ref, where we use assumption (62).
(ii) If ζ ∈ (0, δp] then condition (a) from Theorem 6.1 guarantees Ψ

p
1 (ζ, ξ) � 0. From definition (60) we obtain

Kerb,p(ζ, ξ,η) � 0 for all (ξ,η) ∈ K 2
ref. Since s(0, θ, ζ ) � 0 by (42), we conclude that ω̂p(θ, ζ ) � 0, see (56)–(58).

(iii) If ζ = 0, i.e. if κ = 0, then we consider a sequence ζi , i = 1,2, . . . , such that ζi → 0 for i → ∞ and 0 < ζi � γ pθ + δp .
For each ζi we may use either (i) or (ii) to conclude that ωp(θ, ζi, ξ, η) � 0 for all (ξ,η) ∈ K 2

ref. Since ωp(θ, ζ, ξ,η) is a
continuous function for θ > 0, ζ � 0, and (ξ,η) ∈ K 2

ref, we conclude that ωp(θ, ζi, ξ, η) → ωp(θ,0, ξ, η) � 0 as i → ∞ for all
(ξ,η) ∈ K 2

ref. �
The following theorem concludes our analysis and summarizes the sufficient conditions for the DMP.

Theorem 7.1. Let us consider the hp-FEM problem (3) discretized on a mesh Thp . Denote by hK and pK the lengths and the polynomial
degrees of elements K ∈ Thp . Further, consider θK = hK /(|Ω| − hK ) and constants αp , β p , γ p , and δp introduced in (31), (32), (61),
and (60), respectively. Let assumption (62) be satisfied for all p ∈ {pK : K ∈ Thp}. In case δpK < ∞ assume

hK � |Ω|/3. (63)

If

κ2h2
K � min

{
αpK , β pK , γ pK θK + δpK

}
for all K ∈ Thp, (64)

then the approximate problem (3) satisfies the DMP.
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Proof. First notice that (63) is equivalent to θK � 1/2. The DMP then follows from Theorems 6.1 and 3.2. The assumptions
(a) and (b) of Theorem 6.1 are guaranteed by Lemmas 6.1 and 6.2 and hypothesis (64). The assumption (c) of Theorem 6.1
follows from (63)–(64), Lemma 7.4 and Corollary 7.1. �

Let us emphasize that both sides of the crucial condition (64) depend on hK . The inequality κ2h2
K � γ pK θK + δpK is cubic

in hK and cannot be simplified, in general. However, we can infer a simple sufficient condition for its validity. Indeed, it
suffices to have κ2hK |Ω| � γ pK + δpK , because hK /|Ω| � 1 and hK /|Ω| � θK .

8. Verification of the assumptions

The computation of sharp lower estimates of constants αp , β p , γ p , and δp is not very demanding. For p = 1 and p = 2
we can easily compute even the exact values. The results up to p = 10 are presented in Table 1. First, we observe the
two exceptional cases p = 1 and p = 2. In these cases assumption (62) does not apply. We also verified that γ p � 3/2 for
p = 3,4, . . . ,10. A closer look shows that γ pθ +δp � min{αp, β p} for p = 3,4, . . . ,10. Hence, condition (64) can be replaced
for pK = 3,4, . . . ,10 by simpler condition

κ2h2
K � γ pK θK + δpK for all K ∈ Thp. (65)

As we mentioned above, this can be further simplified to κ2hK |Ω| � γ pK + δpK , which clearly shows that the DMP is
satisfied for sufficiently small hK .

The crucial assumption (62) can be reformulated as nonnegativity of a polynomial in variables θ , ξ , η in a domain
(0,1/2] × Kref × Kref. Indeed, ωp(θ, ζ, ξ,η) is a rational function with a positive denominator. The nonnegativity of a
polynomial on an interval can be further reformulated as nonnegativity of a polynomial on entire R. The verification of
nonnegativity of a polynomial is connected with the 17th Hilbert problem [14]. There exist (NP-hard) algorithms for veri-
fication of nonnegativity of a polynomials, see e.g. [13]. These algorithms, however, are difficult to implement and lead to
reasonable solution for small number of variables and for small polynomial degrees, only.

Another possibility is the usage of interval arithmetic. The idea is to compute an interval R = f (I) containing all possible
outputs of a function f on an interval I . If R is nonnegative (contains nonnegative numbers only) then nonnegativity of f
in I is verified. If not, we split I into two (or more) subintervals and repeat the process for all these subintervals. If this
algorithm terminates after a finite number of steps, the nonnegativity of f in I is verified.

Assumption (62) was verified by this algorithm for p = 3,4, . . . ,10. The matlab codes can be downloaded from
http://www.math.cas.cz/vejchod/DMPabs.html. These codes utilize the interval arithmetic package intlab
[10], where the interval operations provide guaranteed results even in the floating-point arithmetic.

9. Conclusions

The DMP for the diffusion–reaction problem discretized by hp-FEM, see (3), is essentially satisfied if the hp-mesh Thp
satisfies conditions (63)–(64) from Theorem 7.1. The other assumptions of this theorem are technical and were verified by
computer for polynomial degrees up to 10.

The presented analysis applies to all polynomial degrees p � 1, but it is mainly relevant for p � 3. The cases p = 1 and
p = 2 are exceptional, because the bubble part of the DGF is zero (for p = 1) or trivially nonnegative (for p = 2). Hence,
the difficult analysis from Section 7 including assumption (62) is not needed for p = 1 and p = 2. In case p = 1 we can
even show that the obtained condition is also necessary, i.e. in case of linear FEM with M � 2, the DMP for problem (3) is
satisfied if and only if κ2h2

K � 6 for all K ∈ Thp .
Finally, let us notice that σ 3(θ) � σ p(θ) for all p = 3,4, . . . ,10, see Fig. 2. This (or more precisely the values of γ p and

δp in Table 1) implies that condition (64) in Theorem 7.1 or its simplified version (65) is the most strict for p = 3. This
observation is in agreement with the previous results for the Poisson problem, see [17]. The growing trend of values σ p(θ)

for increasing p observed in Fig. 2 allows us to conclude this paper by the following conjecture.

Conjecture 9.1. Let us consider a finite element mesh Thp with an arbitrary distribution of polynomial degrees. Denote by hK the length
of the element K and set θK = hK /(|Ω| − hK ). If

κ2h2
K /γ 3 � θK � 1/2 for all K ∈ Thp,

where γ 3 ≈ 5.608797, then the approximate problem (3) satisfies the DMP.
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Angle Conditions for Discrete Maximum
Principles in Higher-Order FEM

Tomá̌s Vejchodsḱy

Abstract This contribution reviews the general theory of the discrete Green’s func-
tion and presents a numerical experiment indicating that the discrete maximum prin-
ciple (DMP) fails to hold in the case of Poisson problem on anyuniform triangu-
lation of a triangular domain for orders of approximation three and higher. This
extends the result [8] that the Laplace equation discretized by the higher-order FEM
satisfies the DMP on a patch of triangular elements in exceptional cases only.

1 Introduction

The discrete maximum principle (DMP) is important in practice, because it guaran-
tees nonnegativity of approximations of naturally nonnegative quantities like tem-
perature, concentration, density, etc. Its theoretical significance lies in its connection
with the uniform convergence of the finite element approximations [4]. In contrast to
the lowest-order finite element method (FEM), the DMP for thehigher-order FEM
in dimension two and higher is not well understood, yet.

A stronger version of the DMP for the Laplace equation discretized by higher-
order finite elements was studied by Höhn and Mittelman in [8]. This stronger ver-
sion requires the validity of the DMP on all vertex patches (union of elements shar-
ing a vertex) in the triangulation. They find that the quadratic elements do not satisfy
the stronger DMP unless the triangulation is very special (e.g. all equilateral trian-
gles) and that the restrictions for cubic elements are even more severe.

In the present contribution we briefly review the general theory about the discrete
Green’s function (DGF) and the standard DMP for the Poisson problem. Then we
present a numerical experiment indicating that the standard DMP is not satisfied on
any uniform triangulation for the finite elements of order three and higher.

Tomá̌s Vejchodsḱy
Institute of Mathematics, Academy of Sciences,Žitná 25, CZ–115 67 Prague 1, Czech Republic
e-mail: vejchod@math.cas.cz
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2 Model problem and its FEM discretization

First, we briefly introduce the Poisson problem and its discretization by the FEM.
The main purpose of this section is to settle down the notation.

Let Ω ⊂ Rd be a Lipschitz domain. The classical and the weak formulations of
the Poisson problem reads as follows:

Find u∈C2(Ω)∪C(Ω) such that −∆u = f in Ω , and u = 0 on∂Ω . (1)

Findu∈ H1
0(Ω) such that a(u,v) = F (v) ∀v∈ H1

0(Ω), (2)

wherea(u,v) =
∫

Ω ∇u ·∇vdx andF (v) =
∫

Ω f vdx. We requiref ∈C(Ω) for the
classical formulation andf ∈ L2(Ω) for the weak one.

In order to discretize problem(2) by the Galerkin method, we introduce a fi-
nite dimensional subspaceVh of H1

0(Ω). We assume thatVh ⊂C(Ω). The Galerkin
solutionuh ∈Vh is given by the requirement

a(uh,vh) = F (vh) ∀vh ∈Vh. (3)

Considering a basisϕ1,ϕ2, . . . ,ϕN of Vh, we can expressuh = ∑N
i=1ziϕi and verify

that problem(3) is equivalent to the systemAz= F of linear algebraic equations,
where the stiffness matrixA ∈ RN×N has entriesai j = a(ϕ j ,ϕi), the load vector
F ∈ RN has entriesFi = F (ϕi), andz= (z1,z2, . . . ,zN)⊤.

The FEM can be seen as a special case of the Galerkin method, where the space
Vh is chosen in a special way such that the stiffness matrixA is sparse. The particular
choice ofVh is not important at this point and it will be specified later on.

3 Discrete maximum principle

Theorem 1 below is an equivalent formulation of the standardmaximum principle
due to E. Hopf [9] applied to problem(1). Similarly, Theorem 2 presents the same
principle for the weak solution.

Theorem 1.Let u be a classical solution to(1). If f ≥ 0 in Ω then u≥ 0 in Ω .

Theorem 2.Let u be a weak solution to(2). If f ≥ 0 a.e. inΩ then u≥ 0 a.e. inΩ .

The same result for the the Galerkin solutionuh ∈Vh is known as the DMP. Unfor-
tunately, it is not valid in general and various conditions for its validity are studied.

Definition 1. Let the finite dimensional spaceVh be fixed. We say that discretiza-
tion (3) satisfies the discrete maximum principle (DMP) if the solution uh ∈ Vh is
nonnegative inΩ for any f ∈ L2(Ω), f ≥ 0 a.e. inΩ .

A usefull tool for investigation of the DMP especially for the higher-order FEM
is the so-called discrete Green’s function (DGF) which was already introduced in [2,
5]. For anyy∈Ω let us define the DGFGh,y ∈Vh as the unique function satisfying
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a(vh,Gh,y) = vh(y) ∀vh ∈Vh. (4)

This definition together with(3) implies the representation formula

uh(y) = F (Gh,y) =
∫

Ω
f (x)Gh(x,y)dx ∀y∈Ω ,

where we use the usual notationGh(x,y) = Gh,y(x). This representation formula
immediately proves the following theorem.

Theorem 3.The discretization(3) satisfies the DMP if and only if Gh(x,y)≥ 0 for
all (x,y) ∈Ω 2.

Interestingly, the DGFGh can be expressed in terms of a basis ofVh [12]:

Gh(x,y) =
N

∑
i=1

N

∑
j=1

(A−1)i j ϕi(x)ϕ j(y) ∀(x,y) ∈Ω 2, (5)

where(A−1)i j stand for entries of the inverse of the stiffness matrixA. Let us remark
that a special case of this formula, where the basis is formedby the eigenvectors of
the discrete Laplacian was already presented in [2]. Further, we remark that the con-
cept of the DGF is relevant even for more general problems. However, in the case of
nonhomogeneous Dirichlet boundary conditions the boundary Green’s function has
to be introduced [3]. General formula(5) is used below to analyze the nonnegativity
of the DGF and consequently the validity of the DMP.

4 Nonnegativity of the DGF for the lowest-order FEM

The analysis of nonnegativity of expression(5) simplifies if the basis functions
ϕ1,ϕ2, . . . ,ϕN of Vh have the following property

N

∑
i=1

ziϕi ≥ 0 in Ω ⇔ zi ≥ 0 ∀i = 1,2, . . . ,N. (6)

This property is typically satisfied for the lowest-order finite elements such as lin-
ear functions on simplices and multilinear functions on blocks (Cartesian products
of intervals). Before we state the following well-known theorem, we recall that a
square matrixA is monotone if it is nonsingular andA−1 ≥ 0 (i.e. all entries ofA−1

are nonnegative).

Theorem 4.Let the basis functionsϕ1,ϕ2, . . . ,ϕN of Vh have property(6). Then the
discretization(3) satisfies the DMP if and only if the stiffness matrix A is monotone.

Proof. It follows immediately from assumption(6), formula(5), and Theorem 3.

If the off-diagonal entries of the stiffness matrixA are nonpositive thenA is
M-matrix and, hence, monotone. The nonpositivity of the off-diagonal entries can
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be guaranteed by various geometric conditions on finite element meshes like the
nonobtuseness condition for simplicial meshes [1] or the nonnarrowness condition
for rectangular finite elements [6]. However, these conditions could be too restric-
tive, because it suffices to have the stiffness matrix monotone and not M-matrix. An
experiment indicating how much the nonobtuseness condition for triangles can be
weaken is described in Section 6 and its results are presented in Fig. 2 (top-left).

5 Nonnegativity of the DGF for the higher-order FEM

Let us investigate the case of the higher-order FEM in more details. For simplicity
let us consider two dimensional Poisson problem(1) in a polygonal domainΩ .
We define the finite element space asVh = {v∈ H1

0(Ω) : v|K ∈ Pp(K) ∀K ∈ Th},
whereTh is a face-to-face triangulation ofΩ andPp(K) stands for the space of
polynomials of degree at mostp on the triangleK.

The standard basis ofVh consists ofNV vertex (piecewise linear) functions
ϕ1,ϕ2, . . . ,ϕNV and ofN−NV higher-order basis functionsϕNV+1,ϕNV+2, . . . ,ϕN,
see e.g. [11]. The vertex functions are the usual piecewise linear “hat” functions.
Thus, ifB j , j = 1,2, . . . ,NV , denote the interior vertices of the triangulationTh then
the vertex functions satisfyϕi(B j) = δi j , i, j = 1,2, . . . ,NV .

The vertex and the higher-order (non-vertex) basis functions yield a natural 2×2
block structure of the stiffness matrix and its inverse

A =
(

AVV AVN

ANV ANN

)
, A−1 =

(
S−1 −(AVV )−1AVNR−1

−(ANN)−1ANVS−1 R−1

)
,

whereAVV ∈ RNV×NV
, ANN ∈ R(N−NV)×(N−NV), etc.,S= AVV −AVN(ANN)−1ANV ,

andR= ANN−ANV(AVV )−1AVN .
The Schur complementS has the following interesting property. LetBi andB j ,

i, j = 1,2, . . . ,NV , be two interior vertices of the triangulationTh. Sinceϕi(B j) = δi j

and due to(5) we obtain

Gh(Bi ,B j) = (A−1)i j ϕi(Bi)ϕ j(B j) = (A−1)i j = (S−1)i j . (7)

Hence, the values of the DGF at the vertices ofTh coincide with the entries ofS−1.
Furthermore, the DGF has a natural structure given by the Cartesian product of the
meshTh with itself. In particular, ifK andL are two elements fromTh andιK and
ιL denote the sets of indices of basis functions supported inK andL, respectively,
i.e., ιK = {i : meas(K∩suppϕi) > 0}, then the DGF restricted toK×L is given by

Gh|K×L(x,y) = ∑
i∈ιK

∑
j∈ιL

(A−1)i j ϕi |K(x)ϕ j |L(y), (x,y) ∈ K×L. (8)

This formula contains a small number of basis functions and we use it for fast eval-
uation of the DGF at a given point.
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6 Numerical experiment

In this experiment we test nonnegativity of the DGF on uniform meshes. We con-
sider Poisson problem(1) on a triangleΩ . The finite element mesh is constructed
by three successive uniform (red) refinements ofΩ , see Fig. 1 (left).

To speed up the test of the nonnegativity of the DGF, we first check the values
at vertices, using the Schur complementS, see(7). If S is monotone, it remains to
verify the nonnegativity at the other points. We proceed by inspection of all pairs
of elementsK,L ∈ Th using formula(8). FunctionGh|K×L is a polynomial. The
test of nonnegativity of a multivariate polynomial is a complicated task (connected
with the 17th Hilbert’s problem [10]). Therefore, we samplethe values ofGh|K×L

in a number of points(xK
kℓ,x

L
mn) ∈ K×L, where the sample pointxK

kℓ has barycentric
coordinates(k, ℓ,M−k− ℓ)/M, 0≤ k+ ℓ≤M, see Fig. 1 (right). The total number
of sample points in an element is(M +1)(M +2)/2. To ensure that the number of
sample points is sufficient, we always perform a series of computations starting with
M = 8 and doublingM until the results do not change.

Fig. 2 presents the results. Each point in a panel corresponds to a pair of angles
α andβ , which represent the vertex angles of the triangleΩ . The color of this point
is given by the properties of the DGF. If the DGF is nonnegative at all vertices and
at all sample points then the color is black. This is the only case when the DMP is
hopefully satisfied. If the DGF is not nonnegative then we distinguish three more
cases. (i) The DGF is negative in a sample point andS is M-matrix (dark gray). (ii)
The DGF is negative in a sample point andS is monotone but not M-matrix (lighter
gray). (iii) The DGF is negative in a vertex, i.e.,S is nonmonotone (lightest gray).

The above description, however, applies for higher-order elements only (p≥ 2).
The case of linear elements (p = 1) is exceptional, because just the vertex values of
the DGF are relevant for its nonnegativity. Due to Theorem 4,we distinguish in the
top-left panel of Fig. 2 the cases (a)A is nonmonotone, (b)A is monotone but not
M-matrix, (c)A is M-matrix. Notice that the DMP is satisfied in cases (b) and (c).

Clear conclusion from Fig. 2 is that the DGF has negative values for all tested
pairs of angles for ordersp≥ 3. However, if we look on vertex values of the DGF
only, we observe that the area of this region increases withp. The increase is not
monotone but in principle the higher polynomial degreep we use the wider range
of angles can be used in order to keep the vertex values of the DGF nonnegative.

The only polynomial degrees allowing the DMP on uniform meshes arep = 1
and p = 2. For the casep = 1 (see Section 4 above) the black area in the top-left
panel of Fig. 2 clearly shows that the stiffness matrixA is M-matrix provided the
maximal angle is at most 90◦. In addition, we observe that the stiffness matrix can
be monotone even if the maximal angle is about 117◦. In the casep = 2 the DMP
is satisfied only if all the angles are close to 60◦. We also check the nonnegativity
of the DGF for meshes finer than the mesh sketched in Fig. 1 (left). The results on
meshes one and two times refined are exactly the same as those presented in Fig. 2.

It might be of further interest to see how the DGF really lookslike. For illustra-
tion we choosep = 3 andα = β = 60◦. For these values the DGF is nonnegative in
the vertices and negative somewhere in between. The graph ofthe functionGh(x,y),
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(x,y)∈Ω 2, is difficult to visualize, because it is a five dimensional object. However,
each pair of elementsKi ∈Th andK j ∈Th corresponds to a point in a plain and the
color of this point can be chosen according to some characteristic of the DGF re-
stricted to the polytopKi ×K j . The left panel of Fig. 3 presents the mean values of
Gh overKi ×K j . The right panel illustrates the negative part of the minimum of Gh

in Ki ×K j , i.e.,(minKi×K j Gh)−, whereχ− = (|χ|−χ)/2. Both these quantities are
approximated using the sample points as described above. The used triangulation
together with indices of elements is shown in Fig. 1 (left). Notice that the elements
with indices 1–39 are adjacent to the boundary ofΩ while the elements 40–64 are
interior. The right panel of Fig. 3 clearly shows that the DGFis negative in polytops
Ki ×K j , whereKi andK j are both adjacent to the boundary and they are neighbors
to each other including the caseKi = K j . Another choice of anglesα andβ leads,
however, to the negativity of the DGF for more pairsKi , K j .

7 Conclusions

We discussed the nonnegativity of the DGF and equivalently the validity of the
DMP for Galerkin solutions of Poisson problem(1) with homogeneous Dirichlet
boundary conditions. Results of the performed experiment indicate that the DGF
is not nonnegative on uniform meshes for all shapes of triangular elements for the
order three and higher. The quadratic elements yield nonnegative DGF for triangles
close to equilateral ones.

The results also indicate that the DGF is negative in the areas close to the bound-
ary. In accordance with [7] we could speculate that the nonnegativity of the DGF
is not primarily determined by the angles in the triangulation but by the way how
the boundary is resolved. In addition, the domain, where theDGF is negative, is
relatively small with respect to the entireΩ 2 and it lies close to the boundary. This
means that a nonnegativef corrupting the DMP (Definition 1) must have great val-
ues in an element close to the boundary and small values in theinterior ofΩ (like an
approximation of the Dirac delta function). Such data are rare in practice, however.
This leads us to another generalization of the (continuous)maximum principle from
Theorem 2. Iff ≥ 0 is given, we may ask how must the mesh look like in order to
obtain the nonnegative finite element solution. Up to the author’s knowledge, this
question was not considered in the literature, yet.

A possible remedy of the failure of the DMP for higher-order elements could
be a modification of the higher-order basis functions based on the exact eigenfunc-
tions of the Laplacian. This approach was successfully applied in [5] for 1D elliptic
problems. A generalization to higher dimension is still an unsolved problem.

Acknowledgements The author acknowledges the support of the Czech Science Foundation,
Grant no. 102/07/0496, and of the Czech Academy of Sciences, Grant no. IAA100760702, and
Institutional Research Plan no. AV0Z10190503.
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Fig. 1 A uniform mesh with
64 triangles enumerated in a
spiral way (left). A triangular
element characterized by a
pair of of anglesα andβ
with sample points forM = 4
(right).
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Fig. 3 A visualization of the entire DGF. A point with coordinatesi, j corresponds to a pair of
elementsKi , K j . The color of this point represents the mean value (left) and the negative part of
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Abstract

In this paper, we prove a new discrete maximum principle (DMP) for the one-dimensional Poisson equation discretized by the
hp-FEM. While the DMP for piecewise-linear elements is a classical result from the 1970s, no extensions to hp-FEM are available
to the present day. Due to a negative result by Höhn and Mittelmann from 1981, related to quadratic Lagrange elements, it was
long assumed that higher-order finite elements do not satisfy discrete maximum principles. In this paper we explain why it is not
possible to make a straightforward extension of the classical DMP to the higher-order case, and we propose stronger assumptions
on the right-hand side under which an extension is possible.
© 2006 Elsevier B.V. All rights reserved.

MSC: 35B50; 65N60
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1. Introduction

Discrete maximum principles (DMP) are the numerical counterparts of the (continuous) maximum principles for
elliptic and parabolic PDEs. In the 1970s, these results were used to prove the convergence of finite differences and
lowest-order finite element methods (see, e.g., [3,4]). Nowadays, DMP still play an important role in computational
PDEs by providing restrictions on the mesh under which the approximation of physically nonnegative quantities
such as the density, temperature, concentration, or electric charge remains nonnegative. In the early 1980s, Höhn and
Mittelmann [7] showed that a straightforward generalization of the standard DMP for piecewise-linear approximations
to quadratic Lagrange elements did not hold but under unrealistic restrictions on the triangulation, and since then no
new results on DMP for higher-order elements have been obtained. Also the current research on DMP deals exclusively
with lowest-order elements (see, e.g., [8–10,18,19]).

In the last decades, significant progress has been made in the development of the hp-FEM and its applications
to challenging large-scale problems in computational science and engineering (see, e.g., [1,2,5,11,12,14,16]). An
increasing demand for these methods naturally implies a need for the generalization of the DMP from lowest-order to
higher-order elements.

∗ Corresponding author.
E-mail addresses: solin@utep.edu (P. Šolín), vejchod@math.cas.cz (T. Vejchodský).
URL: http://hpfem.math.utep.edu/ (P. Šolín).

0377-0427/$ - see front matter © 2006 Elsevier B.V. All rights reserved.
doi:10.1016/j.cam.2006.10.028
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The outline of this paper is as follows: The hp-FEM discretization of one-dimensional Poisson equation is re-
called briefly in Section 2. An alternative proof of the classical DMP for piecewise-linear FEM (which does not use
M-matrices) is given in Section 3. In Section 4 we provide a counter example which demonstrates that a straightforward
extension of the standard DMP to higher-order elements is not possible. In Section 5 we formulate and prove a new
DMP for higher-order elements which instead of nonnegativity of the right-hand side assumes the non-negativity of
its L2-projection to the finite element subspace (we call this a weak DMP). The assumptions of the main theorem are
verified in Section 6 for sufficiently high polynomial degrees.

2. Model problem and its discretization

Consider an open bounded interval � = (a, b) ⊂ R and the Poisson equation −u′′ = f in � equipped with homo-
geneous Dirichlet boundary conditions u(a) = u(b) = 0. The standard variational formulation of this problem reads:
Given a right-hand side f ∈ L2(�), find a function u ∈ H 1

0 (�) such that the identity
∫ b

a

u′(x)v′(x) dx =
∫ b

a

f (x)v(x) dx (1)

holds for all test functions v ∈ V =H 1
0 (�). We can restrict ourselves to the homogeneous Dirichlet boundary conditions

since the case of nonhomogeneous Dirichlet boundary conditions does not cause any difficulty nor it involves special
considerations.

Consider a partition a = x0 < x1 < x2 · · · < xM = b that splits � into M �1 finite elements K1, K2, . . . , KM . Each
element Ki is equipped with a polynomial degree pi = p(Ki)�1. The elements K1, K2, . . . , KM , equipped with the
polynomial degrees p1, p2, . . . , pM , form a finite element mesh Thp. The finite element space Vhp ⊂ V on the mesh
Thp has the form

Vhp = {v ∈ V ; v(a) = v(b) = 0; v|Ki
∈ P pi (Ki), 1� i�M}. (2)

Here the symbol P pi (Ki) stands for the space of polynomials of degree less than or equal to pi in the interval Ki . The
dimension of this space is

dim(Vhp) = −1 +
M∑
i=1

pi .

The discrete problem reads: find a function uhp ∈ Vhp such that the identity
∫ b

a

u′
hp(x)v′

hp(x) dx =
∫ b

a

f (x)vhp(x) dx (3)

holds for every test function vhp ∈ Vhp. Obviously, there exist unique solutions to both the continuous problem (1) and
the discrete problem (3) (see, e.g., [12]).

The classical DMP for the discrete problem (3) can be stated in several equivalent ways, from which we may choose,
e.g., the following:

Definition 1. The discrete problem (3) satisfies the discrete maximum principle (DMP) if the approximation uhp attains
its minimum on the boundary �� for every right-hand side f which is nonnegative a.e. in �.

3. Classical DMP for piecewise-linear FEM

The analysis of the DMP for higher-order elements is quite different from the analysis of the piecewise-linear case. In
particular, the nonnegativity of the right-hand side no longer implies the nonnegativity of the load vector, and therefore
the application of M-matrices becomes useless. In this section we begin by re-doing the proof for the piecewise-linear
case without M-matrices.

Remark 2. The Poisson equation in 1D is an exceptional case, where the stiffness matrix is an M-matrix even for
higher degree approximations. It is a consequence of the orthogonality (in the energy sense) of vertex and bubble
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xj-1 xj+1
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Fig. 1. Classical DMP in the piecewise-linear case.

functions and of orthogonality of bubbles themselves. However, as we will see below in Section 4, the fact that the
stiffness matrix is an M-matrix is not enough to guarantee the DMP for hp-FEM.

Lemma 3. If p1 = p2 = · · · = pM = 1 then problem (3) satisfies the DMP.

Proof. For the standard proof based on M-matrices see, e.g., the fundamental book [17] or a more recent publication
[6].

For our alternative proof let us consider a pair of adjacent elements Kj = [xj−1, xj ], Kj+1 = [xj , xj+1], and the
piecewise-linear “hat function” vj ∈ Vhp associated with the grid point xj , as shown in Fig. 1.

By substituting vj for vhp in the discrete problem (3) and using the nonnegativity of both f and vj , we obtain
∫ xj+1

xj−1

u′
hp(x)v′

j (x) dx =
∫ xj+1

xj−1

f (x)vj (x) dx�0. (4)

By Du
(j)
hp and Du

(j+1)
hp let us denote the constant slopes of the piecewise-linear function uhp in the elements Kj and

Kj+1, respectively. Using the fact that the slopes of the test function vj in the elements Kj and Kj+1 are 1/(xj −xj−1)

and −1/(xj+1 − xj ), respectively, from the inequality (4) we immediately obtain

0�Du
(j)
hp

xj − xj−1

xj − xj−1
− Du

(j+1)
hp

xj+1 − xj

xj+1 − xj

= Du
(j)
hp − Du

(j+1)
hp .

Therefore, Du
(j+1)
hp �Du

(j)
hp for every internal grid point xj , 1�j �M − 1. Thus, the function uhp is concave in

�. Taking into account its zero values at �-endpoints, we conclude that uhp attains its minimum on the boundary
of �. �

4. Attempt of straightforward extension to hp-FEM

Next let us show that a straightforward extension of Lemma 3 to higher-order elements fails already in the cubic case.
For this, we need to recall the integrated Legendre polynomials (Lobatto shape functions) [12,13]. These polynomials
are defined in the interval [−1, 1] as

lk(x) =
∫ x

−1
Lk−1(�) d�, 2�k, (5)

where Lk−1 stands for the normalized Legendre polynomial of degree p − 1. It follows from (5) that the functions
l2, l3, . . . vanish at ±1 and that they are orthonormal in the H 1

0 -product,

(li , lj )H 1
0 (−1,1) =

∫ 1

−1
l′i (x)l′j (x) dx = �ij , 2� i, j . (6)

The functions l2, l3, . . . , l10 are well-known, see, e.g., [14,16].

Example. Failure of the standard DMP for a cubic element.
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Fig. 2. Left: the hp-FEM solution uhp (solid line) and the exact solution u (dashed line). Right: the right-hand side (7) (dashed line) and its

L2-projection (11) to the space Vhp (solid line).

Let � = (a, b) = (−1, 1),

f (x) = 200e−10(x+1), (7)

and consider a finite element mesh Thp consisting of a single cubic element K1 =[a, b]. The basis of the corresponding
finite element space Vhp comprises the quadratic and cubic Lobatto shape functions l2 and l3, and the solution uhp has
the form uhp(x) = y1l2(x) + y2l3(x). By (6), the stiffness matrix is the identity matrix, and the unknown coefficients
y1, y2 have the form

yi =
∫ 1

−1

2∑
j=1

yj l
′
j+1(x)l′i+1(x) dx =

∫ 1

−1
f (x)li+1(x) dx, i = 1, 2. (8)

Using the right-hand side (7), we obtain that y1 = −√
6(9 + 11e−20)/10 and y2 = √

10(73 − 133e−20)/100. Thus the
solution uhp has the form

uhp(x) = 1
40 (1 − x2)(54 + 66e−20 − (73 − 133e−20)x). (9)

Fig. 2 (left) shows that uhp is not nonnegative in �, which means that the finite element approximation does not inherit
the maximum principle from the continuous equation, i.e., the DMP does not hold.

To understand what happened, let us introduce the L2-projection fhp ∈ Vhp of the right-hand side f ∈ L2(�) to the
space Vhp such that

∫ b

a

(fhp(x) − f (x))vhp(x) dx = 0 for all vhp ∈ Vhp. (10)

When expressing fhp as a linear combination of the basis functions of Vhp, (10) yields a system of linear algebraic
equations. The L2-projection of the right-hand side (7),

fhp(x) = 3
80 (1 − x2)(110e−20 + 90 + (931e−20 − 511)x), (11)

is negative in a subset of �, as illustrated in the right part of Fig. 2. Notice that (10) implies

∫ b

a

fhp(x)vhp(x) dx =
∫ b

a

f (x)vhp(x) dx for all vhp ∈ Vhp,
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and therefore it does not matter whether f or fhp stands on the right-hand side of the discrete problem (3). In other
words, the hp-FEM solution (9) depicted in Fig. 2 (left) corresponds to the right-hand side (11) which is not nonnegative
in �.

5. Weak discrete maximum principle for hp-FEM

The above example motivates us to work with the L2-projection fhp of the right-hand side f onto Vhp rather than
with f itself:

Definition 4. Let fhp ∈ Vhp be the L2-projection of f ∈ L2(�) to Vhp defined by (10). We say that problem (3)
satisfies the weak discrete maximum principle (weak DMP) if the approximation uhp ∈ Vhp attains its minimum on
the boundary of � whenever fhp is nonnegative.

Notice that the classical DMP implies the weak DMP.
In the following Theorem 8 we prove the weak DMP for problem (3) under a technical assumption on existence of

certain quadrature rules with nonnegative weights. This assumption is verified in Section 6.

Definition 5. Let lk(x), k�2, be the Lobatto polynomials (5). For (x, z) ∈ [−1, 1]2 and p�2 we define the function

�p(x, z) =
p−1∑
k=1

lk+1(x)lk+1(z). (12)

For p = 1 we define �1(x, z) = 0.

For p�1, �p is the discrete Green’s function for problem (3) corresponding to a one-element mesh K1 = [−1, 1].
Since li+1(±1) = 0 for all i�1, it is

�p(x, z) = 0 for all (x, z) ∈ �, (13)

where � = (−1, 1)2\(−1, 1)2.

Definition 6. Let K+
p ⊂ [−1, 1]2, p�1, be a set of points, where �p(x, z) is nonnegative, i.e.,

K+
p = {(x, z) ∈ [−1, 1]2 : �p(x, z)�0}.

Finally, let K+
p (x) ⊂ [−1, 1] be the cut of K+

p at x ∈ [−1, 1], i.e.,

K+
p (x) = {z ∈ [−1, 1] : (x, z) ∈ K+

p }.

Lemma 7. We have symmetry relations �p(x, z) = �p(−x, −z) = �p(z, x) for all p�1 and (x, z) ∈ [−1, 1]2.

Proof. The identity �p(x, z) = �p(z, x) follows immediately from (12). It follows from the fact that Legendre poly-
nomials of odd/even degrees are odd/even functions, and from (5), that lk(x) is even for k even and that lk(x) is odd
for k odd. Hence we have

�p(x, z) =
p−1∑
k=1

lk+1(x)lk+1(z) =
p−1∑
k=1

lk+1(−x)lk+1(−z) = �p(−x, −z)

for all p�1. �
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The main result of this paper is stated in Theorem 8:

Theorem 8. Let � = (a, b) ⊂ R. Consider the discrete problem (3) on a mesh Thp consisting of M finite elements
K1, K2, . . . , KM of polynomial degrees p1, p2, . . . , pM . If for every p ∈ {p1, p2, . . . , pM} and every x ∈ (−1, 1)

there exists a quadrature rule Q2p(x) such that:

(i) Q2p(x) is exact for polynomials of degree 2p on [−1, 1];
(ii) Q2p(x) only has nonnegative weights;

(iii) Q2p(x) has all points in K+
p (x);

then problem (3) satisfies the weak DMP.

Proof. Let us consider the exact solution u ∈ H 1
0 (�) to the continuous problem (1) with a right-hand side f ∈ L2(�).

Let 0�fhp ∈ Vhp be the L2-projection defined by (10). Then the approximation uhp ∈ Vhp is given by

∫ b

a

u′
hp(x)v′

hp(x) dx =
∫ b

a

f (x)vhp(x) dx =
∫ b

a

fhp(x)vhp(x) dx ∀vhp ∈ Vhp. (14)

In addition we introduce an auxiliary continuous problem: find ũ ∈ H 1
0 (�) such that:

∫ b

a

ũ′(x)v′(x) dx =
∫ b

a

fhp(x)v(x) dx ∀v ∈ H 1
0 (�).

It is well-known that when discretizing the Laplace operator in one spatial dimension by piecewise-linear finite elements,
the approximation is exact at all grid vertices. The same holds for higher-order elements, which can be seen easily
by using the orthogonality of higher-order basis functions (transformed Lobatto shape functions l2, l3, . . .) to the
lowest-order (piecewise linear) basis functions, see, e.g., [14]. In other words, we know that uhp(xi) = u(xi) = ũ(xi)

for all i = 0, 1, . . . , M . Moreover, taking into account the (continuous) maximum principle, we have ũ�0 in � and
thus uhp(xi)�0 for all i = 0, 1, . . . , M . Therefore, it is sufficient to prove Theorem 8 for a single element K1 = �,
� = (−1, 1).

The solution uhp is sought in the form

uhp(x) =
p−1∑
i=1

yili+1(x). (15)

By (6), relation (8) yields

yi =
∫ 1

−1
fhp(z)li+1(z) dz, i = 1, 2, . . . , p − 1. (16)

Putting (16) into (15), we obtain

uhp(x) =
p−1∑
i=1

(∫ 1

−1
fhp(z)li+1(z) dz

)
li+1(x) =

∫ 1

−1
fhp(z)�p(x, z) dz, (17)

where �p(x, z) is given by (12).
Let us now fix an arbitrary x ∈ (−1, 1) and assume that there exists a quadrature rule Q2p(x) with points

z0, z1, . . . , z2p in K+
p (x) and nonnegative weights w0, w1, . . . , w2p. By (17) we have

uhp(x) =
∫ 1

−1
fhp(z)�p(x, z) dz =

2p∑
i=0

wifhp(zi)�p(x, zi). (18)
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Fig. 3. Zero level set of the function �3(x, z). Observe the set K+
3 (left) and the square S−

3 = ( 3
5 , 1) × (−1, − 3

5 ) (right). We also show the
integration points (to be listed in Table 1).

Table 1
Case p = 3; 6th-order quadrature rule in [−1, 1] with nonnegative weights and points outside of (−1, − 3

5 )

Point Weight Point Weight

−1 271
2268 − 3

5
2125
3528

− 1
5

25
252 0 4

63
1
5

125
189

4
5

1700
3969

1 13
504

We have taken into account that fhp(z)�p(x, z) is a polynomial of degree at most 2p in z for fixed x and that Q2p(x) is
exact for all polynomials of this degree. By assumption, wi �0 for i = 0, 1, . . . , 2p and fhp �0 in � = (−1, 1). Since
zi ∈ K+

p (x) then also �p(x, zi)�0. Hence, it follows from (18) that uhp(x)�0 for any x ∈ (−1, 1), and thus the
minimum of uhp(x) is attained on the boundary of �. �

6. Verification of assumptions to Theorem 8

It is easy to see that for p = 2, 4, 6 the function �p(x, z) is nonnegative in [−1, 1]2 and therefore even the classical
DMP holds. For every other polynomial degree p�2 one has to find a quadrature rule Q2p(x) with nonnegative weights
and points in K+

p (x). By symmetry (see Lemma 7) it is enough to find such quadrature rule for x ∈ [0, 1) only. The
construction of the quadrature rules is not difficult. For spatial limitations, let us illustrate the procedure for p�10
only.

Odd polynomial degrees: Let us start with p = 3. In this case we have

�3(x, z) = 1
8 (1 − x2)(1 − z2)(3 + 5xz). (19)

Clearly, �3(x, z) = 0 on the curves x = ±1, z = ±1, and xz = − 3
5 (see Fig. 3). The domain K+

p is bounded by these
curves.

Thus it is enough to find a quadrature rule with nonnegative weights and points in [−1, 1] but outside (−1, − 3
5 ),

which is exact for all polynomials of degree at most 6. An example of such quadrature rule is given in Table 1.
The situation for p =5, 7, 9 is similar to the case of p =3. The sets K+

p have similar shapes with the only difference
that the regions of negativity become smaller with growing p. The regions of negativity in [0, 1) × (−1, 1) can be
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Table 2
Case p = 5; 10th-order quadrature rule in [−1, 1] with nonnegative weights and points outside of (−1, −0.811)

Point Weight Point Weight

−1 0.0534286192 −0.811 0.3054087580
−0.59 0.0030544353 −0.42 0.4473230113
−0.2 0.0066984041 0 0.2760767276
0.2 0.2939694773 0.43 0.0149245373
0.6 0.3805105712 0.9 0.1999066353
1 0.0186988234

Table 3
Case p = 7; 14th-order quadrature rule in [−1, 1] with nonnegative weights and points outside of (−1, −0.89)

Point Weight Point Weight

−1 0.0306200311 −0.89 0.1806438688
−0.75 0.0016558668 −0.65 0.2862680475
−0.45 0.0379885258 −0.31 0.2988638595
−0.16 0.0833146476 0.1 0.3554921618
0.16 0.0113639321 0.35 0.0204292124
0.47 0.3218682171 0.734 0.1289561668
0.80 0.1314089188 0.955 0.1093567805
1 0.0017697634

Table 4
Case p = 9; 18th-order quadrature rule in [−1, 1] with nonnegative weights and points outside of (−1, −0.93)

Point Weight Point Weight

−1 0.01937406240 −0.93 0.1153128270
−0.885 0.00157968340 −0.772 0.1947443595
−0.65 0.00126499680 −0.55 0.2341166464
−0.4 0.06286669339 −0.25 0.2438572426
−0.08 0.08588496537 0.08 0.2395820916
0.19 0.04691799156 0.38 0.2665159766
0.6 0.00216030838 0.625 0.2029738760
0.73 0.04687189997 0.83 0.1072052560
0.89 0.06009091818 0.97 0.0648680095
1 0.00381219535

safely enclosed in squares

S−
3 = ( 3

5 , 1) × (−1, − 3
5 ),

S−
5 = (0.811, 1) × (−1, −0.811),

S−
7 = (0.89, 1) × (−1, −0.89),

S−
9 = (0.93, 1) × (−1, −0.93).

These squares (as well as the domains for even polynomial degrees) were defined by investigation of the zero level
sets of �p(x, z). We used Maple to locate approximately the zero level sets of the discrete Green’s functions �p. After
that, rigorous proof of their nonnegativity in (−1, 1)2 minus these areas was performed using an adaptive interval
computation technique in integer arithmetics. More details on this step can be found in [15]. Examples of quadrature
rules required by Theorem 8 are shown in Tables 2–4.

Even polynomial degrees: For p = 8, there are four areas where the function �p(x, z) is negative (see Fig. 4).
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Fig. 4. Zero level set of the kernel �8(x, z) in the second quadrant (left) and a detail of the upper left corner.

Table 5
Case p = 8; 16th-order quadrature rule in [−1, 1] with nonnegative weights and points outside of (0.75, 0.85)

Point Weight Point Weight

−1 0.0137599529 −0.9564181650 0.0618586932
−0.8854980347 0.0892150513 −0.7582972896 0.1646935265
−0.5719162652 0.1875234174 −0.4628139806 0.0729252387
−0.2917166274 0.2435469772 −0.0811621291 0.0841621866
−0.0061521460 0.1800939083 0.1655560030 0.1320371771
0.3391628868 0.2286184297 0.5726348225 0.2184036287
0.75 0.1285378345 0.85 0.0908051678
0.9230637084 0.0427456544 0.9648584341 0.0509010934
1 0.0101720626

Table 6
Case p = 8; 16th-order quadrature rule in [−1, 1] with nonnegative weights and points outside of (0.98, 1)

Point Weight Point Weight

−1 0.0097495069 −0.9548248562 0.0857520162
−0.8409569422 0.1018591390 −0.7825414112 0.0149475627
−0.7708636219 0.0926211201 −0.5747624113 0.2476049720
−0.3937499257 0.0549434125 −0.3273530867 0.0276562411
−0.2532942335 0.2543287199 0.0382371812 0.2892622856
0.2837396038 0.1910189889 0.4501581170 0.1560300966
0.5808907063 0.1246581226 0.7443822112 0.1842879621
0.8927849373 0.0841645246 0.9421667341 0.0612885001
1 0.0198268291

Two of these areas lie inside the rectangles (−1, −0.98) × (0.75, 0.85) and (−0.85, −0.75) × (0.98, 1), and the
other two are located symmetrically at the opposite corner of [−1, 1]2. The points and weights of the corresponding
quadrature rules are listed in Tables 5 and 6. Thus, we have uhp �0 for x ∈ (−1, 0]. The nonnegativity of uhp(x) for
x ∈ (0, 1) follows from symmetry again.

The case p = 10 is similar to p = 8. There are four areas where the function �10(x, z) is negative, analogously to
the 8th-order case (see Fig. 5).

Two of these areas are inside the rectangles (−1, −0.986)× (0.82, 0.91) and (−0.91, −0.82)× (−0.986, 1) and the
other two are located symmetrically at the opposite corner of [−1, 1]2. The points and weights of the corresponding
quadrature rules are listed in Tables 7 and 8, respectively. By symmetry, uhp(x)�0 also for x ∈ (0, 1).
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Fig. 5. Zero level set of the kernel �10(x, z) in the second quadrant (left) and a detail of the upper left corner.

Table 7
Case p = 10; 20th-order quadrature rule in [−1, 1] with nonnegative weights and points outside of (0.82, 0.91)

Point Weight Point Weight

−1 0.0127411726 −0.9569019461 0.0603200758
−0.9344466123 0.0183508422 −0.8574545411 0.1032513172
−0.7530104489 0.1106942630 −0.6362178184 0.0412386636
−0.6061244531 0.1295220930 −0.4275824090 0.1937516842
−0.2340018112 0.1916905139 −0.0454114485 0.1774661870
0.0754465671 0.0755419308 0.1672504233 0.0745275871
0.2516247645 0.1488965177 0.3707975798 0.0207086237
0.4366736344 0.1397170181 0.5306011976 0.0924918512
0.6745457042 0.1639628301 0.82 0.1200387168
0.91 0.0649445615 0.9667274132 0.0502362251
1 0.0099073255

Table 8
Case p = 10; 20th-order quadrature rule in [−1, 1] with nonnegative weights and points outside of (0.986, 1)

Point Weight Point Weight

Points: −1 0.0129961117 −0.9609467424 0.0393058650
−0.9366001558 0.0472129994 −0.8686571459 0.0307704321
−0.8222969304 0.1127110155 −0.6830858117 0.1442049485
−0.5515874908 0.1263749495 −0.4070028385 0.1615584597
−0.2391731402 0.1767071143 −0.0805321378 0.0223802647
−0.0404112041 0.1755155830 0.0382998004 0.0409103698
0.2054285570 0.2302298514 0.4168373782 0.1495405342
0.4862170553 0.0877842194 0.6284448676 0.0980645550
0.6932595712 0.1047143177 0.83041757281 0.1311485592
0.93562906418 0.0774056021 0.986 0.0267375743
1 0.0037266735

Remark 9. It is worth mentioning that the points in Tables 1–8 were chosen to be rational numbers. The corresponding
weights were obtained via the formula

wi =
∫ 1

−1
Li (x) dx,
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where Li ∈ P p(−1, 1) is the elementary Lagrange interpolation polynomial, Li (zj ) = �ij , 0� i, j �p. In particular,
if follows from here that the weights also are rational numbers. We have used Maple and its integer arithmetics to find
all the weights listed in Tables 1–8; they are shown as decimals for printing purposes only.

7. Conclusions and future work

Virtually all existing results related to the analysis of discrete maximum principles are based on M-matrices and thus
limited to lowest-degree approximations, such as finite differences or piecewise-linear finite elements. In this paper,
we presented a new methodology which is based on the analysis of the discrete Green’s function. The main advantage
of this alternative approach is that it works in the same way both for piecewise-linear and higher-order finite element
approximations.

It was demonstrated in Section 4 that the standard discrete maximum principle, as it is known for lowest-order
approximations, did not work for higher-order elements. As a remedy we proposed that one should look at the L2-
projection of the load function f onto the finite element space instead of working with f itself.

The computation of the L2-projection of f onto the finite element space involves the solution of a large system of
linear algebraic equations. The linear system is much better conditioned (i.e., less stiff) compared to the discrete problem
itself, but still the test is CPU demanding. Therefore, it is among our priorities to improve the practical usefulness of
the criterion by finding alternative conditions which would be easier to verify. At the same time, the analysis of the
discrete Green’s function for two-dimensional elements (which is defined in R4) is in progress.
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